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Where we are going

This chapter studies four families of orthogonal polynomials that arise by separating
variables in Laplace, Poisson, Helmholtz, and Schrédinger problems. “Orthogonal”
means a weighted inner product of distinct-degree polynomials vanishes; the interval and
weight depend on the family.

@ Legendre P,. From Laplace in spherical coordinates to the ordinary (m = 0)
Legendre equation, series termination, generating function, recurrence, Rodrigues,
orthogonality, and Fourier—Legendre expansions. Associated Legendre functions
and spherical harmonics Y," for m # 0, with the degree n the same integer that
the axisymmetric problem picks out through A = n(n+ 1).

@ Hermite H,. The Hermite equation and series solution, quantum harmonic
oscillator motivation, generating function, Rodrigues formula, and weighted
orthogonality.

@ Laguerre L, and Chebyshev T,. Defining ODEs, first polynomials, weights and
orthogonality, recurrences, and useful formula sheets.

A comparison table at the end collects interval, weight, and ODE for each family.
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Two-dimensional Laplace equation in polar coordinates

Step 1: separate the angular and radial parts. A function satisfying Laplace's
equation V21 = 0 is called a harmonic function. The operator V2 is the Laplacian:
Yxx + 1y, in Cartesian coordinates. In polar coordinates r is radius and 6 is angle. We
use its coordinate form without deriving it:

10

2 oY Py _
@o-12(9)0 128 oo ors
Take a separated solution ¢(r,0) = u(r)v(0). Then
oY _ &%y "
0w, T8 = )

so substitution into (6.1.1) gives
v d , u g
Tar (ru)—&—ﬁv =0.
Multiplying by r?/(uv) yields

N\ 1"
LCCD A
u v
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Two-dimensional Laplace equation in polar coordinates

(cont.)

and therefore

- = =X, (6.1.2)

because the left member depends only on 6 and the right member only on r.
The angular equation is

v + v =0.

Periodicity v(6 + 27) = v(#) forces A = n* with n=10,1,2,...: for A = n*> > 0 the
solutions A cos(nf) + Bsin(nf) are 2m-periodic; for A = 0, v = A + B reduces to the
constant n = 0 mode; and A < 0 gives nonperiodic exponentials. The radial equation

r(rd) = n*u=0
is Cauchy—Euler; expanding the derivative,
Pu’ + i — nPu=0, (6.1.3)
and trying u = rP gives (p?> — n°)r" =0,s0 p=+nforn>1. Forn=0, (rv') =0
integrates to u(r) = Do+ Golog r.

Orthogonal Polynomials September 20, 2026 6/83



Two-dimensional Laplace equation in polar coordinates

(cont.)

On an annulus, all these radial solutions are allowed. Inside a disk we must also examine
the center. Inside a disk containing r = 0, boundedness removes log r and all r~" terms:

P(r,0) = Ao + Z r" [A,, cos(nf) + G, sin(ne)} . (6.1.4)

Equivalently, with z = re?, ¢g = Ao, and ¢, = A, — iC, for n > 1,

1/](!’, 9) = Re (Z C,,zn> s z" = r"eine.

n=0

Thus the regular real harmonic functions are real parts of analytic power series; exterior

or annular domains additionally allow negative powers and, for the angularly independent
n = 0 mode, a logarithm.
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Three-dimensional Laplace equation in spherical

coordinates

In spherical coordinates r is radius, 6 is the polar angle measured from the positive
vertical axis, and ¢ is the azimuthal angle around that axis. We use the spherical
Laplacian without deriving this coordinate formula:

25— 10 2@’) 1 ﬁ(- ai’) 1 oy
Vw_ﬂé‘r (r or +r25in089 smﬁae +r2sin208¢2_0' (6.1.5)

Step 1: separate the radial variable. Set ¥(r, 0, ¢) = u(r)y(6, ¢). Because y is
independent of r and u is independent of the angles,

() = (Y,
%(sin@@/}g) = u(sinfyp)g.

Substitution into (6.1.5) and multiplication by r?/(uy) give

2 v .L(sineye)eﬁ- .1 Yoo
(ru’) _ _sin0 sin26 -

u y

(6.1.6)
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Three-dimensional Laplace equation in spherical

coordinates (cont.)

The first expression depends only on r and the second only on (6, ¢), so each equals a
constant A.

Step 2: radial Euler equation. Expanding (r’v’)’ = r’u” + 2ru’ gives
Pu” + 2’ — Au=0.

Try u=r°. Then v’ =or° ! v’ =o(0c —1)r° 2, and
[a(o +1)— )\] r? = 0.

So A = o(0 4+ 1). Once the angular problem forces A = n(n+ 1) with n=0,1,2,...
(next frames), the two exponents are

o =n, oc=—-n—1,

and
un(r) = Apr” 4 Bor " (6.1.7)

The r" branch is regular at the origin; the r="~! branch decays at infinity.
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Three-dimensional Laplace equation in spherical

coordinates (cont.)

The remaining angular eigenproblem is

1 0 (. ,0y 1 9% _
sing 90 (Sm0 ) sin2c98f452 Ay =0.

00

We first treat the axisymmetric case (no ¢-dependence), which yields the ordinary

Legendre equation and A = n(n+ 1). Associated Legendre modes for m # 0 come later

as a short extension.
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Axisymmetry: the ordinary Legendre equation

Step 1: assume no azimuthal dependence and change variables. If ¢ is independent

of ¢ (axisymmetry about the polar axis), the angular equation reduces to

1 d . dv
Sn0do (SII‘I@@) + Av =0.

Set x = cosf, so dx/df = —sinf and d/df = —sinf d/dx. Then

. oodv 2
Sm@E =—(1—x)v,

% (sin 0 %) =sin gdix [(1 - xz)vx]7
and therefore d
o [(1 — X2)v'(x)] + Av(x) = 0.
Expanding the derivative gives the equivalent form
(1—x*)V' —2xv' 4+ Av =0.

(The poles 8 = 0,7 correspond to the endpoints x = £1.)
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Axisymmetry: the ordinary Legendre equation (cont.)

Step 2: power series and coefficient recurrence. Set

Then

j+1 aj+1xj

U+2)0+1) aj+2xj

-3

/-3

-2V :_ZJJ_l)aJ

—2xv = -2 Zj ajx!
=0
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Axisymmetry: the ordinary Legendre equation (cont.)

Substitution into (6.1.9) gives

0= [(+2)(+aj2 —j(j — 1)a — 2ja; + Aaj] ¥

=0

=Y [G+2)0+ D+ (A —jl+1))a] .

j=0
Hence the coefficient recurrence is
s AUt
S ) RS

Even and odd chains are independent.

Step 3: select solutions that remain finite at the poles. The points x = +1
correspond to the north and south poles of the sphere. A polynomial is finite at both.
The recurrence stops at degree n precisely when A = n(n + 1); this is the simplest way
to construct the acceptable solutions.

We use the standard endpoint result without its proof: a nonzero solution finite at both
endpoints exists only for these values of A, and is a multiple of that polynomial. The
following example explains why convergence only inside (—1,1) is not enough.

(6.1.10)
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Axisymmetry: the ordinary Legendre equation (cont.)

Example. Take A\ = 2 and start the even chain at ag = 1. Then (6.1.10) gives

2—-0 2—-6 1 2—-20
n=-Gpe=l as-gp(N=-3  w=—f(-3)=¢

and the pattern is ax = —1/(2k — 1) for k > 1. Subtracting the Taylor series for
log(1 + x) and log(1 — x) gives Y, ., x**7*/(2k — 1) = }log[(1 4+ x)/(1 — x)] for
|x] < 1. Hence N

Vo) =1- sz Z2k71_1_§| e

k>1 k>1

This is a genuine solution of (6.1.9) with A = 2 (a one-line check by substitution), finite
at every interior point, yet v(x) — —oo as x — 17 useless on the sphere. Meanwhile
the odd chain with A = 2 terminates immediately and gives the polynomial v = x.

For the allowed value A = n(n + 1), the recurrence factors as

_(n=j)n+j+1)

aj+2 = (J T 2)(] i 1) aj. (6111)
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Axisymmetry: the ordinary Legendre equation (cont.)

At j = n one has ap+2 = 0, so the same-parity chain is a polynomial of degree n. Set the
initial coefficient of the opposite-parity chain to zero. The surviving polynomial is
bounded at both poles.

With A = n(n + 1), equations (6.1.8)—(6.1.9) become the ordinary Legendre equation

d% (1= x*)V'(x)] + n(n+1)v(x) =0, (6.1.12)
(1= x*)W" = 2x" + n(n+1)v = 0. (6.1.13)

Choose the scale so that P,(1) = 1; the resulting polynomial is the Legendre polynomial
P,. Since the recurrence advances by two and only the terminating parity chain is
retained, its powers are x", x"72,.... Thus

Pr(=x) = (=1)"Pa(x).

Rodrigues’ formula below supplies the normalization directly. The generating function
below fixes all the normalized coefficients explicitly.
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Generating function from the Coulomb potential

Step 1: write the axisymmetric potential. Place a point charge one unit from the

origin on the positive polar axis. For a field point with spherical coordinates (r, 6, ¢), the
law of cosines gives

R?>=r? 412 —2r(1)cosf =1 —2rcosf + r*,

so, for a nonzero physical scale factor C, the Coulomb potential is

C C
r)=—-=—— 6.2.1
#(r. ) R /1—2rcosf +r? ( )
transverse

field point

1 »—» polar axis
0 charge at unit distance

R?>=1+72—2rcosf
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Generating function from the Coulomb potential (cont.)

In the picture the horizontal line is the polar axis § = 0, along which the charge sits, and
6 is measured from it exactly as in (6.1.5). That axis is a genuine Cartesian direction; do
not confuse it with the variable x = cos 6 used in the formulas of this chapter, which is
the cosine of that angle and ranges over [—1,1].

For r < 1 the source is outside the region under study. The potential is harmonic, finite
at the origin, and independent of ¢. Our separated solutions therefore suggest the
expansion

1 n
Ny ganr P (cos ). (6.2.2)
This is a physical motivation for the generating function. We quote the existence of this
convergent expansion for r < 1; the axis calculation now fixes its coefficients.

Step 2: determine the coefficients on the axis. Set 0 = 0. Then cosf =1,
P,(1) =1, and
1—2rcos0+r’ = (1-r).

1—r|=1-r,so (6.2.2) becomes

lir:ianr":ir" (Ir] < 1).

n=0 n=0

Because 0 < r < 1,
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Generating function from the Coulomb potential (cont.)

Uniqueness of power-series coefficients gives a, = 1. Writing t = r and x = cos @,

1
t Pn(x)t", <1, —-1<x<1. 6.2.3
1) = s Z L x (62.3)

Step 3: expand the first three P, from the generating function. For small t, write
g(x,t)=(1—u)"Y? u=2xt—t>

and use the binomial series

1—u) 2 =14lu+1.32 +O(u)—1jL Lut 2+ o).

2!
Collect powers of t up to t*:
u = 2xt — t27
= (2xt — 1)’ = 4’ + O(2%).
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Generating function from the Coulomb potential (cont.)

Hence
g=1+30@xt—t)+3(4°) + O(t)
=1+xt+( 1+ 3x )t + 0(t%)
=1+xt+1(3x° — 1) + O(£).
Matching > Pa(x)t" therefore gives the first three polynomials explicitly:

Po(x) =1, Pi(x) = x, Py(x) = (3x -1). (6.2.4)

Checks: Pn(1) =1 and P,(—x) = (—1)"Pu(x) hold for n = 0,1, 2.
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Three-term recurrence

Step 1: differentiate the generating function. Let
D(x,t) =1—-2xt+t>,  g(x,t) = D(x,t)" /2.
Differentiating with respect to t gives

87g 7*D73/2 8D X —t
ot 2 ot D32
Termwise differentiation of the power series gives
98 _ i nP,(x)t" " (6.2.5)
ot —

Multiplying g: = (x — t)D~3/2 by D gives (x — t)g = Dg;. Substituting both series,

(x—t)ZPn 1—2xt+t)ZnP,,"l,

n=1

where P, = P,(x). Expanding,

ixP,,t" - i P t"t = Z nP,t" "t —2 Z nxP,t" + Z nP, " (6.2.6)
n=0 n=0

n=1
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Three-term recurrence (cont.

Step 2: compare coefficients of t". With the convention P_; = 0, the left coefficient
of t" is xP, — Py—1. On the right,

[t"] Zﬂ%’fjil =(n+1)Pny1, [t"](—2 ijPjtj) = —2nxP,,

jz1 jz21

and

[Pt = (n~ )P

jz1

(using P—1 = 0). Equating coefficients,
xPp — Po—1 = (n+ 1)Ppy1 — 2nxPs + (n — 1) Pp—1.
Collecting the P, and P,_; terms gives
(n+ 1)Ppi1(x) = (2n + 1)xPn(x) — nPn_1(x), n>0, (6.2.7)

with P_.y =0and Pp =1. For n=0, P; = xPy = x.
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First few Lege

We already obtained Py = 1, P; = x, and P, = (3x* — 1)/2 from the generating
function. The recurrence (6.2.7) supplies the next one without another series expansion:

5x(3x* —1) oy — 15x3 — 9x

3P3 = 5XP2 — 2P1 = > >

Thus 1
Ps3(x) = 5(5)(3 —3x).

It has odd parity and P3(1) = 1, as expected. The following plot shows how the
oscillations change with degree.
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Shapes of the first Legendre polynomials
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Each P, is bounded on [—1,1] and normalized by P,(1) = 1. Increasing n adds interior

zeros while preserving fjl Pm(x)Pn(x) dx =0 for m # n.
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Rodrigues’ formula

The recurrence generates Py, P1, P2, ... in order. A complementary formula constructs
any one polynomial directly:

P(x) = 2n1 . ;inn (2 = 1)". (6.2.8)

This is Rodrigues’ formula. To prove it, start with the corrected binomial expansion

(Xz 1) = Z(_l)k (Z) 5 2n—k)
k=0

After n derivatives, a term survives only when 2(n — k) > n, or k < |n/2]. Hence

n/2
1 d" Z/:J (2n —20)!
2np! dx" 27kl (n — k) (n— 2k)' '

To check the match with the power-series solution, call the coefficient of x"~2* in this
sum ck. Consecutive coefficients satisfy

1 (n—2k)(n—2k —1)
o (2k+2)2n—2k-—1)
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Rodrigues’ formula (cont.)

This is (6.1.11) solved downward with j = n — 2k — 2. Thus the derivative expression
has the same degree, parity, and coefficient recurrence as P,. The normalization at

x = 1, checked below, fixes the remaining common factor. The sign is easiest to
remember in the form (x* — 1)"; equivalently,

(-1) "

Pnlx) = 2npl dx"( _X2)n'

For n = 2 either form returns P> = (3x*> — 1)/2.
The factor 2"n! also verifies the normalization directly. In (x —1)"(x +1)", the only term
surviving after n derivatives at x = 1 differentiates (x — 1)" all n times and equals n!2".
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Rodrigues’ formula (cont.)

Two consequences needed for the norm. The highest power in (x* —1)" is x*". Hence
" (20)!

dx" -l

and division by 2"n! gives

(2n)!

P,(x) = 2n(nl)? x" + lower powers. (6.2.9)
Differentiating n more times removes all lower powers:
2n)!
P (x) = (2n)! 6.2.10
()= o (6.2.10)

The zeros of order n in (x> — 1)" at x = £1 also make the boundary terms vanish when
we integrate by parts up to n times. These are the two facts used next.

Connection to Chapter 1. Cauchy’s derivative formula applied to (t* — 1)" also writes
Rodrigues’ formula as

1 (t2—1)"
o+l c (t _ X)n+1

where C is a simple counterclockwise contour enclosing x. We will use the derivative

Pa(x) = dt, (6.2.11)

form for the norm calculation.
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Orthogonality and norm of Leg

The Legendre equation is

d% [(1 = x*)Po(x)] + n(n + 1)Pa(x) = 0. (6.2.12)

This is the Chapter 4 problem with p =1 — x?, g =0, and w = 1. At either endpoint,
(1 — x*)(PuPj, — PpPm) — 0,

since polynomials and their derivatives remain finite. The eigenvalues n(n + 1) differ for
distinct nonnegative degrees, so Chapter 4's Sturm—Liouville theorem already predicts
orthogonality. A direct proof from Rodrigues’ formula also supplies the norm.

Assume without loss of generality that m > n. Use Rodrigues’ formula for the
higher-degree polynomial:

/1 Po(x) P () dx = — /1 Pa(x) L (5 — 1)™ dix.

1 2mm! [ dxm
Because (x? — 1)™ = (x — 1)™(x + 1)™ has a zero of order m at each endpoint,

1
Ly -0, 0<j<m-1.

x==+1

Orthogonal Polynomials September 20, 2026 28/83



Orthogonality and norm of Legendre polynomials (cont.)

All boundary terms therefore vanish in m successive integrations by parts:

/_ PPy dx — (;13: /_1 P (x)(x — 1) d. (6.2.13)

1 2

If m > n, then P,(,m) = 0 because P, has degree n. Thus

/ Po(x)Pm(x)dx =0 (n# m). (6.2.14)

1
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Orthogonality and norm of Legendre polynomials (cont.)

For the diagonal case set m = n in (6.2.13). Equation (6.2.10) gives
P{" = (2n)1/(2"n!), while (—=1)"(x> — 1)" = (1 — x%)". Therefore

I ;:[ Pa(x)? dx:%/ (1—x*)"dx. (6.2.15)

1 -1

For n =0, Iy = 2 directly because Py = 1, so the calculation includes the constant
polynomial as well.
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Orthogonality and norm of Legendre polynomials (cont.)

To evaluate the remaining integral, set x =2u — 1. Then dx = 2du and

1 — X2 =4u(l - u) so with the beta function
= [ w1 — u)P" T du = [(a)T(b)/T(a + b),

1

__ ~2n+1 (n!)2
=2 (2n+ 1)

Therefore
[ _ _(2n) 221 (pl)? 2

T 2(nl2 @n+ 1) 2n+1

Combining orthogonality and norm,

/1 Po(x)P(x) dx = —2

———6
. 2n+1 "

Orthogonal Polynomials

1 1
/(1—x2)"dX:2~4"/ u"(1—u)"du=2""""B(n+1,n+1)
_ 0

September 20, 2026

(6.2.16)
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Fourier—Legendre series

We use the standard completeness result without proof: Legendre polynomials form a
complete orthogonal system in L?([—1,1]), just as the sines did in Chapter 4. With
projection coefficients, their partial sums converge in the L? norm. Thus, for
fel([-1,1]),

[e3)

F(x) = anPa(x)

n=0

in the L? sense. Multiply by Pn(x) and integrate:

[lf(x dx—Za,,/ 2 (X)) Pm(x dxfam +1.

Solving for a,, gives

1
am = 2"’; 1/ F () Pun(x) dx. (6.2.17)
—1
Therefore the Fourier—Legendre expansion is
Flx) = Z 2n 1 f(s)P (s) ds| Po(x). (6.2.18)
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Useful formulas for the Legendre polynomial

differential equation (1 — x*)P) —2x P, +n(n+1)P, =0
[n/2]

series solution P,(x) = Z 2"k| (n _ ;Z)T(ik_) ol 2K

generating function

\/1—2xt+t2 ZP(X)t

recurrence (n+1)Pry1=(2n+ l)x P, —nPn_q
1
orthogonality /_1 Pmn(x)Pa(x) dx = 2ni+1 Onm
Rodrigues P(x) = 1 d (x> —1)"
& e 2"ri! dx”n (- 1)
e B t°—1)"
Schlsfi Po(X) = i f G (6211

The finite sum follows by expanding Rodrigues’ formula; |n/2] means the greatest integer no
larger than n/2. Generating series: |t| < 1 for x € [—1,1]. The contour encloses t = x.
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Associated Legendre equation and Y)"

When the field depends on ¢, separate y(6, ¢) = V(G)W(¢) As in the polar calculation,
the separated azimuthal modes can be chosen as w = e™?; periodicity

w(p + 2m) = w(¢) requires m € Z. Return to the angular equation in §6.1 and put
(0, ¢) = v(0)e™:

1 90 (. ,0y 1 9%
—_— 0 — Ay =0.
i (sm ) t 2o sin2 0 0¢2 +

2
. o . i . i
Since ——¢&™ = (im)?e™ = —m?e™™?, every term carries the common factor e™?,

9¢?

which is never zero and therefore cancels:

1 d m?
sinf do (sm0@> + [)\_ sin29] v=0

Now set x = cos . The first term was already converted in the axisymmetric frame:
there sinf dv/df = —(1 — x*)v’ gave

d d d 2 ’
swaas (300 55) = sel0 =)
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Associated Legendre equation and Y, (cont.)

and for the new term sin?0 = 1 — cos? 0 = 1 — x2, so m?/ sin® @ becomes m?/(1 — x?).
The polar equation is therefore

d (1) ()] + [A— _m_ v(x)=0 (6.3.1)
dx 1—x2 ' -
For a smooth angular field on the whole sphere, the allowed values are A = n(n+ 1)
with n = |m|,|m| + 1, ... (endpoint result quoted). The equation becomes
2 m’
(1 - X)W —2xv' + {n(n +1) - 12] v=0. (6.3.2)
—x

Instead of repeating a long series analysis at the poles, construct these solutions from
the Legendre polynomials already known.
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Associated Legendre equation and

A derivative construction (quoted). The associated Legendre functions on [—1,1] are
obtained from the known polynomials by
my2d" Pn(x)

P (x) = (—=1)"(1 — x?) —em o mM=01....n (6.3.3)

The sign (—1)" is a convention, called the Condon—Shortley phase. For example,
P1 = x and P> = (3x* — 1)/2 give

Pi(x) = —\/1 —x2,
PQI(X) = —3xy/1— x2,

0y d> 3% -1

P22(x) =(1-x e 5

3(1 - x2).

For m = 0 this returns P,. For m > n, the derivative is zero, so it produces no
additional mode. This construction supplies the regular angular solutions selected above.
Convention warning. Much of the applied-scattering literature omits the
Condon—Shortley factor, writing P;'(x) = (1 — X2)"'/2P,(,m)(x); then

P}(cos6) = sin @ Pj(cos0) (prime in the argument x = cos ), e.g. Pi(cosf) = sin#.
Check the sign convention before combining formulas from different sources.
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Associated Legendre equation and

Spherical harmonics: name the angular modes. An unnormalized angular basis is
V9, ¢) = P\ (cos ) &™), -n<m<n.

Normalized spherical harmonics Y," differ from this by a constant and a fixed phase.
Many texts call the degree ¢ and write the harmonics as Y;m; here the degree is called n.
With the same normalization and phase convention, Y;, and Y," denote the same
function when ¢ = n. Combining radial and angular factors, the regular interior
expansion is

7/fint(r797¢) = Z Z anml’"y,',"(H,qi)), (634)

n=0 m=—n

n—1

and the decaying exterior expansion uses r~ instead of r”.
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Spherical-harmonic nodal patterns

n=0 O positive sign
negative sign
n=1 Lxlil.m.lw circles: n —m
meridian planes: m
n=? @ @ @
n=l @ @ % @
n=t @ @ % % @

Schematic counts, not exact nodal locations. Rows: degree n; columns: order m. The factor
P,l,m‘(cos 0) has n — |m| interior nodal latitudes. For m > 0, a real factor cos(me) or sin(me)

adds m meridian planes; for m = 0, there are none.
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n the degree is not an integer

The Legendre equation makes sense with A = v(v + 1) for noninteger degree v. Integer
n was selected above by regularity at both endpoints x = *1; requiring regularity only at
x = 1 leaves the Legendre function of the first kind P,, which for noninteger degree is
logarithmically singular at x = —1. Wave problems use the reflected argument

P, (— cos0), which is regular at § = 7.
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From scalar harmonics to tangential vector fields

Vector fields on a sphere are built from the scalar modes by curls; the angular factors
remain the associated Legendre modes P,‘,'"l(cos 8)e™?, and the radial factors are the

spherical Bessel and Hankel functions j, and A2 of Chapter 5. No new special
functions appear.
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The Hermite equation and series solution

Step 1: substitute a power series. The physicists’ Hermite polynomials solve
y" —2xy' +2ny =0, n=0,1,2,.... (6.4.1)
Let y(x) =37~ ajx). Then

y’ = Z(_] +4 1)aj+1xj,

j=0

y' = G+ 2)0 + Daax,

j=0
—2xy’ = -2 Zjajxj.
j=0
Substitution into (6.4.1) gives

D G +2)G + Dajsz +2(n — j)a] ¥ =0.

=0
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The Hermite equation and series solution (cont.)

Every coefficient vanishes, so

2(j = n)
Ay = 3. 6.4.2
j+2 (J+2)(J+1) J ( )
Step 2: termination condition. Even and odd chains are independent. For integer
n>0,setj=nin (6.4.2):

2(n—n)
(n+2)(n+1)

Thus the same-parity chain terminates at degree n, giving a polynomial of exact degree
n. The opposite-parity chain never hits a zero numerator, so we set its initial coefficient
to zero (the non-polynomial second solution of (6.4.1)).

Step 3: explicit series from the downward product. Adopt the physicists’ leading
coefficient a, = 2". The two-step recurrence (6.4.2) run downward from degree n is

aj:%aﬁz (G=n—2,n—4,..).

ant2 = an =0.
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e Hermite equation and series solution (cont.)

The first two downward steps are

PR Gk ) DA _W o

4
whenever the indicated indices are nonnegative. After k steps, the numerator contains
the first 2k descending factors of n!, and the denominator is
(—4)(=8) - (—4k) = (—4)*k!. Hence

2"n! _(=1)k2m2*nl
—4)kkl(n —2k)! — k!(n—2k)!

an—2k = (

Writing a,_okx" 2% = (=1)%(2x)"~2 n!/(k! (n— 2k)!) and summing gives

Ln/2] |
n

Ha(x) = Z(—1)k(2x)"—2km. (6.4.3)

k=0

Low-n checks:

Ho=1, Hi=2x, Hr=4x>—2, H;=28x>—12x.
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e Hermite equation and series solution (cont.)

Multiplying (6.4.1) by e yields the Sturm—Liouville form

di>'< (e_XZy'> + 2ne_x2y =0. (6.4.4)

The same Lagrange-identity argument used for Legendre shows, for n # m,

/OO Ha(5) Hon(x)e ™ dx = 0. (6.4.5)

oo

(The diagonal norm is computed from the generating function below.)
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Shapes of the first Hermite polynomials

20
— Hy
- Hl
10 |~ H2 A
. - Hs //'
= e Tl
= ! CrremeznitIITII I
B | ieemmmmm T TR s
~10
—20
-5 -1 -05 0 0.5 1 1.5

Hermite polynomials grow away from the origin; the physical oscillator functions are
2
e ?H,(x).
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Quantum harmonic oscillator

For a mass-M particle in V(x) = %szxz, the time-independent Schrédinger equation
is given below. Here E is the energy, w > 0 is the oscillator's angular frequency, 4 is the

reduced Planck constant, and 1 is the spatial wavefunction:
2
ff—Mw” + %Mﬁxzw — Ey.

Use £ = \/Mw/hx. Then

v Mwd*y 1,22 1. o
P e A Al Ltk
Substitution and division by fiw/2 give —tpee + %) = (2E /hw)ib, or

d*y 2E
7524'(5—52)7#:07 €:a.

For large |¢], " — €% ~ 0 suggests the decaying factor e /2 Set

B(&) = e /2 y(©).
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Quantum harmonic oscillator (cont.)

Compute the derivatives by the product rule. Write f := e’ﬁz/z, so f' = —¢£f and
f" = (=1 + €*)f (because "' = —(f + £f') = —(f + &(—€F)) = (=1 + £2)f). Then

2
W=fly+ =2 —ty),
1/}// — f-//y + 2f~/y/ + fy”
= e ©/ [(—1 + &)y +2(=E)y + y"}
2
=e T2y — 26y + (€ - 1)y).
Substitute into (6.4.6):
2 , , 2
(e = 2|y —2ey (€ -y + =€y | = ey 2y + (- 1y).
The Gaussian prefactor never vanishes, so
y' =2ty  + (e — 1)y =0. (6.4.7)
A power series y = > a;¢’ has coefficient recurrence

g — 2j+1—¢ 2
AR ) PR
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Quantum harmonic oscillator (cont.)

Why choose a terminating series? A bound state requires ffooo [ d¢é < oo. A

polynomial y times e~¢*/2 satisfies this requirement. In contrast, a nonterminating
parity chain has

3 2

a

like the coefficients of e”. This suggests a growing exponential component that the
prefactor e=¢*/2 cannot suppress. This coefficient comparison is intuition, not a full
asymptotic proof. We use the standard bound-state result: decay at both ends selects a
terminating chain, with the other parity chain absent.
Termination at degree n means the numerator 2j + 1 — € vanishes at j = n, i.e.

e=2n+1, n=20,1,2,...,

and then € — 1 = 2n, so (6.4.7) is exactly the Hermite equation y” — 26y’ + 2ny = 0.
Since ¢ = 2E/(hw), the energies are therefore

E,= (n—f—%)hw, n=0,1,2,..., (6.4.8)

and the spatial factors are v, e’52/2H,,(§).
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Generating function, norm, and Rodrigues

Step 1: generating function from the series. Define
2
g(x,t) = exp(2xt — t*) = e>%e .
Expand each exponential:

ENT ] G (VR i (-1
B m! ’ - ’
j=0

il
m=0 S

The product is a double sum. The coefficient of t" arises from pairs (m,j) with
m+2j=n,ie m=n—2jforj=0,...,|n/2]:

Ln/2]

n 2x)""¥ (—1)
(gt ) = Z_: ﬁ (j!)J
L S
== Z(—nf(zx) fji! R
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Generating function, norm, and Rodrigues (cont.)

Comparing with the series solution (6.4.3), the sum in brackets is exactly Hn(x).

Therefore

Step 2: Rodrigues from g = e’ e~ =9 Rewrite the exponent:
2xt — t* = x> — (x — t)°, glx,t) = e e,

Taylor-expand in t about t = 0:

9
—(x=t)? _ L —(x—t)?
€ - Z n! Bt"e

n=0 t=0
2
On the composite e"*~%" one has 9/9t = —3/dx, so
o" ei(xit)z _ (_1)" d" eixz
otn dx"
t=0
Orthogonal Polynomials September 20, 2026
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Generating function, norm, and Rodrigues (cont.)

Hence

g(x,t):exz ( 1" —Zl( 1)”

Matching coefficients with (6.4.9) gives Rodrigues’ formula
2 d" 2
Hn(x) = (—1)"e" . 4.1
()= (-1)e” e (6.4.10)
Step 3: recurrences from 0;g and Oxg. Differentiate the closed form:
98

ot

= (2x — 2t)g, % = 2tg.

Using the series (6.4.9),

g = Z H Z H,,+1

Multiplication by t shifts the index in the other term:

2tg = ZzH,, — Z2an 1—
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Generating function, norm, and Rodrigues (cont.)

where 1/(n —1)! = n/nl. Thus the coefficient of t"/n! in (2x — 2t)g is 2xH, — 2nHn—1.
Comparing with 0.g gives, for n > 1,

Hni1(x) = 2xHa(x) — 2nH,—1(x). (6.4.11)

Likewise, Oxg = 2tg. The same power shift just used gives

(oo}
S Hi s = S0
n=0
Comparing coefficients of t"/n! gives

Hy(x) = 2nH,-1(x), n>1. (6.4.12)

The constant coefficient separately gives Hy = 0.
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Generating function, norm, and Rodrigues (cont.)

Step 4: norm via the double generating function. For real s, t near 0,

I(s, t) 1=/ efng(x7s)g(x7 t) dx:/ o XS 22 g

(oo} — o0

Complete the square in x:

—x2+2(s+t)x—s2—t2:—[x—(s+t)]2+25t,

SO

o2t (25t) 2k kK
I(s,t) = Z \/7?2 s t
k=0
On the other hand, expand both generatlng functions:

smt"

m! nl’

g(x,5)g(x,t) = > Hn(x)Ha(x)

m,n=0

For s, t near zero, the Gaussian decay permits termwise integration:

S Y F

m,n=0
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Generating function, norm, and Rodrigues (cont.)

The right-hand closed form /7 € contains only diagonal powers s¥t*. Equating

coefficients of s™t":
@ if m # n, the right side has coefficient 0, so /HmHne_x2 dx = 0;
@ if m = n, compare [s"t"]:
1 < 2 —x? _ 2"
W /_oo Hie ™ dx =/ e

Multiply by (n!)? to obtain the diagonal norm.
Combining both cases,

/ Hm(X)H,,(X)e_XZ dx = 2"/t Smn.

oo

Low-n check: Hy =1 and [*_ e~ dx = /.
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Useful formulas for the Hermite polynomial

differential equation H, —2xH) +2nH, =0

Ln/2]
|
series solution Ha(x) = ; (—1) (2x)"2* m
. . CPiom > t”
generating function e~ t?* = Z Hp(x) o
n=0

recurrence H, =2nH,_1, Hny1=2xH,—2nH,_1
orthogonality / HmH, e dx = nl 2"/ Smn
Rodri H?O)—(l)"*dn -

odrigues (x) = e e

Here n > 0; the displayed recurrences use n > 1, with Hp = 1, H; = 2x.
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Laguerre equation, polynomials, and o

Standard Laguerre polynomials solve
xy"+ (1 —=x)y'+ny =0, n=0,1,2,.... (6.5.1)

Generalized Laguerre polynomials occur in the radial hydrogen-atom equation. Here we
study only the standard family, defined by (6.5.1) and normalized by L,(0) = 1.

Step 1: power series and coefficient recurrence. Dividing by x gives P = (1 — x)/x
and Q = n/x, so limy_,0 xP =1 and limy_ x2Q = 0. The Chapter 3 indicial test gives
r(r — 1)+ r = r> = 0. The finite branch is therefore an ordinary power series; the
second solution has a logarithmic singularity. We keep the branch regular at the origin.
The polynomials grow at infinity, but the weight e makes their squared norms finite.
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Laguerre equation, polynomials, and orthogonality (cont.

Set y = Z:io akx®. Then

y' = Z(k + Dasax",
k=0
oo

xy” = Z k(k + 1)agp1x*

k=0

(from y' = Z(k +2)(k + 1)ax 2x*, times x, reindex),

oo
—xy' = — E kagx*,
k=0
o0

k
ny = E nagx".

k=0
Collecting the coefficient of x* in xy” + (1 — x)y’ + ny gives

k(k +1)agi1 4+ (k+ a1 4+ (n— k)ax = (k +1)%aks1 + (n — k) ax.
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Laguerre equation, polynomials, and orthogonality (cont.)

Setting every coefficient to zero yields the one-step recurrence

dk+1 — —m dk, k = 0, 1727 P (652)

At k = n one has a,+1 = 0, so the series terminates as a polynomial of degree n. With
the conventional choice ag = 1, iterating (6.5.2) gives

o = (—1)F n(n—1) (kl(),; —k+1) _ (_1);(% (Z>’

and therefore
n k
n\ x
Lo(x) = > (-1)* (k) T (6.5.3)
k=0 ’
The first few:

Ly=1, Li=1-x, L2:172x+%x27 L3:173x+%><27éx3.
Step 2: Sturm-—Liouville form and off-diagonal orthogonality. Multiplying (6.5.1) by

—x .,/

e ™ produces the SL form (xe y )/ + ne™™y = 0. The same boundary-vanishing
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Laguerre equation, polynomials, and orthogonality (cont.)

argument as for Hermite (polynomials and their derivatives are finite at zero, and e™*
dominates their growth at infinity) gives, for n # m,

/°° Ln(x)Lm(x)e™  dx = 0. (6.5.4)

Step 3: generating function and the diagonal norm. Define

1
_texp( 1—t) ZL , |t| < 1. (6.5.5)

The first equality is the definition of g; the second is a claim about the polynomials
(6.5.3), and we prove it now. Expand the exponential and absorb the prefactor:

g(x,t) =

1 xt N\ 1 x=1 [ —xt\¥ = (—x)¢ ¢
1teXp<_1t)_1tkz;k!(1t) _g kI (1 — )kt

The binomial series from Chapter 1 gives

(1—t)(k“):Z(k:j>t’, t] < 1.

j=0

Orthogonal Polynomials September 20, 2026 62 /83



Laguerre equation, polynomials, and orthogonality (cont.)

So the power t” is produced by the pairs with j = n — k and 0 < k < n, each carrying

the factor (k+(z k)) = (Z)

" (=x)*[n : o ) x
g0 ) = 3 X <k) =3¢ (k)k!Ln(x)

k=0 k=0

by (6.5.3). The power series is absolutely convergent for |t| < 1, which permits the
rearrangement.

Use the double-generating-function method just applied to Hermite. For real s, t near
zero, put

a=14—2— Lo L1t .
B 1-s 1-t (1-s)(1—-t)
Then
L e
e "g(x,s)g(x,t) = T=s90-0

Since fooo e~ dx = 1/a, the integral becomes

< 1 1
/0 e “g(x,s)g(x,t)dx = A=9)(1-a =1 _e
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Laguerre equation, polynomials, and orthogonality (cont.)

Near s = t = 0, the exponential decay permits term-by-term integration. Expand both

sides. The right side is
1 - n - n_n
1o :Z(st) :Zs t".
n=0

n=0

> < /0 ) Lon(X)Ln(x)e™™ dx) s,

m,n=0

The left side is

Equating coefficients of s"t": if m # n the integral vanishes (already known); if m=n
the coefficient is 1. Therefore the family is orthonormal:

/°° Ln(x)La(x)e™ dx = Smn. (6.5.6)

Step 4: three-term recurrence from 0:g. From the closed form (6.5.5),

og 1-t—x

at a0z
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Laguerre equation, polynomials, and orthogonality (cont.)

or equivalently

1-t)dg=(01—-t—x)g. (6.5.7)
Expand both sides in powers of t. With g = Zn>0 L,t" one has
Oeg = o(n+1)Las1t", so the left side of (6.5.7) is

(1=2t+ ) (n+1D)Laat".
n>0

The coefficient of t" on the left is
(n+1)Lptr —2nLn+ (n—1)Ln—1
(for n > 1, with the convention L_; := 0). On the right, (1 — t — x) Y L,t" contributes
(1—x)L,— Ln—1.
Equating coefficients and rearranging yields

(n+1)Lnpta(x) = (2n+ 1 — x)La(x) — nLp—1(x). (6.5.8)
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Laguerre equation, polynomials, and orthogonality (cont.)

Check at n=1: (2)Lo = (3 — x)L1 — Lo gives 2(1 — 2x + $x°) = (3 —x)(1 — x) — 1,
which holds identically.
A second useful identity is a derivative recurrence. Since

t

S

&

the minus sign must be retained. A convenient coefficient comparison combines this
identity with g;:

Z n(Ln—Loa)t" = t(1—t)g: — tg

n>1
_ Xt _ _ ’ n
=T8T X = ZxL,,(x)t .
n>0
Therefore, for n > 1,
xLy(x) = n[La(x) = Lo-1(x)]. (6.5.9)
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Laguerre equation, polynomials, and orthogonality (cont.)

Step 5: Schlifli integral and Rodrigues formula. For any circle |z| = p < 1, Cauchy
coefficient extraction applied to (6.5.5) gives a contour representation with the correct

power of z:

1 efxz/(lfz)
Lo(x) = — —d

()= 5 ﬁl_p 1_z)zn1
For x #0, set z= (s — x)/s =1 — x/s. Then

lfz:i7 dz:ids, -
s 1-=z

=Xx-—s5,

and the image contour encloses s = x counterclockwise. Substitution gives
e* s"e”®
Li(x)==— ¢ ——————ds.
n(x) 2mi ]{ (s — x)ntt

Cauchy'’s derivative formula now yields the Rodrigues construction

Ln(x) = e & (x"e_x).

n! dxn
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Laguerre equation, polynomials, and orthogonality (cont.)

The identity at x = 0 follows by continuity (and gives L,(0) = 1). For n =2, two
product-rule steps give
d
o

d2
e x*e7¥) = (2 — 4x 4 x*)e %,

x?e ) = (2x — x*)e %,

2
Ly(x) = (2—4x+x)—1—2x+?

For general n, the product rule distributes k derivatives to e™ and n — k to x", giving

3 (1) e = (1) = e

k=0

Thus the derivative formula reproduces exactly the series already obtained.
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Shapes of the first Laguerre polynomials

10
—Lo ’
—
I
........ Ls
5 .
e -7
bq ~ - - - =
0 B T It P -
B
i e e e e e R P
0 1 2 3 4 5 6
x

All standard Laguerre polynomials satisfy L,(0) = 1. The weight e™ makes them
natural on [0, c0).
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Useful formulas for the Laguerre polynomial

differential equation xLy + (1 —x)L,+nL, =0
tes / first polynomials L) = S (1) (") X
series / first polynomials a(x) = ;(— ) W) kT
Lo=1,L=1-x, Lob=1-2x+3x?
1 oo
generating function T P (—1X—jt) = ZO La(x)t"
recurrence (n+ 1)Lt =02n+1—x)L, — nLy—1
xLy = n(L, — Lo_1)
orthonormality / LoL,e ™ dx = 8mn
0
. o eX dn n_—x
Rodrigues L,= P (x"e™)

Generating series requires |t| < 1.
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Definition through cos nf

The Chebyshev polynomial of the first kind is defined by the elementary identity
To(cos 6) = cos(nb). (6.6.1)
That is, set x = cos and read off a polynomial in x:
To(x) =1, Ti(x) = x, To(x) =2x* — 1, T3(x) = 4x* — 3x.

(For T: cos20 = 2cos®f — 1. For T3: cos30 = 4cos® 6 — 3cosf.)
Recurrence from angle addition. Adding cos((n + 1)8) = cos(nf) cos 8§ — sin(nf) sin 6
and cos((n — 1)#) = cos(nf) cos 6 + sin(nh) sin 6 cancels the sines:

Tor1(x) + To—1(x) = 2xTy(x).

Thus
Tor1(x) = 2xTa(x) — To—1(x), n>1, (6.6.2)

with To =1, T; = x. Each step raises the degree by one: the leading term of 2xT,
cannot cancel with T,_;. Starting with leading coefficient 1 for T, it doubles at every
step, so T, has leading coefficient 2"~ for n > 1.
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Definition through cos nf (cont.)

The endpoints follow by setting @ = 0,7: T,(1) =1 and T,(—1) = (—1)". Replacing 6
by m — 0 changes x to —x, so

To(—x) = cos(nm — nf) = (—1)" Ta(x).

Generating function from the recurrence. A single power series packages all the T, at
once. Put

Glx, ) =Y Ta(x)t".

For x € [-1,1], | Ta(x)| < 1, so comparison with 3 [t|” allows regrouping when [t| < 1.
Multiply (6.6.2) by t"** and sum over n > 1, which is the full range in which the
recurrence holds:

o0 oo oo
Z Tpat"™t = 2th Tot" — Z To1t" L.
n=1 n=1 n=1

Orthogonal Polynomials September 20, 2026 73/83



Definition through cos nf (cont.)

Each sum is G with a few terms removed or added. Using To =1 and T; = x,

i Toat ™ = i Tith =G—1—xt, i Tat"=G—
n=1 k=2 n=1

i Toat™ = i Ttk =G

n=1 k=0

So G — 1 — xt = 2xt (G — 1) — t*G; collecting the G terms on the left and the rest on
the right gives (1 — 2xt + t2) G =14 xt —2xt =1 — xt, that is

1—xt
—_— -1<x<1. 6.
ZT <l —1<x<1 (6.6.3)

Differential equation via the chain rule. Set x = cosf and
Y(6) := Ta(cos0) = cos(nb), so Y (0) = —n? cos(nf) = —n*Y(6). Chain rule with
dx/df = —sin 6 gives

d dY

d L '
@——smedx, W_—smHT,,(x).
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Definition through cos nf (cont.)

Differentiate again:

Y d

T
= —cosf T,(x) —sin@ - (f sin@ T,ﬁ’(x))

(—sin6 Th(x))

= —cos T(x) +sin> 0 T)/(x).

Substitute cos@ = x and sin>0 =1 — x?, and use Y = —n’Y = —n’Ty:

(1 —x)T)(x) = xTh(x) = —n* Ta(x).
Rearranging yields the Chebyshev equation

1- XZ)T,:/(X) — xTh(x) + n? To(x) =0.
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Shapes of the first Chebyshev polynomials
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Th(cos6) = cos(nf) keeps every T, between —1 and 1 on [—1,1].
September 20, 2026
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Chebyshev nodes and orthogonality

Zeros (nodes). For n > 1 and x = cosf € [—1,1],

2k — 1)
2n

X = cos <(2k2_nl)”> . k=1,....n (6.6.5)

The angles are equally spaced, but x = cosf crowds the nodes near 1. This endpoint
clustering is useful for polynomial interpolation.

To(x) =0 < cos(nf) =0 <= O = k=1,...,n

equispaced
-1
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Chebyshev nodes and orthogonality (cont.)

Orthogonality. Dividing the differential equation by v/1 — x? gives

’ 2
) e
( x V1—x2

Thus the natural weight is w(x) = 1/4/1 — x? (up to a constant factor). More
intuitively, this weight cancels the change-of-variable factor in x = cos 6, turning the
integral into ordinary cosine orthogonality.

With the weight (1 — x2)7/2, substitute x = cos#. Then dx = —sinf df, and as x runs
from —1 to 1, 8 runs from 7 down to 0. Also v/1 — x2 =+/1 — cos?2 6 = sin 6 for

6 € [0, 7]. Therefore

L T(x) T(x) dx — % T,(cos0) Tpm(cos )
1 V1—x? N . sin @

(—sin0) do
= / Tn(cos8) Ti(cos ) db
0

= / cos(n@) cos(mb) do,
0
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Chebyshev nodes and orthogonality (cont.)

where the last step is the defining identity Ty (cos8) = cos(kf). For n # m, use
cos Acos B = [cos(A — B) + cos(A + B)]/2:

/Tr cos(nb) cos(mb) df — 1 [sin((n — m)0) n sin((n + m)@)] " _o
0

2 n—m n+m o

For n=m > 1, use cos?(nf) = [1 + cos(2n)]/2:

/” cos2(nf) df — [9 N sin(zne)]" _T
0 0

2 4n 2

For n = m =0, the integrand is 1 and the integral is m. Hence

1 m, n=m=0,
To(x) Tm(x
TlITnl) g L i/a pem>1,
> =
1 V1—x
0, n#m
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Useful formulas for t yshev polynomial

definition Ta(cos 0) = cos(nf)
differential equation (1 — x*)T; — xT, 4+ n*T, =0
first polynomials To=1 Ti=x, T, =2x>—1, T3 =4x% — 3x
recurrence Tor1 =2xTyp — Tp1

1—xt =
generating function Ttx—i—ﬁ = z_o: Ta(x)t", (6.6.3)

((2k - 1)7r)
zeros Xk = cos | ————
2n

1 ™, n=m=0,

orthogonalit Tolm_ g /2 >1
——=dx=147/2, n=m>1,
gonality i
0, n# m.

Generating series requires |t| < 1.
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Summary: four orthogonal families

Family Interval Weight ODE (sketch)

Legendre P, [-1,1] 1 (1—=x¥)y"” —2xy’ +n(n+1)y =0
Hermite H, (—00, 00) e y" —2xy’ +2ny =0

Laguerre L, [0, 0) e~ xy"+ (1 =x)y'+ny=0
Chebyshev T, [-1,1] 1-x)"Y2 (1-x)y" —xy' +nPy =0

Physical origins (one line each). P,: axisymmetric Laplace / multipoles; H,: quantum
harmonic oscillator; L,: its generalized family occurs in the hydrogen radial equation;
T,: cosnf and stable interpolation.

The shared structure is a second-order Sturm—Liouville ODE, a recurrence, and an
orthogonality relation on a natural interval and weight. Orthogonality alone only tells us
how to compute the coefficients of a series; to know that the series actually reproduces
f we need the separate property of completeness, stated for P, on the Fourier—Legendre
slide. It holds for all four families, as stated on the next slide, and then lets us expand
reasonable functions exactly as Fourier series expand in e™.
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Why the expansions converge: completeness

Orthogonality finds the coefficients. Completeness says that the full family can
approximate every function with a finite weighted squared norm.

For any of the four families, let ¢, denote its polynomials and use the interval | and
weight w from the table. Then

/f(x)qﬁ,,(x)w(x) dx N
=" c S =) ().
/ dn(x)Pw(x) dix

The completeness result, used here without proof, is
/|f(x) — Sn(x)]*w(x)dx — 0  whenever /|f(x)|2w(x) dx < oo.
I I

This is mean-square convergence: the total weighted squared error tends to zero. It does
not assert convergence at every individual point.

The common workflow. Choose the family from the differential equation and its
interval; identify the weight; compute coefficients by orthogonality; use a finite sum as

an approximation.
Orthogonal Polynomials September 20, 2026 83/83



	From Laplace to ordinary Legendre
	Legendre polynomials
	Associated Legendre and spherical harmonics
	Hermite polynomials
	Laguerre polynomials
	Chebyshev polynomials
	Summary

