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Where we are going

This chapter builds the operator picture behind the second-order equations of later
chapters, using only basic calculus and inner products of functions.

Functions act as vectors in an inner-product space; Fourier coefficients are
extracted by orthogonality.

A Sturm-Liouville eigenvalue problem is written, with this chapter’s sign
convention, as

2 (P L) + atux) = —Aw(x)u(x),

where X is the eigenvalue and typically p(x) > 0 and w(x) > 0 in the interior of
the interval.

Integration by parts identifies the formal adjoint. Boundary conditions that kill
the boundary form turn the problem into a self-adjoint one.

Green's identity then yields real eigenvalues and weighted orthogonality of
eigenfunctions.

Legendre and Bessel (drum) modes illustrate the theory. Any second-order
equation can be put into Sturm—Liouville form by an integrating factor.
Optionally, Gram—Schmidt recovers Py, P1, P,.
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Vector spaces and bases |

A vector space is a collection of objects that is closed under addition and scalar
multiplication. Thus, if u and v belong to the space and a, b are scalars, then

au + bv
also belongs to the space. The vectors may be functions rather than geometric
arrows.
Examples.

@ The polynomials of degree at most two, ag + aix + axx?, form a
three-dimensional vector space.

@ The smooth functions on [0, 1] satisfying u(0) = u(1) = 0 form a vector space,
because

(au + bv)(0) = au(0) + bv(0) =0, (au+ bv)(1) = au(1) + bv(1) = 0.
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Vector spaces and bases |l

A basis is a linearly independent spanning set. For the quadratic polynomials,
{1,x,x?} is a basis, and
142x4+3x°=1-14+2-x+3-x". (5.1.1)

The set

{1,2x -1, 6x> —6x + 1}
is another basis. Its members have respective degrees 0, 1, and 2. To see that they
are linearly independent, suppose c¢i - 1+ c2(2x — 1) + ¢3(6x2 — 6x + 1) = 0 for all x.
Matching the coefficient of x? gives 6cz = 0, so ¢z = 0; the coefficient of x is then
2¢; =0, so ¢ = 0; and the constant term is then ¢; = 0. Only the trivial
combination vanishes, so the three vectors are linearly independent, and three linearly
independent vectors in this three-dimensional space form a basis. To determine the
coefficients, write

142x+3x° = A+ B(2x — 1) + C(6x* — 6x + 1)
=(A—=B+C)+(2B—6C)x + 6Cx°.
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Vector spaces and bases Ill

Equating coefficients of 1, x, x> gives

1
6C = 3, =3,
2B—-6C =2, 2B-3=2, B:g,
A-B+C=1, A—g+%:1, A=3.
Therefore
1+2x—|—3x2:3~1+g(2x—1)+%(6x2—6x—|—1). (5.1.2)

Expanding the right-hand side verifies the result:
34+ (5x—3)+ (3% —3x+ 1) =1+2x +3x°.

The number of elements in a finite basis is the dimension. To discuss infinite bases,

we first need a notion of distance and convergence.
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Inner products, norms, and coefficients |

Step 1: choose the inner product. We use the convention that the inner product is
linear in its first slot. An inner product (-,-) satisfies

Q (au+ bv,w) = a(u,w) + b(v,w),

Q (u,v)=(v,u),

@ (u,u) > 0, with equality only for the zero vector.

In particular, for a scalar c,

(cu,v) = c(u,v). (5.1.3)
Conjugate symmetry forces conjugate-linearity in the second slot:
(u,ev) =< (u,v). (5.1.4)

Indeed,

(u,ev) = (cev,u) = c(v,u) =<(v,u) =¢(u,v),
where the outer equalities use conjugate symmetry and the middle one uses (5.1.3).
Numerical check. On C? with (u,v) = u1Vi + w3, take u = (1,0), v = (0,1), and
c=1i. Then

(eu,v) = (i,0)-(0,1) =0, c(u,v)=i-0=0,
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Inner products, norms, and coefficients Il

so (5.1.3) holds, while
(u,ev) =(1,0)-(0,i) =(1,0)- (0,—i)=0
and ¢(u,v) = (—i)-0=0, so (5.1.4) holds. A nonzero check with u = v = (1,0):
(cu,u) =(i,0)-(1,0) =i-1=1i,
c(u,u)y=1i-1=1,

(U,CU) = (170) ! (I,O) = (170) ' (—I,O) =—i :7(U, u)'
Scalars pull out of the first slot unchanged and out of the second slot as conjugates.
The standard L? inner product on an interval [a, b] is

(u,v) :/ u(x)v(x) dx. (5.1.5)

If wis a real weight with w(x) > 0 on the interior (it may vanish at isolated
endpoints), the weighted inner product is

b
(u,v)w = / u(x)v(x) w(x) dx. (5.1.6)

For example, the Bessel radial weight on [0,1] is w(s) = s. Then

(u, 1) = / () Pwix) dix
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Inner products, norms, and coefficients IlI

is positive for every nonzero continuous u of interest in this course.
The norm induced by an inner product is
lull =/ (u,0), lullw = /(4 U)w (5.1.7)
A nonzero function is normalized by replacing it with u/||u]|.
Two vectors are orthogonal when (u, v) = 0. An orthonormal set {u;} satisfies
(ui, uj) = by, (5.1.8)
where §; =1 for i = j and 0 otherwise.

Step 2: extract coefficients by orthogonality. Suppose first that
N

f: Za,-u;

i=1
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Inner products, norms, and coefficients IV

in an orthonormal basis. Taking the inner product with u; gives

= aj. (519)
(The same formula holds for an infinite expansion once one knows the series
converges in the L? norm, so the inner product may pass under the limit.)
If the basis is orthogonal but not normalized, then
2
(Fru) = ai(u, ) = a(u;, u) = 3|y, (5.1.10)

i

SO

(f,u)
ai = . 51.11
e (.1.11)
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Infinite-dimensional bases and L2 |

In finite dimensions every linearly independent spanning set has the same number of
vectors. For functions we need an infinite-dimensional analogue of “basis,” and that
requires a notion of distance.

Think of L2(0,1) as the space of (sufficiently regular) functions on [0, 1] for which
the square integral is finite:

1 1/2
|f|z=(/ |f<x)|2dx) <.

Two functions that differ only at finitely many points—or, more generally, on a set
that does not affect integrals—are regarded as the same L? vector. The associated
inner product is (5.1.5) with a =0 and b = 1. This is enough for Fourier series; we
will not need measure theory.

The normalized sine functions

bn(x) = V2 sin(nmx), n=1,23,..., (5.1.12)
form an orthonormal set; the orthogonality and the normalization are computed on
the next frame. Orthonormality by itself is not enough to expand every function:
discarding ¢1 leaves a set that is still orthonormal, yet every combination of the
surviving ¢, is orthogonal to ¢1 and so cannot reproduce it. What must be added is
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Infinite-dimensional bases and L2 I

completeness, and this is the one fact in the chapter that we quote rather than
derive, since its proof belongs to a course on Fourier analysis.

Quoted result (completeness of the sine system). The set {¢,}n>1 is complete in
[2(0,1): the only f € L?(0,1) with (f,$,) = O for every nis f = 0. Equivalently,
every f € L%(0,1) is reproduced by its own coefficients,

f= Z CnPn, = (f,¢n) = / f(x) ¢n(x) dx, (5.1.13)

with convergence in the L? norm, meaning ||f — ZnN:1 Cndnl|l2 — 0 as N — co. No
conjugate bar appears in the integral because the sines are real, so ¢, = ¢,. The
coefficient formula is the infinite-dimensional counterpart of (5.1.9); it is rederived
from scratch, in unnormalized form, two frames below. Equivalently, one may use the
unnormalized functions sin(nmx) and absorb v/2 into the coefficients: since

¢n = V/2sin(nmx), setting a, = V2 ¢, turns (5.1.13) into f = > __ a,sin(nmx).

Norm convergence and pointwise convergence are different. If f is piecewise

n>1

continuously differentiable on [0, 1], its sine series converges at an interior point to
the average of the two one-sided limits of the odd periodic extension: f on [0, 1],
continued to [—1,0] by f(—x) = —f(x), then repeated with period 2. In particular, if
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Infinite-dimensional bases and L2 Ill

f is continuous and f(0) = f(1) = 0, the series converges pointwise to f on the
whole of [0, 1].
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Example: orthogonality of the sine modes |

Let

um(x) = sin(mnx), un(x) = sin(nmx),
where m, n are positive integers. We first derive the product-to-sum identity. For
arbitrary A and B,

A _—iA B _ —iB
sin Asin B = 2ie € 2ie
_ %(ei(/\w) _ (i(A=B) _ ,~i(A-B) +e—i(A+B))
_ % [ei(A—B) 4 e~ (A=B) _ gi(a+B) _ e—i(A+B)}
1
=3 [cos(A — B) — cos(A+ B)] . (5.1.14)
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Example: orthogonality of the sine modes Il

Set A= mnx and B = nmwx. If m # n, then
1 1
/ () () dx = % / [cos((m — n)mx) — cos((m + n)mx)] dx
0 0

_ {sin((m —mmx)  sin((m+ n)wx)} =

2(m—mm 2(m+nmmr |
_ sin((m — n)m) —sin0 _ sin((m + n)m) —sin0
2(m— ) 2(m+ n)7w
—0, (5.1.15)

because m — n and m + n are integers and sin(kw) = 0 for every integer k.
If m = n, then (5.1.14) becomes

sin®(mmx) = % [1 — cos(2mmx)].
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Example: orthogonality of the sine modes IlI

Consequently,
1 1
/ sin®(mmx) dx = 5 / [1 — cos(2mmx)] dx
0 0
{x sin(2m7rx)] =
x=0

2 Amm

1 sin(2mm)\ (0_ sinO)
2 4mm 4mm

Il

NI =
’ I
|

= (5.1.16)
Combining the two cases gives
(tm, 1) = /01 Un(X)tn(x) dx = %5,,,". (5.1.17)
Thus ||ua]|?> = 1/2 and ||u,|| = 1/+/2. For the normalized mode ¢, = v/2 us,
lonll® = (V2 tny, V2 ) = 2||un])* =2 - % =1.
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Example: Fourier sine-series coefficients |

Let f € L?(0,1) and write its Fourier sine series as

oo
F(x) = ansin(nmx), (5.1.18)
n=1
where equality is understood in L? unless additional regularity gives pointwise
convergence. Let un(x) = sin(nmx) and let
N
Sn(x) = Z anun(x).
n=1
Before taking any limit, we record the one inequality that makes the inner product
continuous. For g, h € L?(0,1), the Cauchy-Schwarz inequality states

(g M < ligll [IAll- (5.1.19)

To prove it we may assume (g, h) # 0, since otherwise the left side is 0 and there is
nothing to check. Write (g, h) = |(g, h)|e'® with « real. For every real t, positivity of
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Example: Fourier sine-series coefficients Il

the inner product gives ||g — te’h||> > 0, and expanding with linearity in the first
slot (5.1.3) and conjugate-linearity in the second (5.1.4),
0< g~ e

= llgll* — te™" (g, h) — te* (g, h) + £*||n||”

= llgl* —2t|(g, h)| + £ 1A%,
where the last equality uses e (g, h) = |(g, h)| and, taking conjugates,
e'*(g, h) = |(g, h)|. If ||h|| were O, the right-hand side would be the linear function
llgll> — 2t|(g, h)| with negative slope, which becomes negative for large t; so

|lh]] > 0. A real quadratic in t with positive leading coefficient that is never negative
has non-positive discriminant,

2
(2(g: M) — 4lIhl* llgl* < o,
and dividing by 4 and taking square roots gives (5.1.19).

Now apply (5.1.19) with g = f — Sy and h = u,. Taking a=1, b= —1 in the
first-slot linearity axiom gives (f, ux) — (Sn, ux) = (f — Sn, ux), hence

1
|(F 0 = (Sw, w)| = [(F = S, )| < I = Sul llall = 5 11F = Swll =0
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Example: Fourier sine-series coefficients Il

since ||uk|| = 1/v/2 by (5.1.17) and ||f — S|| — O because (5.1.18) is an equality in
L2. This is precisely what “the inner product is continuous” means here, and it
justifies
(f-7 uk) = lim (SN, uk).
N— oo
For every N > k,

(SN, Uk

N
g anUn, Uk

-~
3
Il

ak. (5.1.20)
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Example: Fourier sine-series coefficients IV

Therefore
_ (f7 uk)

I
/ f(x)sin(kmx) dx
- 1/2

= 2/1 f(x)sin(kmx) dx. (5.1.21)

This is the Fourier sine-series coefficient formula. It is distinct from the continuous

Fourier sine transform on the half-line.
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Linear operators and formal adjoints |

Step 1: linear operators. A linear operator L satisfies
L(au + bv) = aLu+ bLv.

Examples include differentiation, multiplication by a fixed function, and the
fixed-base integral operator

(Au)(x) = /X u(t) dt.

X0

Its linearity follows from linearity of the integral:

A(au + bv)(x) = / [au(t) + bv(t)] dt

:a/xxu(t)dt—i—b/:v(t)dt

= a(Au)(x) + b(Av)(x).
An “indefinite antiderivative” without a fixed lower limit is not a single-valued
operator.

For a differential operator one must also specify which functions are allowed: the
domain is the collection of sufficiently differentiable functions that satisfy the chosen
boundary conditions. Throughout this chapter, “sufficiently differentiable” means
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Linear operators and formal adjoints ||

classical derivatives exist and are continuous enough for every integration by parts we
write down.

Step 2: formal adjoint versus self-adjoint problem. Two phrases will be used
carefully:

@ The formal adjoint of a differential expression is the expression obtained after
integration by parts, ignoring (or postponing) boundary terms.

@ The eigenvalue problem is called self-adjoint when both of the following hold:
(i) the differential expression is its own formal adjoint, LY = L — a property of
the expression alone; and (ii) the boundary conditions make the boundary terms
vanish. Integration by parts always produces

(u,Lv) = [boundary form] + (LTu, v),

so killing the boundary form by itself gives only (u, Lv) = (LTu, v). It is the
extra hypothesis LT = L that upgrades this to (u, Lv) = (Lu, v) for all
admissible u, v.
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Linear operators and formal adjoints IlI

In short: formal adjoint = the differential expression left behind after IBP;
self-adjoint problem = a formally self-adjoint expression (LT = L) together with
boundary conditions that kill the boundary form. Step 3 below shows what goes
wrong when the first half fails; Step 4 shows both halves in place.

Step 3: first derivative by parts. Let D = d/dx and take u, v continuously
differentiable on [0, 1]. Integration by parts gives

(u,Dv):/ u(x)v’(x) dx
0
— [y~ [ WG o

= [uV]o + (= Du, v). (5.1.22)

The integral term identifies the formal adjoint DT = —D, independently of boundary
conditions. The boundary term

[uV]y = u(1)v(1) — u(0)v(0)
vanishes, for example, when both functions are periodic, u(0) = u(1) and
v(0) = v(1), or when both vanish at the endpoints, u(0) = u(1) = v(0) = v(1) = 0.
Then (u, Dv) = (—Du, v).
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Linear operators and formal adjoints IV

This is exactly the situation the definition above warns about: the boundary form has
been killed, yet (u, Dv) = (—Du, v) is not the same as (Du, v). For a concrete pair,
take u(x) = x(1 — x) and v(x) = x(1 — x)?, both real and both vanishing at x = 0
and x = 1, so the boundary term [uV]g is 0. Expanding, uv’ = (x — x?)(1 — 4x + 3x?)
and u'v = (1 — 2x)(x — 2x*> 4+ x®), and integrating term by term,

1 1
1 1
Dv) = "dx = —— D = ! =4
(u, Dv) /Ouv dx 0’ (Du, v) /Ouvdx +60’

which indeed sum to [uv]§ = 0 but are not equal. The reason is structural:

D' = —D # D, so D is not formally self-adjoint and no choice of boundary
conditions can repair that. The first-order expression that is formally self-adjoint is
iD: pulling the constant out of the second slot as a conjugate by (5.1.4) and then
back out of the first slot by (5.1.3),

(u,iDv) =i (u, Dv) = fi[uﬂ; —i(=Du,v) = [,,' uV](l) + (iDu, v),

so (iD)" = iD, and with the boundary form killed one gets (u, iDv) = (iDu, v).
Second-order expressions of Sturm—Liouville type, treated next, are formally
self-adjoint for the same algebraic reason: two integrations by parts restore the
original sign.
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Linear operators and formal adjoints V

Step 4: second derivative with Dirichlet conditions (full algebra). Let
L = d*/dx?, and take u, v twice continuously differentiable with the Dirichlet
conditions
u(0) =u(l) =0, v(0) = v(1) =0.
Integrate by parts once:

1
(u,Lv):/ uv' dx
0
—1 ! —
= [uvl}o—/ u'v' dx. (5.1.23)
0

The endpoint contribution in (5.1.23) is
u(1)v/(1) — u(0)v/(0) =0-v/(1) —0-v/(0) =0,

1
(u,Lv) = 7/ u'v' dx.
0

SO
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Linear operators and formal adjoints VI

Integrate by parts a second time:

1 1
— / uVidx = — [U'V](l) + / u"'v dx
0 0

= —(u’(l)m — u’(O)W) + (Lu,v). (5.1.24)
Because v(0) = v(1) = 0, the remaining endpoint terms also vanish:
u'(1)v(1) — '(0)v(0) = ¢'(1) - 0 — u’(0) - 0 = 0.

Combining both steps,

(u,Lv) = [u7 — u'V]; + (Lu,v) = (Lu,v). (5.1.25)
Thus, on twice continuously differentiable functions with Dirichlet boundary
conditions, d?/dx? satisfies (u, Lv) = (Lu, v): the formal adjoint of d*/dx? is itself,
and the boundary conditions have killed the boundary form. This is the model for

every self-adjoint Sturm—Liouville problem later in the chapter.
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Eigenfunctions and the orthogonality theorem |

An eigenpair (u, A) of an operator L satisfies

Lu = Mu, u#0. (5.1.26)
A generalized eigenvalue problem has the form
Lu = dwu. (5.1.27)

In the Sturm—Liouville convention used later, the right-hand side is —Awu.
Examples.

@ On a domain containing €™ without incompatible boundary conditions,

%ekx _ )\e/\x‘
@ For real m # 0, since
d 2 d 2.
2 cos(mx) = —m" cos(mx), 2 sin(mx) = —m" sin(mx),

both functions are eigenfunctions of the second-derivative differential
expression, with eigenvalue —m?. At m = 0, sin(0x) is the zero function and
therefore is not an eigenfunction; the nonzero constant cos(0x) =1 is.
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Eigenfunctions and the orthogonality theorem II

@ On the polynomial space of degree at most two, write u(x) = ax®> 4 bx + c.
Then Du = 2ax + b, and Du = \u gives

2ax + b = Aax® + Abx + Ac.
Equating coefficients yields
Aa=0, 2a = b, b= Ac.

If A #£ 0, these equations force a = b = ¢ = 0, so there is no nonzero
eigenfunction. If A\ = 0, they force a = b = 0 while c is arbitrary. Hence the
nonzero constant polynomials are exactly the eigenfunctions, with eigenvalue 0.

Every eigenvalue of a self-adjoint operator is real. Eigenfunctions belonging to
distinct eigenvalues are orthogonal.

Proof: compare the two eigenvalue equations. Let Lu; = \iuj and Luj = Aju;.
Self-adjointness gives

(Luj, uj) = (ui, Luy).
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Eigenfunctions and the orthogonality theorem IlI

Expanding each side and using linearity in the first slot and conjugate-linearity in the

second slot,
(Luiy uj) = (Aiwi, uj) = Ai(wi, j),
(ui, Luy) = (ui, \jug) = N(ui, uj). (5.1.28)
Hence
(X = N) (i, ;) = 0. (5.1.29)

Step 1: prove the eigenvalue is real. Set j = i. Since u; # 0,
(ur, ur) = |lui]* > 0.
Equation (5.1.29) therefore gives
Ai— X\ =0, so X\ ER.
Step 2: prove orthogonality. For i # j with A; # )j, both eigenvalues are real, so
(Ai = Aj)(ui, ) = 0.
The first factor is nonzero, and therefore (uj, u;) = 0. If an eigenvalue X is repeated,
meaning that two or more independent eigenfunctions share it, the argument above

says nothing: the factor A\; — ); is then zero and (u;, u;) need not vanish.
Orthogonality can still be arranged by hand. Collect all admissible v with Lu = Au,
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Eigenfunctions and the orthogonality theorem IV

together with u = 0; this set is closed under linear combinations, since linearity of L
gives

L(au+ Bv) = alu+ BLv = adu + BAv = Aau + Bv),
so it is a subspace, called the eigenspace of A. Applying the Gram—Schmidt recipe
(5.2.53) of the later frame to a basis of that eigenspace returns mutually orthogonal
functions, and by the display above each of them, being a linear combination of
eigenfunctions for A, is again an eigenfunction for A. One may therefore always
assume the eigenfunctions are mutually orthogonal. |
Application: the fixed string. Let Lu = u” act on twice continuously differentiable
functions on [0, 1] that satisfy the Dirichlet conditions u(0) = u(1) = 0. First, every
eigenvalue is negative. If Lu = pu with u # 0, then

1
ullul = (Lu, u) = / W'z dx
0
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Eigenfunctions and the orthogonality theorem V

(The endpoint term vanishes because u(0) = u(1) = 0. The strict inequality holds
because u’ = 0 would make u constant, and the two Dirichlet conditions would then
force u = 0.) Hence write u = —k* with k > 0. The eigenvalue equation becomes

'+ Ku=0, u(0)=u(l)=0.
Its general solution is
u(x) = Acos(kx) + Bsin(kx).
The first boundary condition gives
0=u(0) =Acos0+ Bsin0 = A,
so A= 0. The second gives
0 = u(1) = Bsink.
A nonzero eigenfunction requires B # 0, hence
sink=0 =— k=nm, n=123,....
Thus
un(x) = sin(nmx), Lup, = —(n7)’up. (5.1.30)
Because (u, Lv) = (Lu, v) holds under these boundary conditions, the theorem gives

(tm, un) = 0 for m # n, in agreement with the direct integral calculation in (5.1.17).
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Formal adjoint of a second-order expression |

Step 1: integrate the second-derivative term twice. Consider the differential
expression

[u] = po(x)u" + pr(x)u” + p2(x)u, (5.2.1)
where po, p1, p2 are real, with enough differentiability for the calculations below. For
complex-valued u and v,

b
(v, £[u]) = / v pou” + p1u’ + pau dx
ab B B
= / (vpou” + vpru’ + vaE) dx. (5.2.2)
a
For the second-derivative term, integrate by parts twice:

/ab(vpo)u“dx = [(vpo)]" — /ab(vpo)/u,dx

= [(vpo)7]” ~ [(vpo)T]" + [ (vpo)'Tax

a

b
= [(vpo)F— (vpo)'ﬂ]§+/ (vpo) T dx. (5.2.3)
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Formal adjoint of a second-order expression Il

For the first-derivative term, one integration by parts gives

/ (vpr)v' dx = [(vpl)U]g—/ (vp1)'w dx. (5.2.4)

The multiplication term requires no integration by parts:

/ab(vpg)udx = /ab(pzv)u dx. (5.2.5)

Step 2: collect the interior term and boundary form. Adding the three expressions

gives
(v, 2lul) = [(vpo)d — (vpo)T + (vpr)a]
b
+ / [(vpo)” — (vp)' + pgv] U dx. (5.2.6)
The differential expression multiplying @ is the formal adjoint:
vl = (pov)” = (P1v) + p2v. (5.2.7)
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Formal adjoint of a second-order expression IlI

Expand each derivative by the product rule:
(pov)" = pov + pov', (5.2.8)
(pov)” = (pov + pov')’
=pov+ pov’ + pov’ + pov”

= pov"’ +2pgv’ + po v, (5.2.9)
(p1v) = piv+pv'. (5.2.10)

Therefore
O'[v] = pov" + (2py — PV’ + (P — pi + P2)v- (5.2.11)

Step 3: compare coefficients. Formal self-adjointness means ¢' = ¢ as differential
expressions. Comparing the coefficients of v”/, v/, and v gives

Po = po,

2py — p1 = pu,

Py — pi+ p2 = pa.
The first equation is automatic. The second gives

2p0 =2p1 = p1=po.
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Formal adjoint of a second-order expression 1V

The third gives

po = pi,
which is exactly the derivative of p; = pj. Hence
=0 <= p=p (5.2.12)

This is the criterion for formal self-adjointness of the differential expression. Turning
the expression into a self-adjoint problem still requires boundary conditions that make
the boundary form in (5.2.6) vanish; those conditions are the subject of the next

frame.
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The Sturm—Liouville expression and Green's identity |

Step 1: put the expression in divergence form. When p; = p{, the first two terms
in (5.2.1) combine by the product rule:

(pou") = pyu’ + pou”

=p Ll/ + POU//-
Writing p = po and g = p> gives the Sturm—Liouville differential expression
u] = (pu") + qu. (5.2.13)

Step 2: derive Green'’s identity. Because p and g are real and complex conjugation
commutes with differentiation, ¢[v] = (pv’)’ + qv = (pv’)’ + qV. Integrating by parts
once in each of the following expressions,

b
(u, £[v]) = / u[(pv') + qv] dx

b b
= [upW}:—/ pu'7dx+/ quv dx, (5.2.14)
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The Sturm—Liouville expression and Green's identity Il

and
b
(], v) = / [(pu') + qu] v dx
! . b b
= [pu'V] . / pu' v’ dx +/ quv dx. (5.2.15)
Subtracting cancels both integrals and yields Green's identity, also called Lagrange's
identity:
(u, 01v]) — (€[], v) = [p (uv — u'7)]". (5.2.16)
The endpoint expression
Blu, v](x) = p(x) (u(x)v’(x) - u’(x)v(x)) (5.2.17)

is the Lagrange boundary form.
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The Sturm—-Liouville expression and Green's identity Il

boundary ( ) boundary
(‘,()ll(iiﬁ()ll (:()ndﬁti()n
a b

puv’ —u v)!b
self-adjoint boundary conditions make
the endpoint contribution zero
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The Sturm—-Liouville expression and Green's identity IV

Step 3: choose boundary conditions that kill the boundary form. For a regular
finite interval, standard self-adjoint boundary conditions include the following.

Separated real Robin conditions. At each endpoint impose

asu(a) + Ba(pu')(a) =0, asu(b) + Bo(pu')(b) = O, (5.2.18)
where the coefficients are real and («, 3) # (0, 0) at each endpoint. The same
conditions are imposed on v.
To verify cancellation at one endpoint, suppose first that S 7% 0. Then

SO

If 3=0, then u = v = 0 at that endpoint (Dirichlet). If « = 0, then pu’ = pv/ =0
there (Neumann or natural boundary condition). Thus (5.2.18) contains Dirichlet
and Neumann conditions as special cases.
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The Sturm—Liouville expression and Green's identity V

Periodic conditions. The coupled conditions
u(a) =u(b),  (pu')(a) = (pu')(b) (5.2.19)
and the same conditions for v make B[u, v|(b) = B[u, v](a), so the difference in

(5.2.16) is zero. Antiperiodic conditions, with both quantities changing sign, work for
the same reason.

Singular endpoints. If p vanishes at an endpoint or the interval is infinite, the bare
statement “p = 0" is not enough by itself. One checks the limiting boundary form
and keeps only those modes for which

Iim+ Blu, v](x) =0, Iir}l Blu, v](x) = 0. (5.2.20)

For Legendre polynomials, p = 1 — x? tends to zero while the polynomials and their
.. . . - 2 . .
derivatives stay finite. For Hermite polynomials, p = e ™ kills every polynomial

Wronskian as x — +oo: the modes are real, so uv/ — v'v=uv' — u'v = W[u,v],
and B=e* W/{u, v] — 0 because the Gaussian decays faster than any polynomial
grows.

In all of these cases—Dirichlet, Neumann, Robin, periodic, or a verified singular
limit—the boundary form vanishes, so (u, £[v]) = (¢[u], v) and the eigenvalue theory
of the next frame applies.
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The Sturm—-Liouville eigenvalue problem |

Step 1: write the two eigenvalue equations. With the sign convention of this
chapter, the Sturm—Liouville eigenvalue equation is
(pu') + qu = —Awu, (5.2.21)

where p, g, w are real, p > 0 in the interior, and w > 0 on the interior (the weight
may vanish at endpoints). Boundary conditions are chosen so that the Lagrange
boundary form vanishes.

Let u; and u; satisfy

(pui) + qui = —Xiwu;, (5.2.22)

(puj) + quj = —X\jwu;. (5.2.23)
Conjugating (5.2.23), using reality of p, g, w, gives

(PT) + qi; = =X wi. (5.2.24)

Multiply (5.2.22) by T; and (5.2.24) by u;:
T(puj)' + quity = —\iwuiT,
ui(p') + quit; = —Nwuid.
Subtracting the second equation from the first cancels the g terms:
T(pu) — ui(pg’) = —(Xi — \)wuid. (5.2.25)
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The Sturm—-Liouville eigenvalue problem I

Step 2: turn the difference into a boundary term. The left-hand side is an exact
derivative. Indeed,
d
= [P(@u; — wT)| = T(pui) + pT5'uf — ui(pT') — puTy’
=T(pu;) — ui(pty’).
Thus (5.2.25) is

d —
o [p(ﬁju,{ — u,-Fj')] = —(Ai — A\j)wuiz;. (5.2.26)
Integrating from a to b gives
b
[p(ﬁju,{ - u;ﬁ/)]j =—(\i— )TJ)/ wu;T; dx. (5.2.27)
The integrand in the bracket is p(Tju; — uit;’) = —B[ui, uj](x), the negative of the

Lagrange boundary form (5.2.17). Hence any of the self-adjoint boundary conditions
of the previous frame—separated Robin (5.2.18), periodic (5.2.19), or the singular
limits (5.2.20)—make the left-hand side zero.

Step 3: conclude reality and weighted orthogonality. Set j = i. Since u; # 0 and

w > 0 on the interior,
b
/ wlui|? dx > 0.
a
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The Sturm—Liouville eigenvalue problem Il

Equation (5.2.27) therefore gives
Ai—Ai =0,
so every eigenvalue is real. For two distinct eigenvalues, reality gives \; = \j;

substituting this into (5.2.27) and using that the boundary conditions make the
left-hand bracket vanish leaves

b
0= —(>\,‘ — )\J)/ WLI,'FjdX7

b
i # )\j — / wu;u;j dx = 0.

Hence
(u,-, Uj)w =0 (/\,‘ # )\j). (5.2.28)
Equivalently, with A = —w~'¢ one has

(Au, V) = — / ’ 0[u] ¥ dx,

(u, Av),, = /ab ul[v] dx,
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The Sturm—Liouville eigenvalue problem [V

and Green'’s identity (with vanished boundary form) makes these equal: A is

self-adjoint on the weighted inner-product space of admissible functions.
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Example: Legendre equation |

For a nonnegative integer n, the Legendre equation is
(1—x)y" —2xy" +n(n+1)y =0, ~l<x<1 (5.2.29)
By the product rule,
d% [(A=x*)y]=@=x)y " +(1-x)y
=(1-x")y" —2xy.
Therefore (5.2.29) is equivalent to

d% [(1=x*)y'] = =n(n+1)y. (5.2.30)

The Sturm-Liouville data are
P)=1-x  q)=0, w(x)=1 A =n(n+1).

A polynomial solution exists, and it is the only bounded one. So far (5.2.30) is
only an equation: nothing yet says it is solved by a polynomial, and the boundary
argument below needs a solution that stays finite at x = 1. Note that the leading
coefficient 1 — x? vanishes at x = %1, so the endpoints are singular points in the
sense of Chapter 4 — which is exactly why one solution there can fail to be analytic.
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Both facts drop out of a series expansion about the endpoint itself. Put t = x — 1, so
that

1-x"=—(x—1)(x+1) = —t(t +2), —2x = —2(1 + t),
and (5.2.29) becomes
—t(t+2)y" —2(1+t)y' + n(n+1)y =0,
where ' may be read as d/dt or d/dx indifferently, since t and x differ by a constant.
Look for a solution analytic at that endpoint,

y= Z bet, ' = Z(k +Dbeat’, Y= Z(k +2)(k + 1) beyat™.
k>0 k>0 k>0

Multiplying a series by t or t2 only shifts the index, so

—t2y" = =) " k(k = 1)bett, —2ty" = =23 “(k+ 1)k bt
k>0 k>0
—2y = -2 Z(k + 1) by t¥, —2ty’ = -2 Z k bit”.
k>0 k>0
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Collecting the coefficient of t* and using —2(k 4+ 1)k — 2(k + 1) = —2(k + 1)? for
the bkt terms and —k(k — 1) — 2k = —k(k + 1) for the by terms,
—2(k +1)’bis1 + [n(n+1) — k(k +1)] b = 0,

that is,
n(n+1)— k(k+1)

2(k+1)?
Three things follow. First, every coefficient is fixed by by = y(1) alone, so the
solutions analytic at x = 1 form a one-parameter family. Second, at k = n the
numerator is n(n+ 1) — n(n+ 1) = 0, so bo+1 = 0, and applying (5.2.31) repeatedly
kills every coefficient after it: the series terminates, so y is a polynomial and no
question of convergence arises — one may substitute the finite sum back into
(5.2.29) and check it directly. Its degree is exactly n, because for k < n one has
k(k 4+ 1) < n(n+ 1), so the numerator is positive and b, # 0 whenever by # 0.
Third, a nontrivial such solution has y(1) = by # 0, so the normalization by = 1 is
available; it defines the Legendre polynomial P,, of degree n, with P,(1) = 1. For
n =1 the recurrence gives by =1 and y =1+t = x; for n =2 it gives by = 3,
b, =3/2and y =1+ 3t+ 3t* = 1(3x> — 1). (Chapter 7 rebuilds the same
polynomials from a series about x = 0 and from Rodrigues’ formula.)

b1 = b, k=0,1,2,... (5.2.31)
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The second solution is precisely what the finiteness assumption below discards. In the
standard form y” + Py’ + Qy = 0 the Legendre equation has P(x) = —2x/(1 — x?),
so the exponential factor of the reduction-of-order formula of Chapter 4 is

exp (_ /S P(t) dt) = exp < ’ 1 itt2 ) = exp(—ln(l - 52)) = ﬁ7

where the base point only rescales the result by a positive constant. Reduction of
order applied to the known solution P, therefore produces the independent solution

=F (X)/ e

As s — 17 the integrand behaves like 1/[2(1 — s)], since 1 +s — 2 and

Pa(s) — Pa(1) = 1; the integral therefore grows like —3 In(1 — x) and y is
unbounded at the endpoint. (For n = 0 this is explicit: with Ao = 0, (5.2.30) reads
[(1 - X2)y']/ =0,50 (1—x%)y’ = Cand y = £ In ) Only the polynomial branch
stays finite at x = &1, which is exactly what makes the boundary term below vanish.
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For a nonnegative integer k, let P, and Px be the Legendre polynomials of degrees n
and k, normalized by P,(1) = Px(1) = 1. Their equations are
(1= x*)P;)" = —n(n+1)P,,
(1= x*)P] = —k(k +1)Pu.
Multiply the first by Py, the second by P,, and subtract:
P [(1=x)P] = Pa[(1 = x*)PL]" = [k(k +1) — n(n+ 1)] PaPu.

The left-hand side is
d
= [(1 = x*)(PePy = PyPL)]

so integration over [—1, 1] gives

(1= x*)(PePy — PuP)]" | = [k(k+1) — n(n +1)] /

1

P.Pedx.  (5.2.32)
1

The polynomials and their derivatives are finite at x = +1, while 1 — x?> = 0 there.
Hence the boundary term is zero. If n # k and n, k > 0, then n(n+1) # k(k +1), so

/1 Po(x)Pu(x)dx =0  (n# k). (5.2.33)

1
Thus the Legendre polynomials are orthogonal with weight w(x) = 1.
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Example: Bessel equation and circular-drum modes |

For a fixed nonnegative integer angular order m, the Bessel function J,(x) satisfies
X2 (%) 4 xdm(x) + (x> = m*)Im(x) = 0. (5.2.34)
For a radial mode on the unit disk, define
y(s) = Im(as), a>0, 0<s<1.
The chain rule gives
y'(s) = adp(as),
y'(s) = 2 S (as),

so
7 1 / 74 1 "
Inlas) = —y'(s),  Jm(as) = —y7(s).

2
Set x = as in (5.2.34):
(as)’Ipm(as) + (as)In(as) + ((ozs)2 - mQ)Jm(as) =0.
Substituting the chain-rule relations gives
o’s’ (izy”) +as (ly') +(a®® —m*)y =0,
e o

szyu + sy' + (a252 _ m2)y —0.
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Thus
s’y + sy’ + (o’ — m’)y = 0. (5.2.35)
For s > 0, divide by s:

Since

the equation becomes

(sy') = —y+a’sy=0,
or
d [/ d m?
% (sd—)s/> Y= —a’sy. (5.2.36)
Thus
I'f'l2 2
p(s) =s, q(s) = v w(s) =s, A=a’.

The endpoint s = 0 is singular, so the equation divided by s is interpreted on (0, 1]
together with regularity at the center.
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For fixed m, let
Yi(s) = Im(ais),  yi(s) = Im(ays).

They satisfy
2

"N m 2
(syi) — ?}’i = —Q;Syi,
N m2 2
(sy;) — Y= TS
Multiply the first equation by y;, the second by y;, and subtract:
N/ AV 2 2
yi(syi) = yi(sy;) = —(ai — af)syiy;-
The left-hand side is an exact derivative:
d
= [s0avi = yi)] = wilsyi) = yilsy))'-
Therefore, for 0 < e < 1,

1
1
[0yt — yiy})]} = —(o? — ad) / (s)y(s) ds. (5.2.37)
At s = 1, impose one common boundary condition on the whole family:
@ Dirichlet: yi(1) = Jn(c) = 0 for every i; or
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Example: Bessel equation and circular-drum modes IV

@ Neumann: y/(1) = a;J},(c;) = 0 for every i, where J;, denotes differentiation
with respect to the Bessel-function argument.

Either choice makes the boundary expression at s = 1 zero. For the Neumann
condition with m = 0, a = 0 also gives the constant mode y(s) = 1 with eigenvalue
A = 0; the positive «; below label the nonconstant modes.
At s = 0, the regular Bessel solution has the expansions
_ 1 z\™ m+2
n(z) == (5) + 0" (m>1),
2

Jho(z)=1— ZZ +0(zY).
Hence, for m > 1,
yi(s) = 0(s™),  yi(s) = O(s"™),
so
s(viyl — yiy) = O(s°™) — 0.
For m =0, yi(s) = 1+ O(s%) and y/(s) = O(s), giving the same boundary limit, now
of order O(s?). The singular Y, solutions are excluded by regularity at the disk
center.
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Letting e — 0" in (5.2.37) and taking distinct positive o, o gives
1
0= —(af — af)/ sIm(is)Im(ays) ds.
0
Since o? # af,

/1 Im(ais)Im(ajs)sds =0 (i #j)- (5.2.38)
0

The radial weight is therefore w(s) = s.
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Legendre and Bessel modes

angular order m = 1

i ] N L = -t . angular order m = 0 angular order m = 2
¥ 0 - i ) radial mode 2 radial mode 1 radial mode 2
PR . N 0 is the polar angle
~05
, Drum modes use the radial weight
~1 —08 —06 04 0z 0 02 04 06 os 1 w(s)=s; acommon boundary condition

at s = 1 selects the admissible o;.

@

Legendre modes are orthogonal on [—1, 1]
with weight w(x) = 1.
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Putting a general equation into Sturm—Liouville form |

Step 1: fully worked example—Hermite. Start from the concrete equation
y" —2xy' + Ay = 0. (5.2.39)
Here po = 1 and p1 = —2x, so p1/po = —2x. Form the integrating factor with base

point xg = 0:
e et L) o
Q(x)=e p(/0 po(t)dt>—ep</o( 2t)dt)

X —_x?
= exp([—tQ]o) = exp(—x2 - (—0)) =e .
(Changing a finite base point multiplies Q by a positive constant and does not
change the Sturm—Liouville form.)

Differentiate @ by the chain rule:

/ _ d —x? _ —x? i 2y —x? _ 2
Q'(x)= o (e ) =e dx( x)=e (=2x) = —2xe™ ™ . (5.2.40)
Now multiply every term of (5.2.39) by Q = e
efXZy" — 2xe7x2y' + /\efx2y =0. (5.2.41)
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. . . —_ 2
Look at the first two terms. Expand the product-rule derivative of e y":

) =Y ey
= (72)@,)(2)}/, + e 2y
= e_X2y" - 2xe_X2y/. (5.2.42)

The right-hand side of (5.2.42) is exactly the first two terms of (5.2.41).
Substituting back,

7)<2 " 7)(2 / 7)<2
O=e "y —2xe "y +Xe "y
d , _e 2
S (&) F ey, (5.2.43)
and rearranging gives the Sturm—Liouville form
d 7)(2 / 7)(2
o (e y) =—-Xe " y. (5.2.44)

Reading off the data,

x2

—x2 —
pix)=e", q(x)=0, w(x)=e
Which X admit polynomial solutions? In (5.2.39) the leading coefficient py = 1 never
vanishes and p; = —2x, p» = A are polynomials, so x = 0 is an ordinary point and
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e}

Chapter 4 lets us insert a Taylor series y(x) = Zj:o ajx!. Shifting the index by two

in the second derivative, and noting that the factor x turns y’ = Zpljajxj’l into a

series starting at x!,

oo oo oo
Y =) (G+20+ Dajexd, =20/ =2 jax, =) ax,
j=0 j=0 j=0

where the j = 0 term of the middle sum is zero and may be included harmlessly. A
power series vanishes identically only when every coefficient vanishes, so the
coefficient of x/ in (5.2.39) gives

S 2j — A .
0+
The recurrence advances the index by two, so ap generates the even chain and a; the
odd chain. A chain terminates—and the solution reduces to a polynomial—exactly
when the numerator 2j — X vanishes at some index j = n > 0, i.e. exactly when

A=)\, =2n, n=0,1,2,...
With A = A\, and the opposite-parity chain started at 0, the coefficients api2, antas, . . .

all vanish, while a, # 0 because every factor 2j — 2n with j < n is nonzero; the
solution is therefore a polynomial of exact degree n. Normalized to leading coefficient

UG+2)G+ a2+ (A—2j)a =0, that is
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2" it is the physicists’ Hermite polynomial H,: Hy =1, H; = 2x, and for n = 2 the

recurrence gives a; = —2ag, so a» = 4 forces ap = —2 and H, = 4x*> — 2. (Chapter 7
constructs the whole family, together with its Rodrigues formula and normalization.)
For nonnegative integers n # m, both H,, Hy, and their derivatives are polynomials, so

= (HoHpy — HoHm) — 0 (x — +00),
and A, — Am = 2(n — m) # 0. Weighted orthogonality therefore yields

/ Ho(X)Hm(x)e ™ dx =0 (n# m). (5.2.45)
Step 2: general formula. Now abstract the calculation. Consider
po(x)u" + pr(x)u’ 4 p2(x)u =0 (5.2.46)
on an interval where po(x) # 0 and p1/po is continuous. Divide by po:
P+ 2y (5.2.47)
Po Po
Define the integrating factor
" pu(t)
Q(x) = exp ( dt) . (5.2.48)
o Po(t)
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By the fundamental theorem of calculus and the chain rule,

/(x) — ex * pu(t) pi(x)
Q0= "(/ po(t) dt) ()

0

_ o)
fﬂ)m&y (5.2.49)

Multiply (5.2.47) by Q:
Q'+ QP + QPu=o,
Po Po
Qu'+ Qv + Q%u =0.
Expand the product rule in full:
(Qu/)/ _ Q/u/ + QU”.
The left-hand side of the multiplied equation is exactly (Qu’)’, so

d .,
= () + Q%u =o0. (5.2.50)

Thus the formally self-adjoint expression has
p=Q, g=Q2.
Po
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Equivalently, without first dividing by po, multiply the original equation (5.2.46) by
Q/po (not by Q alone).
If the spectral parameter occurs as

pou” + pru’ + (ro(x) + Ani(x))u =0, (5.2.51)
the same steps give
(QU') + qu = —Awu, q= 027 w = QE. (5.2.52)
Po Po

For a standard Sturm—Liouville problem the signs are chosen so that w > 0 on the

interior of the interval.

Sturm-—Liouville Theory July 27, 2026 63 /68



Gram-Schmidt for Py, P, P> |

(Optional: Chapter 7 recovers Legendre orthogonality from Rodrigues’ formula. The
short calculation below only shows how the first three polynomials arise by
orthogonalizing monic powers.)

Recipe. Let ug, u, s, ... be linearly independent. Set vp = wp and, for kK > 1,
subtract from uy its projection onto each vector already built:

k—1 ( )

Uk, Vj
Ve=uk— Y vl k> L (5.2.53)

— |y

Jj=0
Each v, is orthogonal to v, ..., vk_1 by construction. Indeed, fix / < k and assume
the earlier vectors v, ..., vk—1 are already mutually orthogonal. Taking the inner

product of (5.2.53) with v, and using linearity in the first slot,

Uk, V,
(Vi, ve) = (uk, ve) Z(l‘k/’”;) vj, ve)

= (Uk7 V() — (|l|lk’ “(ﬁ)(w, Vg) = (uk, Vg) — (le7 Ve) = 0,

because every term with j # £ carries the factor (v;, v¢) = 0, so only the j = £ term
survives, and (vg, v¢) = HVZHQ.
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First three Legendre polynomials. Use

1
(f,g) :/ f(x)g(x) dx (5.2.54)
-1
and orthogonalize o = 1, u1 = x, u» = x?, so that (5.2.53) applies verbatim with
=1and k=2.
Degree 0.
1
vw(x) =1, ol = / ldx =2. (5.2.55)
—1
Degree 1.
1 1
(x, vo):/ xdx = [%} =0,
1 -1
so
(x, vo) 2 Y, 2
= x — = = dx = =. 5.2.56
a)=x—wiptl =x = [ ac=3 (5.2.56)
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Degree 2.
1 2
2 2 2 (xw) _2/3 1
X ,W) = dez*, =——==,
)= [ o= Wl =~ 2 ~3
1
(X2,V1):/ x*dx = 0.
—1
Hence
2 1 2 1
va(x) = x —vo-g—vl‘O:X -3 (5.2.57)

Normalize by P,(1) =
P():Vo:]., P;[:V1:X7

and, since v»(1) =2/3,
w(x) x*-1/3

P = = -
()= @) 2/3
Higher P, follow from the same projection (or, more efficiently, from the Legendre

1,2
= 53" - 1). (5.2.58)

recurrence / Rodrigues formula in Chapter 7).
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. . b _ .
@ Functions form an inner-product space under (u,v) = fa uv dx (or a weighted
variant). Scalars leave the first slot unchanged and leave the second slot as
conjugates: (cu,v) = c(u,v) and (u, cv) = € (u, v).
@ The normalized sine modes v/2sin(nmx) are an orthonormal system in L2(0,1);
Fourier sine coefficients are a, = (f, uy)/||unl?.

@ The formal adjoint is the differential expression left behind after integration by
parts. A problem is self-adjoint when both halves hold: the expression is its
own formal adjoint, LT = L, and the boundary conditions make the boundary
form vanish (Dirichlet, Neumann, Robin, periodic, or a verified singular limit).
Killing the boundary form alone gives only (u, Lv) = (Ltu, v); for D = d/dx,
where DT = —D, that is skew-adjointness, not self-adjointness.

@ On C? functions (twice continuously differentiable) satisfying the Dirichlet
conditions u(0) = u(1) =0 and v(0) = v(1) = 0, integrating by parts twice
gives (u,v") = [u7 - u’ﬂ; + (u”,v) = (4", v): the first endpoint term dies
because u vanishes at 0 and 1, the second because v does. Eigenvalues of a
self-adjoint operator are real, and eigenfunctions for distinct eigenvalues are

orthogonal.
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The expression pou” + piu’ + pau is formally self-adjoint exactly when p; = pf,
in which case it becomes (pu’)’ + qu.

Green's identity isolates p(uv’ — u'v). With real coefficients, positive weight,
and self-adjoint boundary conditions, (pu’)’ + qu = —Awu has real eigenvalues
and weighted-orthogonal eigenfunctions.

The integrating factor Q = expf(pl/po) converts a general second-order
equation into Sturm—Liouville form (Qu’)’ + qu = —Awu. Legendre, Bessel,

X

and Hermite have weights 1, s, and e~
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