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Abstract

These lecture notes develop the mathematical methods most useful in theoretical physics,
centered on complex analysis and the classical special functions. The first two sections build
complex analysis up to the method of steepest descent. The middle sections treat the Gamma,
Bessel, Legendre, Hermite, Laguerre, Chebyshev, and hypergeometric families from a complex-
analytic viewpoint: each function is introduced through its generating function or integral
representation, with series expansions and differential equations emerging as consequences
rather than as definitions. The final section develops the calculus of variations, including
Euler-Lagrange equations, constraints, Noether’s theorem, and classical applications. The main
derivations are written out step by step, with standard background results cited explicitly where
we use them, and each major result is accompanied by at least one worked example.
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1 Complex Analysis I — Foundations

Reader’s analysis vocabulary. A few analysis terms recur throughout the notes. In the
complex plane, a disk of radius r > 0 around a is the set of points with distance less than r
from a:

D(a,r)={z€C:|z—a|l<r}.

On the real line, the analogous object is the interval (a —r,a + r). A neighborhood of a point
means any set that contains some disk or interval around that point. A set is open if every point
in it has a small neighborhood still lying completely inside the set. This is why, on an open set,
we may perturb a point slightly without leaving the set. The word local means “after restricting
attention to a sufficiently small neighborhood.”

A point b is a boundary point of a set S if every neighborhood of b touches both S and the
outside of S. Points of S that are not on the boundary are interior points. A set is closed if it
contains all its boundary points. For example, [0, 1] is closed, while (0, 1) is not because the
boundary points O and 1 are missing. Equivalently, a closed set contains the limit of every
convergent sequence of its own points, meaning every list of points of the set that approaches
a limiting value has that limiting value still in the set. A set is bounded if it fits inside some disk
or interval of finite radius. In these notes, compact means closed and bounded. A function is
continuous if nearby inputs give nearby outputs; continuous functions on compact sets attain
maximum and minimum values.

A set is connected if it is all one piece, rather than two separated pieces. A domain is a
connected open set. A limit point of a set S is a point that can be approached by other points of
S; every neighborhood of a limit point contains some point of S different from the limit point
itself.

The symbol sup S means the supremum of a set S: the least number that is at least every
element of S; when a maximum exists, the supremum equals that maximum. We write
llglleo = sup|g| for the largest size of a function on the set under discussion.

A statement holds uniformly on a set if the same error bound works for every point of the
set, not separately point by point. A convergence statement is locally uniform on an open set if
it is uniform after restricting to any closed bounded piece that stays inside that open set.

We use Big-O and little-o notation for error terms. The statement R(h) = O(A(h)) means
|[R(h)| < C|A(h)| near the limiting point for some constant C. The statement R(h) = o(A(h))
means R(h)/A(h) — 0 at the limiting point, so R is smaller than A in the limit.

The support of a function is the place where the function lives, including edge points: a
point belongs to the support if every neighborhood of that point contains at least one point
where the function is nonzero. Compact support means the function is zero outside a closed
bounded set. L! means integrable and L? means square-integrable; a set of functions is dense
in L2 if every L2 function can be approximated arbitrarily well by finite combinations from that
set. The phrase dominated convergence refers to the standard theorem saying that if functions
converge pointwise and are all bounded in absolute value by one L! function, then the limit
may be moved through the integral.

Prerequisites. This section assumes real multivariable calculus (partial derivatives, line
integrals, the change-of-variables formula) and basic real analysis at the level of epsilon—delta
limits, uniform convergence of series of continuous functions, and the interchange of limit
and integral under uniform convergence. No measure theory is required; Riemann integration
suffices throughout.
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Much of mathematical physics — wave propagation, scattering, quantum amplitudes, and
large-parameter expansions of special functions — is most transparent when the real variables
on which physical quantities nominally depend are promoted to complex variables. The theory
introduced below is unreasonably rigid: once the complex derivative exists throughout an open
region, the function is automatically infinitely differentiable, locally given by a convergent
power series, and determined on a one-piece open region by its values on any small open patch.
This section builds the core machinery for integrating over curves, expanding functions near
exceptional points, and extracting coefficients; later sections use this machinery repeatedly.

1.1 Complex differentiability and the Cauchy-Riemann equations

Ordinary differentiability at a real point x, says the graph of f has a tangent line there. When
we replace x € R with z € C, the point 2, can be approached from infinitely many directions in
the plane, not only from left and right. Demanding that the difference quotient have the same
limit along every direction is much stronger than having ordinary partial derivatives in the two
variables (x, y): it couples the real and imaginary parts of f through the Cauchy-Riemann
equations. These equations are the entry point to everything that follows.

Let Q c C be an open set and f : Q2 — C. Here “open” means that every point of Q has a
small disk around it that still lies inside 2. This condition lets us perturb a point z, € Q by all
sufficiently small complex numbers h without leaving the input set of f.

We write

D(a,r)={z€C:|z—a|<r}, D(a,r)={z€C:l|z—a|<r} (1.1)

for the open and closed disks of radius r centered at a. The boundary circle is {|z —a| = r}
and the arclength is 27tr.

When an open set is all one piece, we call it connected; many books call a connected open
set a domain.

Write

z=x+iy,  f(@)=ulx,y)+iv(x,y),
with x, y,u(x, y),v(x, y) € R. Thus the same function has two equivalent descriptions:
fiQcC-C,  (x,y)— (ulx,y),v(x,y)).

The second description treats f as a real two-variable map from a region in R? to R2. We use
this viewpoint whenever we speak about partial derivatives.

Definition 1.1 (Holomorphic function). f is complex-differentiable at z, € Q if the limit

F(z0) = lim fzo+h)—f(z)

h—0, heC\{0} h

(1.2)

exists as a complex number, independent of the direction from which h — 0. The function f is
holomorphic on Q if it is complex-differentiable at every point of Q). Equivalently, f is holomorphic
at 2z, if it is holomorphic on some open neighborhood of z,. In these notes, analytic means
holomorphic on an open set. A function holomorphic on all of C is called entire.

Remark 1.2. Equation (1.2) looks identical to the real derivative, but the constraint “independent
of direction” is strong. Approaching along h = Ax (real axis) and along h = iAy (imaginary
axis) must give the same number, and we will see this forces a PDE on u, v.
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Theorem 1.3 (Cauchy-Riemann). Let f = u+1iv be defined on an open set Q. If f is holomorphic
at zy = xq + iy, then the partial derivatives below exist at (xg, yo) and

du v du adv
——(x0,¥0) = 5—(x0, ¥0)> ——(x0, o) = —=—(x0, ¥0)- (1.3)
dx dy dy dx

Conversely, if u,v are C' (continuously differentiable: their first partial derivatives exist and are
continuous) on a neighborhood of (x, yy) and (1.3) holds there, then f is holomorphic at z,.

Proof. Forward direction. Write f’(z,) =A= a+if3. Approach z, first along the real direction,
soh=Ax:

f(20+ Ax)—f(2)
—
Ax
Writing f = u+iv and zy = x( + 1y, the same quotient is

A (Ax — 0).

u(XO + AX, }’0) - u(XO)yO) +i V(XO + AX: .yO) - V(XO: .yO)
Ax Ax ’

Therefore u, = a and v, = 8 at (xg, Yo)-
Next approach z, vertically, so h = iAy. The same complex derivative must still be A:

flzo+iAy)—f(2) .
iAy

A (Ay —0).
Expand the numerator:

f(zo+iAY) — f(z0) = (ulxo, yo + Ay) —ulxg, ¥o)) +i(v(xo, Yo + Ay) — v(x0, ¥o))-

Dividing by i Ay is the same as multiplying by —i/Ay, so

flzo +iAy) = f(20) _ vxo, Yo+ AY) = V(X0, ¥o) _  ulxo, Yo+ Ay) —ulxo, ¥o)
iAy Ay Ay '

Thus v, = a and u, = —f3. Combining the two directions gives u, =v, and u, = —v,.

Converse. Now assume u,v € C! near (x, y,) and (1.3) holds there. The first-order Taylor
approximation for a two-variable C! function ¢ (x, y) at (xq, y,) reads ¢(xo+ Ax, yo + Ay) =

¢ (x0,Y0)+ ¢x Ax+ ¢, Ay +o(|h|), with |h| = v/ Ax2 + Ay?2 and partials evaluated at (xo, ¥)-
Applying this to u and v separately and combining into f =u+iv,

fz0+h) = f(20) = (uy + v )Ax + (uy, +ivy)Ay +o(|h]),

with all partials evaluated at (xg, y,). We want to combine the Ax and Ay terms into a single
multiple of h = Ax +iAy. This requires the coefficient of Ay to be i times the coefficient of
Ax. By (1.3), Uy, =—vy and vy = Uy, SO

uy, +iv, = —v, +iu, = i(u, +ivy),
where the last step is i(u, + iv,) = iu, +i%v, = —v, +iu,. Hence
fzo+h)—f(20) = (uy + v, )(Ax +iAy) + o(|h]) = (u, +iv,) R+ o(|h]).

After division by h, the error term tends to 0. Thus f'(zq) = u, +iv,. O
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Corollary 1.4 (Harmonicity). If f = u + iv is holomorphic on Q and u,v € C2, then

Au = u,, +u 0, Av=0. (1.4)

yy =
That is, the real and imaginary parts of a holomorphic function are harmonic.

Proof. From (1.3), differentiate u, = v, with respect to x:

Uy = Vyy. (1.5)
Differentiate u,, = —v, with respect to y:
Uyy = —Vyy. (1.6)
Adding,
Upx TUyy =Vyr —Vy, =0, 1.7

where the final equality uses Clairaut’s theorem (equality of mixed partials for C? functions).
For the imaginary part, use the same Cauchy-Riemann equations in the other order: from
Vv, =—u

y}
Vix = “Uyyxs
and from v, = u,,
Vyy = Uyy-
Adding gives vy, + vy, =—uy, +u,, =0. O

This is already a useful payoff: the steady-state temperature distributions, electrostatic
potentials, and incompressible irrotational flows in the plane — all governed by Laplace’s
equation A¢ = 0 — can be manufactured as real parts of holomorphic functions.

Example 1.5 (f (2) = 22). Expand 22 = (x +iy)? = x2 4+ 2ixy + (iy)? = (x> — y?) +i(2xy), so
u=x?—y?and v =2xy. Compute partials:

Uy =2x, Uy, =-2y, V,=2y, Vv,=2X. (1.8)

Then u, =2x =v, and u, =—2y = —v,.: Cauchy-Riemann holds at every (x,y) € R2, so f is

entire. The derivative is
f'(z)=u, +iv, =2x+i(2y) = 2(x +iy) = 2z, (1.9)

matching the formal answer obtained by treating z as a single variable. Also observe that the level
curves u = x? — y? = const and v = 2xy = const are two orthogonal families of hyperbolas: at
every z # 0 the two level lines meet at right angles. This orthogonality is not a coincidence; it is

the general conformal property of holomorphic maps, recorded in the next remark.

Example 1.6 (f(z) = % is nowhere holomorphic). Here 2 =x —iy, so u = x and v =—y. Then
u, =1 but v, = —1, so u, # v, at every point. Cauchy-Riemann fails everywhere; conjugation
is not complex-differentiable despite being smooth (indeed linear) in (x,y). This example shows
that smoothness in the real sense is strictly weaker than holomorphicity.
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Remark 1.7 (Geometric meaning: conformality). Read f as a map of the plane to itself, (x,y) —

(u, v). Its real Jacobian is
Df = (u" ty )
Ve Vy

The Cauchy-Riemann equations (1.3) say u, = v, and u,, = —Vv,, so this matrix has the form
(g _ab) with a = u,, and b = v,.. Such a matrix acts on R? as a rotation by angle 0 = arg(a +

ib) composed with a uniform scaling by p = v a2+ b2: this is the matrix representation of
multiplication by the complex number a + ib = f’(z). Wherever f'(z) # 0, the map therefore
preserves angles between curves at z and scales infinitesimal lengths uniformly by |f’(z)|. This
is the conformal property; the orthogonal hyperbolas in Example 1.5 illustrate it. By contrast,
conjugation Z (Example 1.6) has Jacobian ((1) 9 ), a reflection: it preserves angle magnitudes but
reverses their sign, which is why it fails Cauchy—Riemann.

1.2 Contour integrals

To probe a holomorphic function globally we integrate it along curves. The key discovery of
the next two subsections is that these integrals are largely insensitive to the exact curve: for
holomorphic integrands, what matters is which singularities the path winds around and how
many times. A singularity is a point where the formula is not holomorphic, often because the
function is not defined there or blows up there. Before we can prove that curve-insensitivity,
we need the definition.

A contour y in C is a piecewise C! map v : [a, b] — C: it is continuous, and the interval
[a, b] can be split into finitely many subintervals on which y is C!. A contour is closed if
v(a) = y(b), and it is simple if it has no self-intersections except for this allowed closing point.
For f continuous on the image of y, define the contour integral

b
ff(Z)dz 3=J fr®)y'(B)de. (1.10)
y a

The right-hand side is a complex-valued Riemann integral in the real variable t; equiva-
lently, integrate its real and imaginary parts as ordinary Riemann integrals. A change of
variables t = ¢ (s) with ¢’ > 0 shows that the value is independent of orientation-preserving
reparametrization, and reversing orientation (t — a+b—t) flips its sign. We write 3§ for integrals
over closed contours. For a simple closed contour, positive orientation means counterclockwise
around its interior; negative orientation means clockwise.

When a contour is written as z = x + iy, the shorthand dz = dx + i dy means

dx =x'(t)dt, dy = y'(t)dt, dz = (x'(t)+iy’(t))dt.
Thus, if f = u + iv along the contour, then
fdz=(@w+iv)(dx+idy)=(udx—vdy)+i(vdx +udy).

This is just the contour integral (1.10) written in real and imaginary parts; we use exactly this
bookkeeping in the Green’s theorem proof of Cauchy’s theorem.
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Example 1.8 (§IZ|=1 z"dz). Parametrize the unit circle by y(t) = €', t € [0,27]. Then y'(t) =

ie't, so dz = iel dt, and for n € Z,

27
ff z”dZZJ‘ (e')*-iettdt
lz|=1 0
271
:if eteltdt
0

27
= if et )t g
0

using (e!)" = e (well-defined integer power) and the law e™te't = ¢{"* V. For n # —1 the
exponent is nonzero; the antiderivative of eVt with respect to t is eVt /[i(n +1)], and

2m i(n+1)2m _ .0 1_1
i el(n+1)tdt:i. ¢ - € = :0’ (1.11)
o i(n+1) n+1
since e/("*D2™ — 1 for integer n + 1. For n = —1 the integrand reduces to the constant 1, and
2n
if 1dt =2mi. (1.12)
0
Summarizing,
2mi, n=-1,
2dz = (1.13)
2]=1 0, nez,n 75 —1.

This single computation is the seed of residue theory: the only power of z around the unit circle
that survives is 2, with a universal coefficient 21ri.

The basic estimate for contour integrals is the same idea as “area under a bound” in
real-variable calculus: maximum size of the integrand times length of the path.

Lemma 1.9 (ML inequality). If f is continuous on the image of y with |f (z)| < M there, and y
has arclength L = fab ly’(t)|dt, then
f f(z)dz
Y

Proof. The proof is the triangle inequality, followed by the bound |f| < M along the curve.

By (1.10),
f f(z)dz
Y

<M-L. (1.14)

b
f Fly()y'(t)dt

b
SJ lf r(eNI Y (D)l dt

b
< Mf ly' ()l de
=ML. (1.15)

The first equality is the definition (1.10). The second step is the triangle inequality for the
complex Riemann integral (| f gdt| < f |g|dt for any continuous g : [a, b] — C). The third
uses |f (y(t))| £ M pointwise. The final equality is the definition of arclength. O

10
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1.3 Cauchy’s theorem

Example 1.8 already hints that closed-contour integrals of “well-behaved” functions might
vanish: every power 2" with n > 0 is a polynomial, hence entire, and its integral around the unit
circle is 0. Cauchy’s theorem turns this computation into a principle. The domain must have no
holes in the following precise sense: every closed curve inside it can be shrunk continuously to
a point without leaving the domain. Such a domain is called simply connected. If the function is
holomorphic and the domain is simply connected, then every closed-contour integral vanishes.
Everything downstream — path independence, the integral formula, Taylor expansions, and
later coefficient formulas — comes from this fact.

Theorem 1.10 (Cauchy-Goursat). Let Q C C be a simply connected open set and f : 2 — C
holomorphic. Then for every closed contour y C £,

§ f(z)dz =0. (1.16)
Y

Proof via Green’s theorem (assuming f’ continuous). We give the short proof first for a positively
oriented simple closed contour, under the additional assumption that f is continuous on Q. A
general closed contour follows by decomposing polygonal approximations into simple loops;
Remark 1.11 explains why the continuity assumption on f’ can also be removed.

Step 1 (Split into real and imaginary parts). Write f = u+iv with u,v : Q@ — R, and
dz =dx +idy. Then

§fd22§(u+iv)(dx+idy)
¥ Y

Zf(udx—vdy)+i§(vdx+udy). (1.17)
Y

Y

~" ~"

real part imaginary part

Step 2 (Apply Green’s theorem). In the simple-contour case, simple connectivity ensures
that y bounds a region D C Q. Green’s theorem from multivariable calculus states that for C*

functions P,Q on D,
(Pdx+Qdy)= J:f — - dA.
aD

(This is where continuity of f’, equivalently continuity of u,, Uy, Vy, Vy, 18 used: Green’s theorem
requires LQ € ch)
Apply this to each line integral in (1.17). For the real part, P =u, Q = —v:

Eﬁ(udx—vdy)—JJ ————)dA. (1.18)

For the imaginary part, P =v, Q = u:

v(f(vdx+udy)—JJ ___y dA. (1.19)

Step 3 (Cauchy—Riemann makes both vanish). Since f is holomorphic, u and v satisfy the

Cauchy-Riemann equations (Theorem 1.3):

Uy =y, U, =—v,.
Substituting into (1.18): —v, —u, = —(—u,)—u, = 0. Substituting into (1.19): u, —v, =
v

, — v, = 0. Both double integrals vanish, so SE}/ fdz=0. =

11
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Remark 1.11 (Goursat’s refinement: removing the continuity assumption). The proof above uses
Green’s theorem, which requires f’ to be continuous (u,v € C!). The definition of holomorphicity
(Definition 1.1) only asks that f'(z) exist at each point, not that it be continuous. Goursat
showed that the theorem holds under this weaker hypothesis alone, using a purely complex-variable
argument that avoids Green’s theorem entirely.

Sketch of Goursat’s approach. The idea is a quadrisection argument for triangles. Connect
the midpoints of a triangle’s sides to cut it into four congruent sub-triangles; the boundary
integrals add up to the parent’s integral, so at least one sub-triangle carries > 1/4 of the total.
Iterating produces nested triangles shrinking to a single point z,. At z,, holomorphicity gives
f(2) = f(z)+f'(z.)(z—2,)+n(z)(z—z,) with n — 0. The polynomial part integrates to zero (it
has an antiderivative), and the error term is squeezed to zero by the ML inequality. This proves the
triangle case; polygons follow by triangulation, and smooth contours by polygonal approximation.

In practice, the distinction rarely matters: one can show (using Cauchy’s integral formula,
proved downstream) that any holomorphic function automatically has a continuous derivative
— indeed, derivatives of all orders. So the C' assumption used in the Green’s theorem proof is
ultimately redundant, but the logical point is that Goursat’s argument establishes Cauchy’s theorem
without relying on it.

The hypothesis of simple connectivity is essential: Example 1.8 shows fﬁIZI=1 g ldz =2mi #
0, even though 1/z is holomorphic on the punctured plane C \ {0}. Simple connectivity fails
because the unit circle cannot be shrunk to a point without crossing the missing point 0.

Corollary 1.12 (Path independence). Under the hypotheses of Thm. 1.10, f ; f dz depends only
on the endpoints of v, not on the path taken within .

Proof. Let y1,Yo be two contours in Q sharing the same initial and final endpoints. The
concatenation y; followed by the reverse of v, is a closed contour in Q2. Here },51 means the
same path traversed backward, and * means “follow the first path, then the second.” Thus

Thm. 1.10 gives
dez—J fdz=§ fdz = 0.
T T2 T1¥75 "

1.4 Cauchy’s integral formula

Cauchy’s theorem says f f =0 when f is holomorphic inside. If instead f has one controlled
singularity inside — specifically, the singularity introduced by dividing by (w —z) — the integral
picks up exactly the value of f at z. This reproducing property shows that the values of f
inside a disk are completely determined by its values on the boundary circle. Nothing like this
happens in real analysis.

Theorem 1.13 (Cauchy integral formula). Let f be holomorphic on an open set Q, and let a € Q
and r > 0 be such that the closed disk D(a, ) is contained in 2. Then for every z in the open disk
D(a,r),

fw)

w—z

flz) = =

1.2
2mi dw, (1.20)

|w—al=r

where the contour is the boundary circle |w — a| = r traversed counterclockwise.

Proof. Intuition. The integrand f (w)/(w —2) is holomorphic on Q except at the single point
w = z, where it has a simple pole. Cauchy’s theorem allows us to deform the contour from

12
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the large circle |w — a| = r to a tiny circle around z without changing the integral. On that
tiny circle, f(w) ~ f(z) (continuity) and the remaining factor 1/(w — g) integrates to 27i,
reproducing f (z).

Fix z € D(a,r). The function w — f(w)/(w — 2) is holomorphic on Q \ {z} (quotient
of holomorphic functions with nonvanishing denominator). Pick £ > 0 small enough that
D(z,€) € D(a,r). The open region

A={w:|lw—a|<r}\D(zg¢)

is not simply connected, but its boundary (outer circle |w —a| = r traversed counterclockwise,
plus inner circle |w — z| = ¢ traversed clockwise) bounds a region on which f(w)/(w —2)
is holomorphic. We convert A to a simply connected region by the following standard slit
construction, which we will reuse below. Pick a straight segment o (the slit) joining the outer
circle to the inner circle, meeting each transversely and otherwise staying inside A. The set A\ o
is simply connected, and its oriented boundary consists of the outer circle (counterclockwise),
the two sides of o, and the inner circle (clockwise). Because the two sides of o are traversed
in opposite directions with the same continuous integrand, their contour-integral contributions
cancel.

Figure 1: Slit construction used in the proof of Cauchy’s integral formula (Thm. 1.13). The
outer circle |w—a| = r and inner circle |w —z| = ¢ are connected by a radial slit o. Traversing
the boundary of A\ o makes the two sides of o cancel, leaving the outer circle equal to the
inner circle.

Applying Cauchy’s theorem (1.16) to A\ o therefore gives

f ) 4 = f GO, (1.21)
[w—al|=r [w—z|=¢

w—z w—z

with both circles positively oriented.

On the small circle, parametrize w = z+¢e'?, 6 € [0,27], so dw = ice!® d0 and w—z = ge'?:
2m i
+ i0 .
{; de: f(z—,e:)-ieelede
lw—z|=¢ w—g 0 get
27
=if f(z+ee?)do. (1.22)
0

13
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The first equality substitutes the parametrization; the second cancels ee'?.

Now let ¢ — 0. Since f is continuous at z, every point on the circle |w — z| = ¢ satisfies
|f (w)—f(2)] = 0 as € — 0; moreover the convergence is uniform in 6 because |z+¢ce!? —z| = ¢
is independent of 8. Uniform convergence allows interchanging limit and integral:

27 21
lin(l)iJ f(z+gei9)d9=if f(2)d0 = 2mi f (2).
=0 Jo 0

The left-hand side of (1.21) does not depend on ¢ (by Cauchy’s theorem it equals the small-circle
integral for every admissible €), so it equals 27ti f (z). Dividing by 27i yields (1.20). O

Corollary 1.14 (Derivatives of all orders). Under the hypotheses of Thm. 1.13, f has complex
derivatives of all orders at every z € D(a,r), and

|
F(z) = %ﬁ N (Wf_(%dw, neN. (1.23)

Proof. Differentiate (1.20) n times with respect to z under the integral sign, by the standard
Leibniz rule for parameter-dependent Riemann integrals with continuous partials. The chain
rule gives dd—z(w—z)_1 = (—1)(w—2)"2-(=1) = (w—2)2, where the inner factor —1 comes from
%(w —g) = —1. Inductively, n differentiations give n!(w —z) !, To justify differentiation
under the integral, note that on the contour |w —a| = r, the quantity |[w—z| > r —|z—a| > 0 is
bounded below uniformly in w for each fixed z € D(a, r) (and, locally, uniformly in z). Hence
the integrand and its z-derivatives of all orders are continuous in (z, w) on the compact contour,
and the Leibniz rule applies. O

This is the rigidity of complex analysis in one line: one complex derivative implies infinitely
many. In particular, the C? hypothesis in Cor. 1.4 is automatic for holomorphic functions.

Corollary 1.15 (Cauchy estimates). If f is holomorphic on an open neighborhood of D(a,R) and
Mg = supy,,_q=g |f (W)|, then

, neN. (1.24)

Proof. Apply (1.23) at z = a with contour |w —a| = R. On this contour, |f(w)| < My and
|w—a| =R, so the integrand is bounded in modulus by My/R™*!. The arclength is 27R, and
the prefactor has modulus n!/(27):

' M n!'M
(n) = R = R
If(a)l < pr 2R = R

n
The inequality is the ML bound (Lem. 1.9). O

The Cauchy estimates are the quantitative form of the rigidity: growth of f at a distance
R controls all derivatives at the center, with the n-th derivative decaying like R™" when f is
bounded far away.

Corollary 1.16 (Taylor series). If f is holomorphic on the open disk D(a,R), then for all z €
D(a,R),

O £(n)
F@ =3 Dy, (1.25)

|
=0 n:

and the series converges absolutely and locally uniformly on D(a,R).

14
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Proof. Fix z € D(a,R) and choose r with |z —a| < r < R. Then D(a,r) C D(a,R), so (1.20)
applies. The key step is to expand the kernel 1/(w—z) in powers of z—a. For w on the contour

lw—al=r,

1 1 1 1
z—a’
w—a

w—z Ww—a)—(E—a) w—a 11—

using the algebraic identity (w —a) — (2 —a) = w— 2 and factoring. Since |(z —a)/(w—a)| =
|z —al|/r < 1, the geometric series converges:

1 2 z—a\!
= . 1.26
1— 24 HZ:(:)(W—(I) ( )

w—a

Uniform convergence on the contour. For every w on the circle |w—a| = r the ratio |(z—a)/(w—
a)| = |z—a|/r =: q < 1, independent of w. Hence the n-th term satisfies |((z—a)/(w—a))"| < q".
The geometric majorant Y q" converges, so the Weierstrass M-test gives uniform convergence
of (1.26) for w on the contour.

Multiply by f(w)/(w — a), which is bounded on the compact contour by some K =

SUPy—q|=r |f (W)I/7:

fw) < fw)
W_Z—nZ z—a)",

— +1
= (w—a)"

and this series also converges uniformly in w (each term is bounded by K - ¢"). Uniform
convergence justifies interchanging sum and integral:

f()——jg Ao
|w—al|= rW— Z

§ fw) ———= (z—a)"dw
2m

w—al|=r n= 0 _a)n+1
N e—ay. _fw)
= nzz(:)(z a) o ﬁw—alzr G — dw

By Cor. 1.14 applied at the center a, the inner integral is exactly f™(a)/n!. Local uni-
form convergence on any compact subdisk D(a,r;) with r; < r follows from the Cauchy
estimate |f™(a)/n!| < K/r"! (with K as above), which gives ano If M(a)/n!| |z —a|™ <
Do Kr(ry/r)" =Kr/(1—r1/r) < 0o. O

Example 1.17 (Radius of convergence of 1/(1—2)). Take f(z) = 1/(1 —2), holomorphic on
C\ {1}. Expanding around a = 0: f™(0) = n!, so f™(0)/n! = 1, giving f(z) = anoz” on
|z| < 1. The radius of convergence is 1, which equals the distance from the center a = 0 to the
nearest singularity z = 1. This is the general fact recorded below.

Corollary 1.18 (Radius of convergence equals distance to nearest singularity). Let f be holo-
morphic on a domain Q and a € Q. Let

R = sup{r > 0:D(a,r) Cc Q}

be the distance from a to the boundary of Q (with R = oo if Q = C). Then the Taylor series
> f M (a)(z —a)"/n! has radius of convergence at least R, and equals R exactly when f has a true
singularity on the boundary circle |z —a| =R (so it cannot be holomorphically extended through
any point of that circle).

15
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Proof. Cor. 1.16 shows the series converges on D(a,R), so the radius of convergence is at least
R. If the radius were strictly larger, the same series would define a holomorphic extension of f
to a larger disk, contradicting the assumed singularity on |z —a| =R. O

This is the engineering rule of thumb: a Taylor expansion gives away the nearest pole. The
geometric series above sees the singularity at 1; expanding 1/(1 —2) around a = 2 instead
would have radius |2 — 1| = 1 and capture the same singularity from the other side.

Corollary 1.19 (Liouville). A bounded entire function is constant.

Proof. Suppose |f| < M on C. Fix z € C and apply (1.23) with n =1 on the circle [w —z| =R
(whose arclength is 27tR):

1 M M
F W) 2MR< oo - 2nR = —.

1!
@) < —- : <
F )l 27 |w—z|=r [W—2[? 21 R2

The first inequality is Lem. 1.9 applied to the integral representation (1.23). Let R — oo:
|f'(2)| = 0, so f’(z) = 0 for every z. A function with vanishing derivative on the connected set
C is constant. O

Corollary 1.20 (Fundamental theorem of algebra). Every non-constant polynomial p(z) =
a,z" +a, 12"+ +ay (withn>1, a, # 0) over C has a root in C.

Proof. Suppose for contradiction that p(z) # O for every z € C. Then g(z) = 1/p(z) is entire
(ratio of holomorphic functions with nonvanishing denominator). We show g is bounded on C,
then apply Liouville (Cor. 1.19).

Bound at infinity. For |z| large, factor the leading term:

Qo1 Ay a
p(z):anzn(1+”_1+n_2+...+ 0 )
a,z  a,z2 a,z"

Set A =l|a,_i/a,| +la,—s/a,| +---+|ag/a,| = 0. If A= 0, then p(z) = a,2", so p(0) =0,

contradicting our assumption that p has no roots. Thus A > 0. For |z| > R, := max(1, 2A),
every denominator |z/ > |z| for j > 1, so

n

a,_i/a
SZ'H}/H|S£<

an—1 ag 1
|2}/ 2| — 27

a,z a,z"

j=1

By the reverse triangle inequality |1 +w| > 1 — |w| (valid for any w € C with |w| < 1; apply
|a| <|a+ b|+ |b| with a =1, b = w and rearrange), the factor in parentheses has modulus at
least 1 —1/2 =1/2. Therefore

1 1
Ip(2)| = la| - |2|" - 3 = 3lanlRg,  |2[= Ry,

which gives [g(2)] = 1/|p(2)| < 2/(la,|Rp) on {|z| = R}

Bound on the compact disk. On D(0,Ry), |p| is continuous and never zero, so it attains a
positive minimum m > 0 there (extreme-value theorem); hence |g| < 1/m.

Combining, |g| is bounded on all of C. By Cor. 1.19 g is constant, so p is constant,
contradicting n > 1 with a,, # 0. O

16
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1.5 Laurent series and singularities

Taylor series (Cor. 1.16) describe holomorphic functions on disks. Many functions of interest
— 1/z, e'/%, sin(z)/z® — are not holomorphic at a point but are holomorphic on an annulus,
meaning a ring-shaped region around that point. To describe such functions locally, we need a
two-sided series with negative powers allowed.

Theorem 1.21 (Laurent expansion). If f is holomorphic on the annulus A= {z : r| < |z—a| < ry}
with 0 < r; <1y < 00, then

fE)= Y G-, = S g, 1.27)

— 1 ?
n=—0oQ |W—a|:p (W a)n+

for any p € (rq,r9). The series converges absolutely and locally uniformly on A, and the coefficients
¢, are unique.

Proof. Intuition. When g lies in an annulus where f is holomorphic, we trap z between two
concentric circles. Cauchy’s integral formula applied to the region between them expresses
f () as the difference of two contour integrals: one over the outer circle (giving non-negative
powers of z — a, as in the Taylor proof) and one over the inner circle (giving negative powers,
by expanding 1/(w —z) in powers of (w —a)/(z — a) instead).

Fix z € A and pick radii r; < r] < |z —a| <rj < r,. Apply Cauchy’s theorem to the annular
region between the two circles, with a small circle around z removed. The region is made
simply connected by cutting radial slits from the inner circle out to the outer circle (the same
slit construction used in the proof of Thm. 1.13; see Fig. 1). The two sides of each slit are
traversed in opposite directions, so their integrals cancel. What remains is

f(z)=i§ de_;jﬁ M .
|w—al=r |[w—al=r

2T S W—g 27l S W—g
2 1

On the outer circle, |z —a| < |w—a|, so

1 1 1 <a/z—a\"
w—z:(W—a)—(z—a):W—aZ(w—a) )

n=0

Thus the outer contribution is
o0
1 f(w) n
T W dw (Z —_ Cl) .
n=o \ =T lw—a|=r; w—da
On the inner circle, |z — a| > |w —a, so use the other geometric expansion:

1 1 1 < w—a)
W—z:_(z—a)—(w—a)z_z—az(z—a) '

n=0

Remember that the inner integral is subtracted in the annular formula above. The minus sign
there cancels the minus sign in this expansion, so the inner contribution becomes

> (ij( F()w—a)" dw) (s —ay™.
2mi lw—al=r]

n=0

This is the source of the negative powers of z —a. If k = —n — 1, then f(w)(w —a)" =
f(w)/(w—a)*1, so the same coefficient formula covers both positive and negative powers.

17
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Uniform convergence on each contour justifies interchanging sum and integral. The coefficient
integral may be taken on any circle [w —a| = p inside the annulus, because f(w)/(w —a)<*!
is holomorphic in the annular region swept out when one such circle is moved to another.
This gives (1.27). Uniqueness follows from § (w—a)"dw = 27i 6, _;, where 6,, _; is the
Kronecker delta: it equals 1 if m = —1 and O otherwise. Ex. 1.8 proves this for the unit circle,
and translation plus rescaling gives the same identity for any circle centered at a. Multiplying
the Laurent series by (w—a)™*~! and integrating then extracts exactly c. O

Definition 1.22 (Classification of isolated singularities). Let a be an isolated singularity of
f, meaning that f is holomorphic on some punctured disk 0 < |z —a| < r (a disk with its
center point removed) but is not assumed holomorphic at a itself. Write its Laurent expansion as

f(2) =D, ,cp cn(z—a)". The singularity is:
* Removable if ¢, =0 for all n < 0.

* Apoleof orderm>1ifc_,, # 0andc, =0 for all n < —m. A pole of order 1 is called
simple.

* Essential if ¢,, # O for infinitely many negative n.

Example 1.23 (Three singularities at z = 0). Using the Taylor series sinz = z—z°/31+2° /51— - -,
cosz=1—2%/21+z%/41—--- and ¥ = Y w"/n!:
. 2 4
sing 2%z
— =14+ =——"-- removable (all ¢, =0,n <0)
b4 3! 5!
CoSz 1 1 b4
—_— =t — ole of order 3 (c_3 =1
2 23 20z 4 pole of (c3=1)
- 1
el/? = - essential (infinitely many ¢, # 0, n <0)
nl'z
=0

Each Laurent series here is obtained by substituting the Taylor series for sin, cos, or exp and then
simplifying powers of z. The substitution is valid because these three functions are entire and their
Taylor series converge absolutely everywhere.

1.6 The residue theorem

The Laurent coefficient c_; is special: it is the only one that survives integration around a small
circle enclosing the singularity (recall Ex. 1.8). This makes it the unique quantity one needs to
know to compute closed-contour integrals.

Definition 1.24 (Residue). The residue of f at an isolated singularity a is the coefficient c_; in
the Laurent expansion (1.27):

Resf = c_; = L fw)dw (1.28)

= 270 Jw-al=p

for every p > 0 small enough that the circle |w — a| = p lies in a punctured neighborhood of a on
which f is holomorphic.

Theorem 1.25 (Residue theorem). Let Q be a simply connected open set and f holomorphic
on () except at finitely many isolated singularities a,,...,ay € Q. Let y € Q\ {a;y,...,ay} be a

18
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positively oriented simple closed contour, and let I C {1,...,N} index the singularities that lie
inside vy (the remaining a; may lie outside v). Then

z=a
kel k

ff(z)dz = 27tiZ Res f. (1.29)
Y

Proof. Intuition. Cauchy’s theorem says the integral around a closed contour vanishes if f is
holomorphic inside. With singularities present, we isolate each one by a small circle, connect
each circle to the outer contour with slits, and apply Cauchy’s theorem to the resulting simply
connected region. The slits cancel pairwise, leaving the outer contour equal to the sum of
integrals around each small circle — each of which is 27i times the residue.

Only the singularities inside y matter. Pick & > 0 small enough that the closed disks D(ay, ¢)
for k € I are pairwise disjoint and contained in the interior of v, which we denote int(y) (the
bounded component of C \ y). Applying the slit construction from the proof of Thm. 1.13
once per interior singularity, choose pairwise disjoint polygonal slits o} joining each circle
|z —a;| = € to vy, meeting y and the small circle transversely and otherwise staying inside
int(y) \ U jel D(aj, €). Remove both the disks and the slits, and set

U :=int(y) \ (U D(ay,e)U U ak) .

kel kel

The region U is simply connected, and f is holomorphic on a neighborhood of U. Hence
Cauchy’s theorem applies to dU:

f(g)dz=0.
au

Traverse 0 U positively. Its boundary consists of the outer contour v, the two sides of each
slit, and the small circles |z — a;| = ¢ for k € I with negative orientation. The two sides of a
slit are traversed in opposite directions with the same integrand, so their contributions cancel

pairwise. Therefore
%f(z)dz—Zé f(z)dz =0.
Y |lz—ax|=¢

kel

Each small-circle integral equals 27i Res,_, f by Definition 1.24. Rearranging gives (1.29). [

Proposition 1.26 (Residue at a pole). If f has a pole of order m > 1 at a, then

m—1

Resf = — lim e [z—a)"f(2)]. (1.30)
In particular for a simple pole (m = 1), Res,—, f = lim,_,,(z —a)f(2). If f = g/h with g,h

holomorphic near a, g(a) # 0, h(a) =0, h’(a) # 0, then Res,_,(g/h) = g(a)/h’(a).

Proof. Write the Laurent expansion f(z) = Z;ﬁ _mCa(z —a)". Multiplication by (z —a)™
removes the negative powers:

E—a)"f(@)= ), cz—a)"" =D e n(z—a),
n=—m k=0

where k = n+ m. This is a Taylor series in (z —a). Differentiating m — 1 times, the k-th term
(z—a)* differentiates to k(k—1)-- - (k—m+2)(z—a)*™*1. Setting z = a kills every term except
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k = m—1, where the factor (z—a)® = 1 survives. The coefficient of that term is Cm—1)—m = €1,

and the prefactor is (m —1)!:
dm—l
dgm—1

[G—a)"f(2)]

=(m—1)c_;.
zZ=a

Dividing by (m — 1)! gives (1.30). The limit notation in (1.30) means the continuous value at
a of the displayed derivative.
For the g/h special case with m = 1: near a, h(z) = h’(a)(z —a) + O((z — a)?), so

g(z) _ g(2) z-a g(a)
(z=a) h(z) HW(a)+O0(z—a) h'(a)’

O

Example 1.27 (Residue at a higher-order pole). Let f(z) = e®/z°. The origin is a pole of order
m = 3. By Prop. 1.26,
z 1 d? 1 2 1 1
Res — = lim —[22-e* /23] = = lim —e* = = - e = =.
2=0 23  (3—1)!2-0 dzz[ / ] 21 20 dz2 2 2
The formula says to cancel z° - 27> = 1, differentiate e* twice, evaluate at 0, and divide by 2!. The
Laurent series gives the same answer:

f s, 2,1 41
N it L e T
23 2 6
so the coefficient of z 7% is 1/2.

Example 1.28 (Residues of cotz). cotg = cosz/ sing has simple poles precisely at the zeros of
sinz, namely z = km for every k € Z. At such a pole, cos(km) = (—1)* # 0 and (sinz)' |, =
cos(km) = (—1)X. By the g/h form of Prop. 1.26,

cos(km)
Res cotz = =
z=km cos(km)

All residues are 1, independent of k. This uniform residue underlies the Mittag—Leffler partial-
fraction expansion of cot used later to sum series such as Zn21 1/n2.

Example 1.29 (Laurent expansions of 1/[(z — 1)(z —2)] in three annuli). The function f(z) =
1/[(z —1)(z — 2)] has singularities at z = 1, 2, so it is holomorphic on three disjoint concentric
regions centered at the origin: the disk |z| < 1, the annulus 1 < |z| < 2, and the exterior |z| > 2.
We find its Laurent expansion in each.

Partial fractions. Write
1 A B

= + :
(z—1)(z—2) 2z—1 2z-—2

Clearing denominators: 1 =A(z —2) + B(z —1). Setting z =1: 1 =A(—1), so A= —1. Setting

z=2:1=B-1,s0 B=1. Hence

1 1
z)=——+ . 1.31
f(=) -1 7222 ( )
(a) Disk |z| < 1. Here |z| < 1 and |z/2| < 1/2 < 1; both geometric series are in non-negative

powers of z. Rewrite:

n

1 1 1 1 __iz
z—2  2—z 2 1—g/2 Lol
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We have only used the geometric series ano w" =1/(1—w), valid for |w| < 1. Adding the two
expansions gives

oo

£(@) :2(1— 2n1+1)z", 2] < 1.

n=0

This is the Taylor series at 0: no negative powers, consistent with f being holomorphic at the origin.
Its radius of convergence is 1, matching the distance from 0O to the nearest singularity.

(b) Annulus 1 < |z| < 2. Now |1/z| < 1 but |z/2| < 1, so the two terms require opposite
expansions.

For —1/(z — 1) with |1/z| < 1, factor out z:

1 11 w1 =
— = —— = —— _— = — Z ,
z—1 z 1—1/z z;)z” kzl:

where the last equality shifts the index k = n+ 1. For 1/(z —2) with |z/2| < 1, same expansion as
in (a): 1/(z—2)=—2,,502"/2"*'. Combining,

n

oo (e.°]
_ Z
f@==22" =D 5 1<kl<2
k=1 n=0

a genuine two-sided series.
(c) Exterior |z| > 2. Now |1/z| < 1 and |2/2z| < 1; expand both in negative powers of z. For
—1/(z—1), same as in (b): — Y5, 2 *. For 1/(z—2),

111 _1izn_i2k—1
z2—2 2 1—2/z_znzoz"_k=1 gk’

with k = n+ 1. Combining,

oo

k=1 __
f@=Y =, kl>2

k=1

Only negative powers, consistent with f(z) — 0 as |z| — oo. The three expansions, valid on
disjoint regions, are different Laurent representations of the same meromorphic function, meaning
a function that is holomorphic except at isolated poles. This is a reminder that the domain of
convergence is essential data attached to a series.

1.7 Applications: real integrals by contour methods

The residue theorem converts many real integrals into residue computations. The contour is
chosen to make the new, non-real pieces disappear in a limit.

Example 1.30 (Rational integrand over R). Evaluate I = f_o; %. (The answer I = 1 is
known from elementary calculus via arctan; we redo it with contours as a sanity check.)
Let f(2) =1/(14+2%) =1/[(z—i)(z +i)], which has simple poles at z = +i. Close the real

segment [—R, R] with a semicircular arc Cy in the upper half-plane:
YR= [_R:R] U CR: CR = {Reie 10 € [O) TC]};

traversed counterclockwise. For R > 1, yg encloses only the pole at z = i. By Prop. 1.26 with
g(z)=1and h(z) = 1+22% h'(i) = 2i:
1 gl 1

Res = = —.
=i 1+22 k(i) 2i
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Im 2z

} > > Rez
—-R [-R, R] R

Figure 2: Semicircular contour in the upper half-plane, used to evaluate f _ozo dx/(1+x?)
(Ex. 1.30). As R — o0, the arc contribution vanishes by the ML bound, leaving 27ti times the
residue at z = 1.

Thm. 1.25 gives
1
% f(®)dz=2ni- — =m.
21
TR

Split the contour: SEVR = f fR flx)dx+ f Ca f(2)dz. On Cg, |2| =R, so by the reverse triangle
inequality
14+2%>2>°—1=R*-1 (R>1),

hence |f (z)| < 1/(R?> —1). The arclength of Cg is mR, and the ML inequality (Lem. 1.9) gives

MR R—oo
fc f(2)dz SRZ—l —
R
Therefore ffRf(x) dx - m,and I = 7.
Lemma 1.31 (Jordan). For every R > 0,
" T
J e Rl g <« —, (1.32)
0 R

Proof. For 6 € [0,7t/2], sin® > 20/ (concavity of sin on [0, t/2], which puts the graph
above the chord joining (0, 0) to (7t/2,1)), and symmetry sin(7t — 0) = sin 6 handles [t/2, 7].
Hence

T /2 - -
e Rsind g9 < o e 2ROImge = Z(1—eR) < =.
0 0 R R

Example 1.32 (Oscillatory integrals via Jordan’s lemma). Evaluate I = f _OZO fisx’; dx.
Replace cosx by Ree'™. We integrate e /(1 + 22), not cosz/(1 + z2), because e = !X~
decays in the upper half-plane z = x + iy with y > 0, while cos(iy) = cosh y grows.
Set f(z) = e*/(1+22) and close in the upper half-plane with yr = [—R,R]U Cy as in Ex. 1.30.

The only enclosed singularity for R > 1 is the simple pole at z = i; with g(z) = e'* and h(z) = 1+22,

eiZ ei~i e—l
Res ——=——=—.
z=i 1+ 22 (i) 21

Hence ffYRf(z) dz =2mi-e 1/(2i) = n/e.
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To show the arc integral vanishes we invoke Jordan’s lemma (Lem. 1.31): on Cg with 2z = Re'?

|€lz| — |61R(cos 9+151n6)| — e—RsmG,

and the lemma yields fon e Rsin® 49 < m/R. Combining with |1+ 227! < 1/(R*—1):

J f(2)dz
Cr

Therefore ffRf(x)dx — 7t /e. Taking real parts, f_O:o cosx /(14 x2)dx = m/e.

T
<K erintgg< L T__T
R2—-1 |, R2—1 R R2-—1

xa—l

Example 1.33 (Keyhole contour integral). Evaluate I(a) = fooo T—dx for a €(0,1).

I+x

B

For powers such as 2%~ ! with non-integer @, we must choose one value of the logarithm.
A branch is such a consistent single-valued choice on a region, and a branch cut is the curve
removed from the plane so the choice does not jump while we move around. This example uses a
non-principal branch of the logarithm, with argz € (0, 27), so the branch cut lies on the positive
real axis. The principal convention used later is argz € (—m, 7], whose cut lies on the negative

real axis.

Im z

> Re z

branch cut

Figure 3: Keyhole contour used to evaluate fooo x%1/(1 4 x)dx (Ex. 1.33). The branch cut,
the chosen line where the branch jumps, runs along the positive real axis; the pole at z =—1

is enclosed.

Define 221 := (@182 yith this branch. Just above the cut, argz — 0" and 2% ! = x*71;

just below it, argz — 2m~ and 2%~ ! = x@ 1e2mila—1),

Consider the keyhole contour y, g consisting of: the segment from ¢ to R just above the cut; the
large circle Cg (|2] = R) counterclockwise; the segment from R back to ¢ just below the cut; and
the small circle C, (|z| = €) clockwise. The enclosed singularity is the simple pole at z = —1 = e'%,
where the chosen branch has log(—1) = im. By Prop. 1.26 with g(z) = 2* %, h(z) = 1 + 2,

K1) =1:
Za—l .
Res = — pla=Dlog(=1) _ ,(a—1)in_
z=—114+3g

Vanishing of the arc integrals. On Cg: |2*7}| =R*7}, |1 +2| > R— 1, arclength = 27R, so

a—1 2 a

R
-2MR = T -0 (R— 00),
R—1

7071 R
f dz| <
Ca 1+2
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since a < 1. On C,: 2% = %1, |1 +2| > 1—¢, arclength = 27e, so

a—1 a

™ 0 (e—0),
£

since o > 0.

Assembling. On the upper bank of the cut, z = x with x increasing from ¢ to R, so the straight
segment tends to I(a). On the lower bank, use z = xe?™ with x decreasing from R to €. Since
dz = e*™ dx = dx and 2% = x* 1e27(@=1) o our branch, the lower bank contributes

€ omi(a—1).a—1
esTHa= @ dx = _eZni(a—l)I(a)
R 1+x

in the limit. Therefore the two straight segments give

oo xo1 ] o0 xo1 )
dx — e2mile=D) dx = 2miel*Dim,
o 1+x o 1+x

where the minus sign on the second term comes from the reversed orientation of the lower segment.

Factor:
(1—e?mie D) [(a) = 27i ™D, (1.33)
Simplification. Using e 2™ =1,
eZni(a—l) — lecia L o—2mi 2ﬂ:ia.

e =e

Using e7'" = —1,
ein(a—l) — eiﬂ:a L ,—im ina

Substituting both into (1.33):
(1 - eZma) I(a) = —2mie'™.
The key identity 1 — e?™* = —2i ¢!™*sin(na). Factor e!™* out of the left side:

1 _62ma — elna(e—lna _elTE(X).

By Euler’s formula, e?® —e™ = 2isin 0, so e 71" — ¢!™® = —2i sin(ma). Therefore
1—e?™* = _2{ ¢! ™ sin(1a). (1.34)
Substituting (1.34):
—2ie™*sin(ra) - I(a) = —2mie'™,

and dividing both sides by —2i e!™* (nonzero for a € (0,1)):

I(a)= T

sin(ma)”

This integral will reappear in Section 3 as B(a,1—a) = T'(a)I'(1 — a), yielding the reflection
formula T(a)I'(1 —a) = t/sin(na).
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Example 1.34 (Double pole: f_ozo dx/(1+ x2)?). Evaluate J = f_ozo dx /(1 + x?)? with the
same semicircular contour as Ex. 1.30.

Let f(2)=1/(1+22)?> =1/[(z—i)(z +1)]% Inside y (upper half-plane, R > 1) there is one
singularity: a pole of order m =2 at z =1i. By Prop. 1.26,

— el N2
Resf = - 1),hm [(z )£ (2)]

T

T aoldz (z+1)2

lim =2 _ =2 _=2_1
i (z+1)3 (203 —8i 4i
Here (z—1)?/[(z—i)(z+1)]>=1/(z+1)? and (d/dz)(z +1) 72 = —2(z +i)~3; substituting z = i
gives (2i)% = —

By Thm. 1.25, ﬁYRf dz =2mi-1/(4i) = /2. On Cy, |f| < 1/(R?>—1)? and the arclength is

TR, 50
TR
z2)dz| < ——= —0
JCRf( )| < a1
Therefore J = 1 /2.
Example 1.35 (Trigonometric integral by z = e'?). Evaluate I = 2r 5 +‘i§se Set z = e'%, s0 as

0 sweeps [0,27], 2 traverses the unit circle once counterclockwise. Then dz =1iel? do =iz d9, S0
d@ = dz/(iz), and cos 0 = (z +z~1)/2. Therefore

I_j( 1 dz
lzl=1 24+ (z+271)/2 iz

_ 2z dz
B lzl=1 (42+22+1) iz

2 dz
i Jm BT

In the second line we multiply numerator and denominator of the first factor by 2z; the z then
cancels with the dz /(iz) factor.
The roots of 22 + 4z + 1 = 0 are z,. = —2 £ +/3 by the quadratic formula. We have |z, | =

|—2+ /3|~ 0.268 < 1 and |z_| = |—2—+/3| ~ 3.73 > 1, so only 2 is enclosed. The polynomial
factors as 22 + 4z +1=(z—2,)(z—2_), 50
11 1 1

Res = = = .
=z, 224+42+1 z,—2_ (=24+/3)—(—2—+3) 23
By the residue theorem,
I= 2 271 12
i 2v/3 V3
The general pattern fozn dB/(a+bcosO)=2n/va2— b2 for a> |b| >0 (Prob. 1.6) is obtained
identically.

Example 1.36 (Essential singularity in a contour integral). Evaluate 3§|Z| el/? dz. The only
singularity inside the contour is at z = 0, which is essential (Ex. 1.23). The restdue theorem only
needs the coefficient c_; of the Laurent expansion:
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Thus c_; =1/1'=1, and
jg e*dz =2mi-1=2mi.
lz|=1

Example 1.37 (Indented contour: f_ozo sinx/x dx = m). The integral I = f_ozo sinx/xdx is a
celebrated evaluation in Fourier analysis; it equals . The integrand has no singularity on R (the
singularity at 0 is removable: sinx/x — 1), so I is an ordinary improper Riemann integral. Here
improper means it is defined as a limit over finite intervals whose endpoints tend to infinity.

Im z

Y

Rez

_IR —I g 8‘: R

Figure 4: Indented semicircular contour used to evaluate f _o:o sin(x)/x dx (Ex. 1.37). The
small semicircle C_ lies in the upper half-plane and avoids the pole at z = 0 from above; the
superscript — records its clockwise orientation.

Write sinx /x = Im(e™* /x) and consider f(z) = e'* /2. Unlike sinz/z, the function e'* /z does
have a pole at z = 0, so we modify the semicircular contour with a small indentation bypassing
the origin. Let

Yer =[—R,—€]UC_ U[e,R]U Cp,

where C_ is the semicircle |z| = ¢ in the upper half-plane traversed clockwise (from —¢ to +¢),
and Cy is the upper semicircle |z| = R counterclockwise. Inside y, g there are no singularities, so
by Cauchy’s theorem 95 =0, ie,

—€ iz iz R iz iz
e e e e

J —dz+J —dz+f —dz+f —dz=0.
R % c- % e % cr ?

e
Large semicircle. On Cg parametrize z = Re'®, 6 € [0, 1], dz = iRe'?d0, and |e?*| =
iRcos@| ) |e—Rsin9| = ¢ RS0 [ronce

eiz T eiReie ) T ) T
—dz| = > iRe'® dO| < e Rsinfgg < —,
G 2 0 Ret 0 R

where the last inequality is Jordan’s lemma (Lem. 1.31). As R — oo this vanishes.
Small semicircle. Parametrize z = seie, 0 running from 1 to 0 (clockwise), dz = ice? do:

. 0 . i0 0
e e’ . 10 . icel®
—dz = 5 "iee do =i e do.
C z T ge T

€

le

EN 1] . . . . .
As € = 0, e'*®" — 1 uniformly in 6, so the integral tends to i(0 — 1) = —iT.
Straight segments. The two real segments combine to give

—€ elx Reix S eix
J —dx+J —dx—>PVJ —dx (¢ >0, R— 00),
r X . X oo X
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where PVf_o:o denotes the Cauchy principal value: the symmetric limit limg_, o f fR, used when-
ever the integrand has a non-integrable singularity (here at x = 0) or slowly decaying tails that
would make the two-sided improper integral ambiguous.
. . . . —€ R
Taking € — 0, R — o0 in the identity f_R + ICE + fg + fCR =0, we get

0 olx
PVJ —dx—int+0=0,
—oo X

o) PVf e /x dx = im. Since sinx/x extends continuously through x = 0, its principal value is
the ordinary improper integral. Taking imaginary parts:

* sinx
f —dx=m.
oo X

(The real part PVf cosx/x dx = 0 by oddness, consistent with Re(im) = 0.)

1.8 Argument principle and Rouché’s theorem

A subtler application of the residue theorem counts zeros and poles. This is useful when we
want the number of solutions of f(z) = 0 inside a region, not the solutions themselves. The
mechanism is the logarithmic derivative f’/f: it has a simple pole at each zero or pole of f,
and its residue records the multiplicity with a sign.

Theorem 1.38 (Argument principle). Let Q be simply connected, f meromorphic on Q (i.e.
holomorphic except at isolated poles), and y C Q a positively oriented simple closed contour on
which f has neither zeros nor poles. Let Z be the number of zeros and P the number of poles of f
inside v, each counted with multiplicity. Then

1 [ fllz),
7 dez =7Z—P (1.35)

Proof. We compute the residue of f’/f at an arbitrary zero or pole a of f.
Case 1: a is a zero of order m > 1. Then f(z) = (2 —a)™g(z) with g holomorphic near a
and g(a) # 0. Differentiating,

fl@) =mz—a)" g +(z—a)"g'(2).

Therefore
f'@) _miE—a)"'g@)+(z-a)"g'(z) _ m 4 g'(z)
f(z) (z—a)mg(z) z—a g(z)
The second term is holomorphic at a (since g(a) # 0), so f’/f has a simple pole at a with
residue m.
Case 2: a is a pole of order m > 1. Then f(z) = (z—a) " g(z) with g holomorphic, g(a) # 0.
Differentiating by the product rule,

fl@)=—m@E—a) " 'g(z)+(=z—a) "g'(2),
so dividing by f(2) = (z—a) ™ g(2):

f'@) _—mE—a ™) +(E-a)"g'z) _ —m  g'(z)
f(2) (z—a)™mg(2) z—a  g(z)
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The second term is holomorphic at a, so the residue at a is —m.

Summing over all zeros inside y, each counted with positive multiplicity, and over all
poles inside y, each counted with negative multiplicity, and then applying the residue theorem
(Thm. 1.25):

f/
§ —dz =2mi(Z —P).
o f
Dividing by 2ni gives (1.35). O

Remark 1.39 (Why “argument” principle). Along v, the values f (z) trace a closed curve f(y) in
C\ {0}. With w = f(z), the integral ffyf’/f dz becomes SEf(y) dw/w. This equals 2mi times the
winding number of f (y) around 0, namely the net number of turns the curve makes about the
origin. Thus (1.35) says that the net change in arg f (z) along y is 2n(Z — P).

Corollary 1.40 (Rouché’s theorem). Let f,g be holomorphic inside and on a simple closed
contour v. If |g(2)| < |f(2)| on v, then f and f + g have the same number of zeros (counted with
multiplicity) inside y.

Proof. Fort €[0,1], set F, = f +tg. On y we have
|F ()| = |f (2)| — t]g(2)] = |f (2)| —|g(=2)] > O,

so every F, is nonvanishing on y. The argument principle therefore applies:

1 [Fl
Z(t) = %ﬁ/ Ft(z) dz

is the number of zeros of F; inside y, counted with multiplicity.

The map (t,z) — F/(2)/F,(2) is continuous on the compact set [0,1] x y, because the
denominator never vanishes there. Hence it depends continuously on t, uniformly in z € v,
and so Z(t) is a continuous function of t. Since Z(t) is integer-valued, it must be constant on
the connected interval [0, 1]: if it took two different integer values, the intermediate value
theorem would force it to take non-integer values between them. In particular,

Z(0)=2z(1).
That is, f and f + g have the same number of zeros inside y. O

Example 1.41 (Counting roots of z°—z—1 inside |z| < 2). How many roots does p(z) = z°—z—1
have in the disk |z| < 2?
Apply Cor. 1.40 on the circle y = {|z| = 2} with f(z) =2 and g(z) =—z—1. On y,

If@)l=z>=8, |g(@)|<lz|+1=3.

Since 3 < 8, |g| < |f| on y. By Rouché, p = f + g has the same number of zeros inside y as
f(2) = 23, which has a zero of order 3 at the origin. Therefore p has 3 roots (counted with
multiplicity) in |z| < 2. Since degp = 3, all roots of p lie in this disk.

The argument principle (Thm. 1.38) gives the same count: on |z| = 2, p has no poles and no
geros (as shown above), and tracking arg p(z) around the circle gives a net change of 67, so Z = 3.
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Exercises

Problem 1.1. Verify that f(z) = e* = e*(cos y + i sin y) satisfies the Cauchy—Riemann equations
on C and find f'(z2).

Problem 1.2. Let u(x,y) = x3 —3xy?2. Show u is harmonic, and find the harmonic conjugate v
such that f =u+1iv is entire. Identify f.

Problem 1.3. Compute fIZIZZ Zf—fl two ways: (a) partial fractions + Example 1.8; (b) residue
theorem.

1
Problem 1.4. Find the Laurent series of f(z) = ————— in (@) |z| <1, (b) 1 <|z| <2, (c)
(z—1)(z—2)
|z] > 2.
oo
dx .. . .
Problem 1.5. Evaluate f m by a semicircular contour, paying attention to the order
x
—0o0
of the pole at z = i.
27 do

Problem 1.6. Evaluate f for a > |b| > 0 by substituting z = e'® and using the

o a+bcosb
residue theorem.

Problem 1.7. Prove that if f is entire and |f (z)| < C(1 + |2|™) for some constant C and some
n €N, then f is a polynomial of degree < n. (Generalize Liouville’s argument using Cor. 1.14.)

Problem 1.8. Use Rouché’s theorem (Cor. 1.40) to prove that all five roots of p(z) = z° + 322 + 1
lie in |z| < 2. Then show that exactly two of the five roots lie in |z| < 1 (hint: on |z| = 1 compare
with the dominant term 3z2).

[S
sin x -
Problem 1.9. Evaluate J —— dx by an indented semicircular contour. (Write sinx = Ime";
x
—0Q
handle the pole at 0 with a small upper-half-plane semicircle; see Ex. 1.37 for a worked example.)

Problem 1.10. Classify the singularity of f(z) = (1—cosz)/z* at z = 0 (removable, pole of order
m, or essential?), and compute Res,_ f. Hint: substitute the Taylor series for cosz.

Problem 1.11. (Maximum modulus principle.) Prove that if f is holomorphic on a domain
and |f| attains an interior maximum at 2, € §2, then f is constant on the connected component
containing z,. Hint: apply Cauchy’s integral formula on a small circle centered at 2z, and use that
a mean of values < M can equal M only if all values equal M.

* log x

1+ x2
integrate logz /(1+22) on an upper-half-plane contour that follows the negative real axis from just
above the branch cut, detours around 0, then follows the positive real axis; compare the boundary
values log x and logx +i7.

Problem 1.12. Evaluate f dx using the principal branch of log. Answer: 0. Hint:
0

Problem 1.13. Show that f(z) = |z|?> = x2 + y? has ordinary partial derivatives everywhere as
a two-variable real function, but is complex-differentiable only at z = 0. Compute f’(0) directly
from Def. 1.1.

Problem 1.14. Let f be an entire function with Re f (z) > 0 for every z € C. Prove f is constant.
Hint: apply Liouville (Cor. 1.19) to e/, noting |e /| = e R/ < 1.

Problem 1.15. Verify the Cauchy-Riemann equations for f (z) = logz on the slit plane C\(—o00, 0]
using polar coordinates (u = Inr, v = argz), and deduce (logz)’ = 1/z. Then explain why the
function (14 1)! := %80+ is well-defined on the principal branch, and compute its value.
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2 Complex Analysis II — Asymptotics and Steepest Descent

Prerequisites. This section builds on Section 1: Cauchy’s theorem (Thm. 1.10), the Cauchy
integral formula (Thm. 1.13), Taylor series (Cor. 1.16), Laurent expansions (Thm. 1.21),
and the residue theorem (Thm. 1.25). Contour deformations use Cauchy’s theorem; crossed
singularities contribute residues.

Section 1 gave us holomorphic functions, Laurent expansions, and residues. This section
uses them in two ways. First, we extend holomorphic formulas beyond their original region
of convergence; Definition 2.1 gives the precise name. Second, we estimate integrals with a
large parameter. A large-parameter method finds the small part of the domain that contributes
most: Laplace’s method handles exponential concentration, stationary phase handles oscillatory
cancellation, and steepest descent is the complex-contour version.

2.1 Analytic continuation and the identity theorem

Holomorphy is rigid: local data determines global behavior. This is the reason the gamma
function, the Riemann zeta function ¢, and hypergeometric functions can be extended far
beyond the regions where their first formulas converge.

Definition 2.1 (Analytic continuation). Let f be holomorphic on a connected open set Q. An
analytic continuation of f to a larger connected open set Q2 is a holomorphic function F on
such that F = f on the overlap where the old formula was defined, typically on Q4 C Q or on a
connected open subset of 2y N .

The phrase “same function by analytic continuation” means this: the old and new formulas
agree on a region where both make sense, so the identity theorem below forces them to agree
everywhere they can both be compared. Thus analytic continuation is not arbitrary extension; it is
extension with no freedom once the overlap is fixed.

Theorem 2.2 (Identity theorem). Let f, g be holomorphic on a connected open set Q2 C C. Suppose
there is a point a € 2 and a sequence of distinct points z,, € 2, with z, — a, such that

f(zn) =g(z,)  foreveryn.

Equivalently, the agreement set {z € Q : f(2) = g(2)} has a limit point inside Q. Then f = g on
all of Q.

Proof. Leth = f — g (holomorphic on ), and let S = {z € Q : h(z) = 0}. Write S’ for the set
of points of Q that are limit points of S; by hypothesis S’ # 0. The strategy is to show S’ is
both open and closed in 2. In a connected set, the only nonempty subset that is both open and
closed is the whole set, so this will force S’ = Q.

Step 1 (S’ is open). Fix a € S’. By Cor. 1.16, h has a convergent Taylor expansion on some
disk D(a,r) C Q:

o0 (n)
)= Dee—a)'s = e

We claim every c,, = 0. Suppose not, and let k be the smallest index with ¢, # 0. Factor:
h(z) = (z —a)[cx + ez —a) +--- ] = (z—a)* h(z),

with A holomorphic and h(a) = ¢, # 0. By continuity of A, there is a punctured neighborhood
of a (a small disk around a with a itself removed) on which h # 0, hence on which h # 0. But
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then zeros of h cannot accumulate at a, contradicting a € S’. So ¢, = 0 for all n, and h = 0 on
D(a,r). Every point of D(a, r) is then in S’, proving S’ is open.

Step 2 (S’ is closed in Q). Suppose a,, € S’ with a, — a € Q. If a,, = a for infinitely many n,
then a € S’ directly, because those repeated terms are themselves points of S’. Otherwise pass
to a subsequence, still denoted a,,, with a,, # a for all n. Since each q, is a limit point of S, we
can choose

. 1 |an_a|
2, €8, 0<|z,—a,| <min{—, ———.
n 2
Then z, — a. Also 2, # a, because z,, = a would imply
|Cln—Cl|
|an_a|:|an_zn|< 9 5

which is impossible. Hence points of S distinct from a approach a, so a € S’.
Step 3 (conclusion). S’ is nonempty, open, and closed in the connected set Q, so S’ = Q.
Thus h =0 on Q. O

Remark 2.3 (Why this matters). A holomorphic function is determined by its values on any
set with a limit point: a convergent sequence, an arc, or a small disk. Hence any holomorphic
continuation, if it exists, is unique. This is the basis for continuing T, the Riemann zeta function (,
and the other special functions later in the notes.

Example 2.4 (Continuing the geometric series). The series Z:Z 02" converges on |z| <1 to
1/(1 —2), by the geometric-series identity

N
(1-2)> " =1-z""1 222 1 (g <1).
n=0

The function F(z) = 1/(1 —z) is holomorphic on C\ {1}, and it agrees with the series on |z| < 1
(a set with plenty of limit points). By Thm. 2.2, any holomorphic function on a connected open set
QD {|z| < 1} (with 1 ¢ Q) that agrees with the series on |z| < 1 must equal F there. The series
itself diverges for |z| > 1, 2 # 1, yet the function F persists.

2.2 Multi-valued functions and branch cuts

Some functions resist single-valued extension. Single-valued means that each input has exactly
one output; multi-valued means that continuation around different paths can produce different
outputs. For logz, a holomorphic branch is a holomorphic function L with e?®) = z; necessarily
L'(z) = 1/z. If two paths from 1 to z wind around the origin different numbers of times,
integrating 1/z along them gives values that differ by 2nik, k € Z, by the residue theorem
(Thm. 1.25). Thus “logz” is naturally multi-valued. To make it single-valued, we delete a curve,
called a branch cut, that prevents winding around the origin.

Definition 2.5 (Principal logarithm). On Qy = C \ (—00, 0] define the principal logarithm
logz =In|g| +iargz, argz € (—m, ).

This is holomorphic on Q, with (logz) = 1/z. The ray (—o0,0] is the principal branch cut.
Across the cut, logz jumps by 2ni (the argument jumps from +m just above the cut to —m just
below).
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For a € C, define 2® = ¢*!°8%  principal branch. This is the convention throughout these
notes unless explicitly altered (cf. Ex. 1.33, which used argz € (0, 27) to keep the positive real
axis as the cut).

Example 2.6 (1/z). Principal square root: /z =z'/% = e2108% o Qq. For z=re¥ with r >0

and 6 € (—m, m),
Jz = e%(lnr+i9) _ ‘/FeiO/Z'

Approaching the cut from above (0 — 1) gives /z — i4/T; from below (0 — —m) gives —i+/T.
The two limiting values differ by a factor of —1. A different cut, e.g. [0, 00) with argz € (0,27),
defines a different branch of the same multi-valued function.

Remark 2.7 (Multi-sheet picture, briefly). One way to picture all values of logz at once is to
stack many copies, or sheets, of the punctured plane C* = C\ {0}. One loop around the origin
moves to the next sheet and adds 2mi. We will not use that multi-sheet theory here. For contour
integrals, the practical rule is enough: choose a branch cut away from the contour and track the
branch consistently.

2.3 Asymptotic series

Before attacking integrals, we need a precise meaning for “approximation valid at infinity”. For
ratios of factorials and parameter-dependent integrals, convergent power series are often the
wrong tool. An asymptotic series may diverge, but each fixed truncation still has a controlled
error at large argument.

Definition 2.8 (Asymptotic expansion). Fix an open sector S C C (a set of the form {z : a <
argz < f, |z| > R} for some angles a < 3 and radius R > 0; e.g. |argz| < m/2 is the right
half-plane sector). A formal series Z:ﬁ 0apz " is an asymptotic expansion of f(z) as z — 00 in
S, written

o an
f(z)~nzz(;z—n (z—> 00, 2€8),
if for every N > 0,
N
n 1
f(z)_Z(:)Z_":O(zNH) (z > 00, z€85), 2.1)

where g(z) = O(h(z)) as z = oo in S means |g(z)| < C|h(z)| for all sufficiently large |z| in S,
with some constant C independent of z.

The series need not converge. The useful guarantee is only for fixed N: after truncating, the
error is one order smaller than the last retained power. In practice one stops near the smallest
term.

Example 2.9 (Stieltjes function, with explicit remainder). Define

oo —t
f(z)=f 1j_t/zdt, Rez > 0. 2.2)
0

The finite geometric-series identity

N N+1
1 X

=D (1) (DN —
1+x n=0( ) (=1 1+x
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(check: multiply both sides by 1+ x) with x = t/z gives

N+1/,N+1
1tz

1+t/z

LSl
~ gn 1+t/z

Multiply by e " and integrate t from 0 to co. The first piece uses

oo
J t"e”tdt =n!,
0

which follows for integer n > 0 by repeated integration by parts; Section 3 later packages this as
the Euler integral T'(n+ 1) = n!.

N =1 _1\WN+1 [° N+1,—t
f=D1E0" @), Ry = 2 J L e
n=0

dt.
gn gN+1 1+t/z

Remainder estimate. Fix ¢ € (0, 7t/2) and restrict to the closed subsector |argz| < m/2—e.
Fort =0,
t
Z

|z+t] _ Re(z+t) _ Rez
= > >
|| |z |=]

1+

> sine,

where the first > uses |w| = Rew for any complex w, the second uses t > 0 (so Re(z + t) > Rez),
and the third uses Rez/|z| = cos(argz) > cos(7t/2 — ¢) = sin¢&. Therefore

oo
1 _ (N +1)!
Ry(2)| £ —/———+— tNtletdt = —— =
Ry (2] (sine) |z|N+1J (sing) |z|N+1

Thus f(z) ~ ano(—l)“n!/z" as z — 00 in every closed subsector of Rez > 0, exactly as in
Def 2.8. On the positive real axis, |1+ t/z| > 1, so |[Ry(2)| < (N + 1)!/2zNTL. There the bound is
minimized near N ~ 2, and Stirling’s formula turns that minimum into an error of order v/2mz e™*
(exponentially small, up to an algebraic prefactor): a concrete illustration of “truncate at the
smallest term”.

2.4 Laplace’s method

Many special-function integrals have the form
b
I(?L)zf MW y(t)dt, A — 400, (2.3)
a

with ¢ real-valued on [a, b]. The exponential e*® concentrates near the maximum of ¢; away

from that point it is exponentially smaller. Thus only a small neighborhood of the maximum

matters, and there ¢ is well approximated by a quadratic. The remaining integral is Gaussian.
Before stating the theorem we record the Gaussian integral we will use repeatedly.

Lemma 2.10 (Gaussian integral). For a > 0,

2 21
f W2 gy =\ 25, 2.4

—o0 a

Proof. Denote the integral by I. Then

o o
?= f e_auz/zduj eV 24y = ff W2 gy 4y,
—00 —00 R2
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Switch to polar coordinates u = rcos 8, v = r sin 8, with Jacobian dudv = rdr d6:

21 oo e}
2 2
Izzf J e " /2rdrd9=27rf re o /2dr,
o Jo 0

The remaining integral evaluates via w = ar?/2, dw = ardr:

oo (e ]
1 1
f re_“rz/zdr=—f e dw=—.
0 @ Jo a

Hence [?> =27/a, i.e. I = v/21/a. O

Theorem 2.11 (Laplace). Let ¢ € C3[a, b] (thrice continuously differentiable) be real-valued,
Y € Cla, b] (continuous), and suppose ¢ attains its maximum on [a, b] at a unique interior
point ty € (a, b), with ¢"(ty) < 0 and (ty) # 0. Then, as A — +00,

- Apleo)y| 2T
I(A) ~ (ty) ety YN (2.5)

Proof. Abbreviate ¢y = ¢(tg), ¢y = ¢”'(ty) < 0. The strategy: (i) localize to a shrinking
neighborhood of t, (ii) Taylor-expand to quadratic order with controlled cubic error, (iii)
change variable to standardize the Gaussian, (iv) extend the limits to +o0.

Step 1 (localization). Choose 6(A) = A2/5 (any power between —1/2 and —1/3 works;
the choice is not unique). We split

)= J MOyt de + f MOy(t)de.
[t—to|<b [t—to|=6, tela,b]

I I

Outside the shrinking window, ¢ (t) < ¢ — c52 for some ¢ > 0 (because t, is a strict interior
maximum with ¢”/(t,) < 0, and ¢ € C*): indeed the quadratic Taylor bound gives ¢ (t) <
b0 — %|¢2|(t —to)? on a fixed neighborhood, and ¢ stays bounded away from ¢, on the
complement by continuity. Hence

L] < [ lloo (b — a) 290 =45 = ¢2%0. o(e=<*'"),

using 162 = A5 — oo. So I, is exponentially smaller than the target (2.5) (which is
polynomial in A™!) and may be discarded.
Step 2 (Taylor expansion on the window). On |t — ty| < &, Taylor’s theorem with remainder
gives
$(0)= o+ 3¢t —10)> +7(t),  |r(O) < gl lloolt —tol*. (2.6)
For |t —to] < &6 = A7%/>, Ar(t)] < CA8% = CA™Y5 - 0. Thus e*(® = 1+ O(A7/>) uniformly
on the window. Since ) is continuous on the compact interval [a, b], its modulus of continuity

wy(p) =sup{[y(t) =y(s)l : [t—s[ < p, t,s €[a,b]}

measures the largest possible change in 1 between two points no farther than p apart. Here
sup means the supremum, or least upper bound. Continuity on the compact interval implies
wy(p) — 0as p — 0. Hence (t) = Y(t) + O(w,,(5)) uniformly on [t —t,| < 5. Therefore

I = M4 (to) + 0o (8)][ 1+ 0(A~/%)] J R g,

[t—tol<b
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Step 3 (rescale and extend). Substitute u = (t —ty)+/ —A¢, (recall ¢, < 0, so the square root
is real positive), du = 4/—A¢,dt. Then %(t —t0)? = —u?/2, and the window |t —t,| < §
becomes |u| < §/—A¢py = +/—p, A1/ — co. The Gaussian tail outside this window is
O(e_dl/s), again negligible. Hence

Agy 2 1 2 1/5

222 (t—ty) _ J —u®/2 —cA

e 2 dt = —— e du+0(e ).
ﬁt—t0|<5 V—APs J o

By Lem. 2.10 with a = 1, the u-integral equals v 2.
Step 4 (assemble). Collecting,

21
—Ady

which is (2.5). If 1 has additional smoothness, the o(1) may be sharpened to a power

of A71; carrying the Taylor expansion further produces the full asymptotic series (1) ~

eAdJo Z c A—n—l/Z O
n=0"n :

IA) =1, + I, =(ty) et

[1+0(1)],

Remark 2.12 (Role of the shrinking window). The choice § = A~2/% balances two requirements:
83 — 0 controls the cubic Taylor error, while VA5 — 00 lets the Gaussian window expand to
the real line.

Example 2.13 (Stirling, real x — ©0). For this example use Euler’s factorial integral
oo
I'(x+1) ::J t¥e tdt, x> 0.
0

Section 3 studies this integral systematically as the Gamma function; here we only need the integral
representation. Substitute t = xs, dt = x ds:

oo

oo
I'(x+ 1) = f (xs)xe—xs xds = xx+1J ex(lns—s) ds.
0 0

Set p(s)=Ins—s,p =1, A=x. Then ¢p’(s)=1/s—1=0ats,=1; ¢p(1)=—1; ¢p”(s) =—1/s%,
so ¢”(1) = —1. Laplace (Thm. 2.11) gives

co
ex(lns—s) ds ~ e—x\ 2_7-5
0 x’

2r
I(x+1)~x¥tle™ \| — = v2mxx*e ™.
x

and therefore

Why it is legitimate to use the finite-interval theorem on (0, 00). The theorem was stated on a
closed interval [a, b]. Here the same localization proof applies after splitting (0, 00) into a fixed
small neighborhood of s = 1 and its complement. On the complement, there is an 1 > 0 such that
Ins—s <—1—mn, and as s = 0" or s —» 00 the quantity Ins —s tends to —oo. Those two facts
make the tails exponentially smaller than the Gaussian contribution from s = 1.
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2.5 Stationary phase

When the exponent is purely imaginary, the magnitude does not concentrate. Instead, fast
oscillation causes cancellation. The main contributions come from stationary points of the
phase, where the derivative vanishes and nearby oscillations stay coherent long enough to
matter.

Theorem 2.14 (Stationary phase). Let ¢ € C3[a, b] be real, 1) € C![a, b] with compact support
in (a,b) (so Y is zero outside some closed subinterval of (a, b)), and suppose ¢ has a unique
interior stationary point t, € (a, b) with ¢’(ty) =0, ¢”(to) # 0, and v (t,y) # 0. Then

b
. . 27 .
iAp(t) iAp(tg) inoc/4
e Y(t)dt ~ YP(ty)e O\ ———e , A—+00, 2.7)
L ° J A" (to)

where o = sgn ¢’ (t,) € {+1,—1} is the sign function (sgn(x) =+1if x >0, —1 if x <0).

If Y(ty) = O, the displayed leading coefficient vanishes and the symbol ~ is no longer
correct as written. In that degenerate case one expands 1 further; the first nonzero derivative
of ¢ at ty determines the new leading power of A.

Proof. We mirror the four-step structure of Thm. 2.11.

Step 1 (non-stationary-phase decay away from ty). Let yo € C°(R) be a smooth cutoff
function, where C>°(R) denotes the space of infinitely differentiable functions with compact
support. Choose y, so that yo =1on[—1/2,1/2] and yy =0 outside [—1,1], with0 < y, <1
everywhere. Define the rescaled cutoff y5(t) := yo((t —ty)/5) with § = §(1) = A7%/>; this
localizes the integral to a window of width 26 around ¢, that shrinks as A — oo. Split

b
I(A) := J MWy () dt = J e ysdt + J e (1 — y5)dt.

No explicit formula for y, is needed: one may start with a piecewise polynomial plateau
and smooth the two corners. The only properties used below are compact support, bounded
derivatives, and the two values 1 near 0 and 0 away from 0. On supp(1 — ys), [t —to| = &/2.
Since ¢’(ty) =0 and ¢”(t,) # 0, the mean value theorem gives |¢’(t)| = ¢ on the annulus
6/2 < |t —ty| < m for some fixed 1 > 0; on the rest of supp ), continuity and the uniqueness
of the stationary point give |¢’(t)| = ¢, > 0. Hence |¢’(t)| = c& everywhere on supp(1— y5).
Where ¢’ # 0, the chain rule gives %ei’w’m = idg’(t)e**(D) 50 M = ild},(t)%ei’w — the
standard “oscillatory-integral trick” that exchanges one factor of the large parameter A for
one derivative of the slowly varying part. Integrate by parts once with u =y)(1— y5)/¢’ and
dv = %eiw dt/(iA), using compact support of 1(1— y5) so that boundary terms vanish:

felwz/z(l—xa)dt:—%felw G0dt, ay(t) = w(t)(q[),(t?)‘ﬁ(t)).

Because 5 =0(671), |¢'| > ¢6, and ¢”,1,1)” are bounded on [a, b], we have f la’ (t)ldt =
0(671). Therefore

J (1= z5)de = 0 55 ) =00 =o(a 1),

which is already smaller than the leading stationary-phase term. The same estimate also
controls the transition annulus 6/2 < |t — ty| < &, where the smooth cutoff changes from 1 to
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0. Thus replacing the cutoff-localized integral by the sharp local window |t — ty| < & changes
only the lower-order error.
Step 2 (Taylor expansion on the window). On |t — ty| < &, Taylor:

P(t) =+ %¢2(t —to)+ %¢”/(§(f))(f —to)?, $o=¢(to), ¢2=0"(t0).

Since § = A72/5, 183 = A71/5 - 0; hence

elAP(1) — piddo HiAdy(t—t0)?/2 [1+ 0(1—1/5)]

uniformly on |t —to| < §. Also (t) = (ty) + O(6) because ) € C'[a,b]. Substitute

u=(t—ty)vV/Alpol, du= v/Alp,|dt, and set L := 6 /A[¢p5] = v/, A1/1°. Then

) t idpg )
f elld),l’b dt = Tl’( 0)€ elau2/2 du[l + O(A—I/S)]’
[t—tgl<b

VA$al  Jju<e

where o = sgn ¢,.

Step 3 (remove the cutoff in u). The Fresnel integral is only conditionally convergent,
meaning it converges because of oscillatory cancellation rather than absolute integrability.
Therefore the tail estimate should be understood as an improper oscillatory estimate, i.e. a limit
of finite-interval integrals. For N > M > L, integration by parts on the finite interval [M, N ]

gives
u=N

N s 2 N ;.2
w2 elou /2 elou /2
e du=|— + — du.
Iy iou ],y Ju iou

The right side is O(M™!), uniformly in N. Thus the tails are Cauchy, the improper tail from L
to infinity exists, and its size is O(L™!). The same bound holds on (—oo,—L]. Hence

oo o
f elow’/2 gy =J 02 gy + o(L ™) :f el0U/2 qy + O(A~1/10),
lu|<L

—0Q —0Q

Step 4 (Fresnel integral). The identity we need is

(o]
J 0w 2 4y = /o elom/4 oe€{+1,—1}. (2.8)
—00
We prove this for o = +1; the o0 = —1 case follows by conjugation.
Proof of Fresnel. Consider the contour integral _ter =2 dz = 0, where Ty is a pie-slice

contour: (i) real segment z = u € [0,R], (ii) arc z =Re'®, 8 € [0, /4], (iii) return along the
ray z = rel™*, r from R to 0. The integrand is entire, so the integral vanishes by Cauchy’s
theorem (Thm. 1.10).

Arc vanishes. On the arc, z> = R%e%%, so iz%/2 = (iR?/2)(cos 20 + isin20), Re(iz?/2) =
—(R?/2)sin26. For O € [0, /4], the angle 26 lies in [0, 7r/2]. Concavity of sin on this interval
puts the graph above the chord from (0, 0) to (7t/2, 1), hence

sin(20) > E(29) = ﬁ
T i

22 2 .
Therefore |e* /2| < e~k /™0 jordan-type estimate:

n/4 /4 T
f eizz/Z.l’Reie do SRJ e_(sz/n)edQ = ﬁ(l—e_RZ/Z)HO’ R — oo.
0 0

37



Mathematical Physics Notes

/4 22 = r2i™/2 = {12 50 iz2/2 = —r2/2 (real negative!).

Ray contribution. On z = re

dz = e'™*dr. Hence o
_f e—r2/2 A ein/4 dr = _eiﬁ/4 /TE/Z,
0

where the sign is — because the ray is traversed from R back to 0, i.e. in the opposite sense of
increasing r; and fooo e 12qr = v/ 7/2 by Lem. 2.10.
Summing the three pieces of I; and sending R — oo:

o0
J 12 qy 4 0 — /4 n/2=0,
0

so |, Ooo ei’/2dy = ¢i™/4 /1 /2. Doubling by symmetry (u — —u leaves the integrand fixed):

f_ozo e’ /2dy = /27 ei™/4 which is (2.8) for o = +1. For o = —1, rotate in the opposite sector

0 € [—m/4,0] to get e™/*4/271, or take the complex conjugate of the o = +1 case.
Combining Steps 1-3 with (2.8) yields (2.7). O

ion/4 tin/4

Remark 2.15 (Sign interpretation). The factor e ,and a

maximum gives e \"/4,

is a phase: a minimum gives e

2.6 Steepest descent

Laplace’s method handles real exponents; stationary phase handles imaginary exponents.
Steepest descent combines both ideas. For a complex exponent Af (z), deform the contour so the
phase of Af is constant and Re f decreases as fast as possible away from the relevant saddle.
On that contour the integral behaves like a Laplace integral.

2.6.1 Setup and saddle geometry

Consider

)= J M g(2)dz, (2.9)
Y

with f, g holomorphic on a region containing y and A — +o00 real. Write f(z) = u(x,y) +
iv(x,y). The integrand has magnitude |g|e*" and phase Av +argg.

A saddle point of f is a point z5 with f’(z,) = 0. It is simple if f”'(z,) # 0, so the quadratic
term is the first nonzero term in the Taylor expansion. The word “saddle” is literal for the
surface u = Re f: near a simple saddle, some directions make u increase and other directions
make u decrease. For example, if f(z) = 2% and z = x + iy, then u = x? — y2, which rises in
the x-direction and falls in the y-direction.

By Cauchy’s theorem (Thm. 1.10), we are free to deform y within the domain of holomorphy
(keeping endpoints fixed, or the contour closed). We seek a deformation y* on which

1. v is constant along y* (the integrand does not oscillate), and
2. u decreases as fast as possible away from its maximum along y*.

Proposition 2.16 (Steepest descent paths). Let z, be a simple saddle of f: f'(z,) = 0 and
f”(20) # 0. Then through z, there pass two curves of constant v =Im f, meeting at right angles.
On one, u = Re f attains a local maximum at 2z, (the steepest-descent path y,4); on the other; a
local minimum (steepest-ascent).
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Proof. Since f is holomorphic, u and v are harmonic conjugates (Cor. 1.4); writing out Cauchy—
Riemann (Thm. 1.3), Vu = (u,,u,) = (v,,—vy), so Vu-Vv = vyv, +(—v,)v, = 0 and
|Vul? = v}z, + vf = |Vv|? everywhere f’ # 0. A curve of constant v has tangent perpendicular
to Vv (level curves are perpendicular to the gradient). Combined with Vu L Vv, the tangent
is parallel to Vu. Along the curve, u therefore changes at the fastest possible rate — this is
what “steepest” means.

Near 2z, expand

F(@)=f(20) + 3" (20)(z —20)* + O((z — 29)°). (2.10)
Let B =arg f” (o), so f"(20) = |f "(z0)| . Set z—zy =re'®. Then
F&) = f(20) = 3 If "(z0)| r? P29+ 0(r). (2.11)
Im(f — f(zp)) vanishes to leading order when sin(8 +26) = 0, i.e. when
p+20=0 or m (mod2n).
These are the two constant-v directions, separated by the angle /2. Along them,
Re(f — f(20)) = £31f " (z0)Ir?,
with the plus sign for  + 260 = 0 (ascent) and the minus sign for  + 26 = 7 (descent). O

Define the steepest-descent angle 6, by

20+ p =m (mod 27), ie. 0y = n;/& (mod 7). (2.12)

(Two choices 6, and 0, + 7 give opposite rays along the same line; the contour orientation
selects one.)

The 2D saddle picture. Near a simple saddle z,, (2.11) gives four distinguished directions:

* Two rays where Im(f — f(27)) = 0 and Re(f — f(2g)) < O (steepest descent): angles 6,
and 6, + 7.

* Two rays where Im(f — f(z,)) = 0 and Re(f — f(27)) > O (steepest ascent): angles
Oy + m/2 and 6y + 37/2.

* These four rays divide the neighborhood into four sectors. Two opposite sectors (centered
on the descent rays) have u < u(z,) and are the local valleys. The other two (centered on
the ascent rays) have u > u(z,) and are the local hills.

The relevant saddle is determined globally: the contour must be deformable through that
saddle without crossing singularities, and its endpoints must lie in descent valleys connected to
it. If two saddles merge, the quadratic model is replaced by a cubic one; this is where the Airy
function enters.
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2.6.2 The leading-order formula

Theorem 2.17 (Steepest descent, leading order). Suppose y may be deformed (without crossing
singularities of f or g) to a contour y¢ that passes through a single simple saddle z, is tangent
there to the steepest-descent direction 6, of (2.12), and satisfies Re(f (z) — f(29)) < —c < 0on
Y sq outside some neighborhood of z,. Then as A — +00,

N M) 4| 2T
I(A) ~ g(zo)e 3G (2.13)

where the square root is defined as /21 /(=Af"(z)) = e'% /21 /(A" (2o)]). Equivalently,

1) ~ Af (20) ieo\lz—n. 914
(A) ~ g(zp)e e Aol (2.14)

Proof. Choose a smooth parameter s on y,q with s = 0 at z, and positive tangent e'% there.
Then

2(s) =zo +se® +0(s?),  dz=e%[1+0(s)]ds.

Insert this into the local expansion (2.11). By the defining relation (2.12), 8 +26, = n
(mod 2m), so

(&)= f(20) = =31 "(z0)ls* + O(*). (2.15)
The exponent is now real and negative along y.q — this is the whole point of the construction.
Choose 6 = A~2/5 and split the contour into the local window |s| < & and its complement. On
the window, (2.15) gives

MG @)l g(5(5)) dz = e_%lfﬂ(z‘))lsz[g(zo) +0(s)][1+0(2s®) Jei ds,

where the 0(153) term comes from exponentiating the cubic remainder in (2.15). This error is

-1/5

uniform on |s| < & because 163 = A — 0. Therefore

I(A) = e (=) eieOJ e 2GS g(z9) + 0(s)][1 + O(As®) ] ds
|s|<&
+ eM G0 O(eh0),
The second term is exponentially small because Re(f(z) — f(29)) < —c < 0 off the local
neighborhood, and on the local steepest-descent arc one also has Re(f(z) — f (2)) < —¢|s|? <
—c’82 once |s| = 6. Extending the Gaussian integral from |s| < § to R therefore costs only
another O(e_‘fll/s) term, exactly as in the Laplace proof. Applying Lem. 2.10 with a = A|f”(z,)|

gives /21 /(Alf"(z0)l), so
: 21
~ Af (o) ,16g
1) ~ gla)eH e\ 2,
which is (2.14).

Branch of the square root. The compact formula (2.13) uses the branch

V=rf"(z0) = If"(z0)l 7%, (2.16)

o)
1 e
V=F"(z0)  VIf"(2)l
This is a chosen branch dictated by the steepest-descent direction 6; in general it is not the
principal square root (which uses argw € (—mn, 7] on w = —f”(2,) and can disagree by a sign).
The polar form (2.14) is usually the safer one to compute from. O
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Remark 2.18 (What the formula says). The leading term is the saddle value erM (ZO), times the
Gaussian width from f”(z,), times the orientation phase e'%. If 6, = 0, the formula reduces to
ordinary Laplace behavior.

2.6.3 Recipe
1. Locate saddles. Solve f'(z) = 0.

2. Connectivity. Sketch level curves of u = Re f near each saddle; identify valleys (u —
—o0) and hills (u — +00). Determine which saddles are relevant: only saddles con-
nected by constant-v descent paths to the endpoints of y contribute.

3. Deform. Move y onto the union of steepest-descent paths through the dominant saddles,
by Cauchy’s theorem (Thm. 1.10). Legality: no singularities of f or g crossed (otherwise
pick up residues via Thm. 1.25).

4. Local Gaussian. Apply (2.13) at each contributing saddle; sum contributions.

5. Subleading. Further terms come from higher Taylor coefficients of f and g at z,, yielding
an asymptotic series in 1/A.

Figure 5: Level curves of Re(f — f(z,)) near a simple saddle of f. The steepest-descent
contour (solid) passes through the saddle in the direction where Re f decreases fastest; the
steepest-ascent direction (dashed) is orthogonal. The two valleys (shaded) are the regions
where Re f — —o0; contour deformations for Laplace-type integrals end in valleys.

2.6.4 Hankel-like contour trick

A recurring tactic: if poles or branch cuts lie on the real axis, tilt the contour into the complex
plane. The new path must avoid singularities, end in descent valleys, and be equivalent by
Cauchy’s theorem. The Hankel contour around (—o0, 0] is the standard example; the jump
across its two banks turns a contour integral into a real Laplace integral.
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2.6.5 Worked example: Laplace transforms with complex poles

Before Stirling, consider a simpler example showing how poles of g(z) affect coefficients. Let

©o —At
IA) = © —dt, A-—+00, a> 0 fixed.
o a*+t2

The exponent ¢(t) = —t is monotone on (0, 00), decreasing; the maximum is at the left
endpoint t = 0, and it is not a saddle in the standard sense (Thm. 2.11 does not apply). The
power series of (a? + t2)™! only converges for |t| < a, so we do not integrate an infinite Taylor
series out to t = 00. Instead, use the finite geometric identity with x = (t/a)?:

(_1)N+1 t2N+2

a2+t2 Z( Un( )”+m.

Integrating term by term is now legitimate because the sum is finite, and fo t2e Mdt =
(2n)t/ A2+

10)=—= Z % +Ry(N). (2.17)

The remainder is explicit:

Ry(A) = dt,

2N+2 a2 + t2

( 1)N+1J°° t2N+2e—/lt

SO

1 = 2N+2 —At (2N+2)!
IRy(A)| < a2N+4f e dt = N

For each fixed N this is O(A™2V72), so

100~ 1/1[1_ 21 4! }

@2 (@)t

The series diverges for every A because the Laplace moments grow factorially. The poles of
g(2) = 1/(a® + 2?) at z = £ia determine the coefficient growth. In Borel form (Problem 2.16),
the corresponding transform is

( 1)T‘l Zn_ 1
ftw )_Z q2n+2 T a2+ w2’

where the “Borel form” is only a bookkeeping device: divide the factorially growing coefficient
(2n)! by the corresponding Laplace moment to expose the nearest singularities in the new
variable w. Problem 2.16 returns to this idea systematically. The singularities at w = %ia record
the poles of the prefactor.

Off-contour poles shape the coefficients; crossed poles contribute residues (Thm. 1.25).

2.6.6 Worked example: a logarithmic saddle on the positive axis

The phase f(s) = logs —s is the simplest example in which the real contour already passes
through a simple saddle, while the holomorphic continuation naturally lives on a slit plane.
Consider

(o]
(L) = f e Mlogs—s) ds, A — +00. (2.18)
0
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Promote s to a complex variable ¢ and keep the principal branch of log { on C\ (—o0, 0]. Then

F(O) =logl—1, f’(6)=%—1, f”(C)——?

The unique saddle is at {, = 1, with
fM=-1,  fray=-1

Since arg f”/(1) = m, the steepest-descent direction is 6, = (7t — )/2 = 0, so the positive real
axis already crosses the saddle in the correct direction. Both endpoints lie in valleys:

f(s)=1logs—s ——o00 ass— 0" ors — +oo.

Hence Thm. 2.17 applies directly with g = 1 and parameter A, giving

27'5

I(A) ~ oM (1,160 )
J A

1) ~ e\ 27“ 2= +00.

This is the local saddle geometry behind Stirling’s formula.

So

2.6.7 Worked example: Airy asymptotics for x — 400

Model geometry. The cubic f(s) = s3/3 —s has saddles at s = +1 and three decay valleys.
Rescaling s — s+4/x reduces the Airy problem to this same two-saddle picture.
Real-form definition. The standard Airy function is

. 1 (% t3
Ai(x)=— cos| — +xt |dt, x €R. (2.19)
T Jo 3

For x > 0, the phase t3/3 + xt is strictly increasing, so there is no real stationary point and a
contour deformation is needed to see the decay rate.

Passing to a contour integral. Write cos = Re(e'-) and use the contour form with real saddles
when x > 0. Starting from

COS(t3/3 +xt)= %(ei(t3/3+xt) + e—i(t3/3+xt)))

handle the two exponentials separately, keeping orientation visible. For

oo
I, = J (63 /3+x1) dt,
0

put t =is. Then dt =ids, i(t3/3) =s3/3, and ixt = —xs. As t runs from O to +00 on the
real axis, s = —it runs from 0 to —i 00, so

—ioo 0
. 39 . 3 /a0
I+=lJ es /3 ’“dsz—lJ s /37 gs.
0 —i0o

The ray —ioo lies on the boundary of the lower decay sector V_ = (—n/2,—m/6) (where
Re(s) = 0, so the integral converges only conditionally), and it may be rotated strictly into
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the interior, e.g. to the standard lower ray ocoe , by Cauchy’s theorem plus the quarter-arc
decay estimate in Problem 2.6. Thus I, supplies the lower branch of the Airy contour, oriented
from coe /3 to 0, with prefactor —i.

For

—im/3

o0
[ = J e—i(t3/3+xt) dt
0

put t = —is. Then dt = —ids, —i(t3/3) =s3/3, and —ixt = —xs. Now s = it runs from O to

+i00, so
ioco
I_= —if e’ /37xs s
0

Rotating ico to the standard upper ray ooe!™/3 gives the upper branch from 0 to coel™/3,

again with prefactor —i. Therefore

i([ +1 ) — _L 653/3—x5 ds = L 653/3—xs ds
2 T T 2w, 2mi |, ’
where C is oriented from coe™"/3 to coe!™/3, The sign is worth checking once: the lower

—im/3 in/3

piece runs from ooe to 0, the upper piece runs from 0 to coe'™*, so they concatenate in
the positive orientation of C; the scalar identity —i/(27t) = 1/(27i) gives the final prefactor.

This gives

1
Ai(x) = — f es’ /378 s, (2.20)
2ri J,
where C runs from coe /3 to 0oe!™? through sectors where Re(s®) — —o0. Since Re(s®) =

r3cos3¢ for s = rel?, the valley wedges are
V,:=(n/6,1/2), V_:=(—n/2,—71/6), Viet := (57/6,77/6).

The contour C enters from V_ and exits through V.
Saddles. Set f(s)=s3/3—xs. Then

fle)=s*—x,  f'G)=2s, f"(s)=2.

For x > 0, the saddles are s, = +4/x, with

3/2 3/2
f(ﬁ):xT—x x:—2x3 , (2.21)
3/2 3/2
VR = xvi = 2x3 _ (2.22)

Only ++/x contributes to Ai(x): it connects to the endpoint wedges V.. The saddle —y/x
connects to Vi and corresponds to the growing companion solution.
Steepest-descent direction at s, = 4/x. Here 3 = arg f”(4/x) =0, so (2.12) gives 0, = 7/2:
the steepest-descent path is vertical. Writing s = v/x + io,
(Vx+io)® =x%2+3ixoc—3v/x0%—ioc®,

. 3/2 . .o3
%(ﬁ+10)3 =X tixo—vxo?—i%.

Subtracting x(v/x +io) gives

F(Wx+io)=—22"_ /xo2—i%. (2.23)
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So along the steepest-descent contour the real part is —2x3/2/3 — y/x 02, maximized at the
saddle and decreasing quadratically away from it.

Apply Thm. 2.17. Scale s = x*/?u, so A = x3/? and f(u) = u®/3 — u has saddle u, = 1 with
f(1)=-2/3, (1) = 2. Then

f ef6) 4 = x1/2f MW gy
C c’/

~ 12 g—24/3 4im/27 2_; iR M2

Dividing by 27i from (2.20),

1
Ai(x) ~ m x 14 exp(—%xs/z) , X — +00. (2.29)

The phase ¢'% =i cancels the i in 1/(2mi), leaving a positive real answer.

Remark 2.19 (Sign/phase check). The es’/3—xs form is chosen only to make the contributing
saddle real and the sign of f (sy) visible.

2.6.8 Worked example: Airy asymptotics for x — —o0

We now treat the oscillatory regime. Two saddles contribute, and their phases interfere.
Start from a real representation. Writing x = —y with y > 0,

1 o s3 1 i 3
Ai(—y)=— J cos(g —ys) ds = o J el°/37y9) g (2.25)
n 0 T —00

because the sine part is odd and integrates to zero on the full line.
Saddles. Let f(s) =i(s3/3—ys). Then f’(s) = i(s?> — y), so the saddles are

S:I:::l:\/_J

and
fs) =21y,  f'(s2)=-2iY, Il =24y,

Their values are

2i 3/2

fl)=="2—, (2.26)
93/2

flso)= l“; . (2.27)

Set a = %yB/Z.

Steepest-descent directions. From (2.12),
n—n/2 T

b=~ =7 6O

_ n—(—m/2) _3n
B 2 47

Pushing the real contour into the upper half-plane, the deformed contour crosses s_ along the
opposite ray of its descent line and crosses s, along its standard descent ray:

ats, : tangent = e!™*4; ats_: tangent = e /4 = (l37/4+m), (2.28)
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This orientation makes the two terms conjugate.
Saddle contributions. The Gaussian width at either saddle is

21

m = \/Ey_l/4 =: A
Therefore
T, = ef Gideim/4p = peiln/4=a) (2.29)
T_=ef 6744 = pel@m/4) =T, (2.30)
So

T, + T_=2Acos(a—m/4).

Returning to (2.25),

. 1
Ai(—y) ~ ﬁy Vdcos(3y*2—2),  y—+oo. (2.31)

2.6.9 First correction for the logarithmic saddle

We now compute the first correction to (2.18):

1=\ (14 2 +007D), Ao (232)

Step 1: local Taylor expansion. Write s = 1+ w. Since

w2 wd owt
log(1+w)=w——+——— +0(w®),
og(l+w)=w 2 3 2 (w?)

we obtain

fQ+w)=log(1+w)—1—w

w2 w owt
W Y o), 2.33
~t3 7 (w”) (2.33)

Step 2: scale to the Gaussian window. Put u = vAw, sow =u/+/A and dw = du/+/A. Then
2 3

4

u u u
Af(L4w)=—A——+ ——— —
f(+w) RV

uniformly on the Laplace window |u| < A}/!°. Exponentiating,

+0(A732(1 + [ul®)),

A (W) — =2 pm%/2 [1 + o .1 (—u—4 + u—6) +0(A732(1 + |u|9))] (2.34)
3VA A ' '

Step 3: integrate term by term. Replacing the truncated window by R costs only an expo-
nentially small error, so

- oo

IA) = ¢ e u/2 [1 +—+ 1 (—“—4 + ”—6)] du+0(e*172). (2.35)
VA ) oo 3J4 A\ 4 18
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The odd term integrates to zero. Using

[e%S) oo oo
f e /2 du = V2, J ute /% du = 3+/2, J ube /2 du = 15v/27,
—00 —00

—00
where the even moments follow from the recurrence

oo
M2j = J uzje_uz/z du= (2] — 1)M2j—2

—00

obtained by integrating uzj_l(—e_“z/ 2Y by parts. Thus M, = 3M, = 3v/27 and Mg = 5M, =
15+/27. The coefficient of A7} is

1 1 3
__.3+—.15:—_
4 18 4

Substituting back gives (2.32).

Remark 2.20 (Higher orders). Continuing the expansion produces

o 1 1 139
I(A) ~e™ —(1+ + — +)
(A)~e J A 122 ' 28812 51840 A3

After reduction to a Gaussian window, later coefficients are Gaussian moments of explicit polyno-
mials.

2.6.10 Worked example: opening the half-line by a logarithm
Consider

I(A)=J exp(—A(t+ 1)) % A — +o00.
0

Although the integrand is real and positive on (0, 00), the substitution t = e¢" opens the
multiplicative half-line into the full real line:

()
I()L) — J e—Zlcoshw dw.

—0Q

Now ¢(w) = —2coshw has a unique interior maximum at w = 0, with ¢(0) = —2 and
¢"(0) = —2. Laplace’s method gives

27 T
() ~e \J o2 Vaf

The change of variables turns a multiplicative saddle in t into an ordinary Gaussian saddle in
w=logt.

2.6.11 Worked example: a cubic turning-point model

When two simple saddles merge, the quadratic approximation vanishes and the local normal
form becomes cubic. A clean model is

oo
c(A) = f e M6, A — +oo. (2.36)
0
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The natural rescaling is @ = O(A~1/3): set

1/3 1/3
u=(&) 0, d9=(%) du.
2 A

1/3
Cc(A) = (E) J e /3 gy,
A 0

Rotate the ray tou =re . This contour deformation is legal because the integrand e
is entire and the connecting arc has vanishing contribution by the same Jordan-type estimate
used in the Fresnel proof. Since u® = —ir3 there, we get

_ 1/3 [0
C(A) = e~im/6 (E) J e B dr. (2.37)
A 0

Then

—in/6 —iu®/3

Two features matter.
* The width of the contributing neighborhood is A7/3, not A~1/2.

* The leading constant comes from a fixed cubic model integral, independent of the original
problem once the local phase has been normalized.

Taking real parts in (2.37) gives

*° oNI/3 [
J COS(AOB/6)d9 ~ Cos(n/6)(i) J e’ /3 dr.
0 0

More generally, if the local phase has the form ®(0) = 62/6 + 0(6°), then the next term
contributes 10° = O(A%/3) on the cubic scale § = O(A~/3), which is why cubic turning-point
expansions advance in powers of A72/3,

2.6.12 Worked example: two stationary points and interference

When the phase has two distinct nondegenerate stationary points on the contour (meaning
¢’ =0 and ¢” # 0 at each point), each contributes a Gaussian packet and the leading term is
their sum. The simplest model is

K(A) = f Mg A - too. (2.38)

—00

Because the interval is unbounded, read this as an oscillatory improper integral: one may first
insert a smooth cutoff and then let the cutoff expand, or insert a small damping factor and
remove it at the end. Away from neighborhoods of t = +1, the derivative ¢’(t) = t> — 1 does
not vanish, so integration by parts makes the non-stationary pieces smaller than the leading

A~1/2 terms. Set ,

t
¢(O)=5-t  O=0-1  ¢"(O=2t
The stationary points are
2

ty ==+1, ¢(t+)=—§’ pt)=3 P"(t)=2, ¢"(t)=—-2.
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Applying stationary phase at the two saddles gives

A

. T .
T = eZlA/B had e—lTE/4.
V 2
These are complex conjugates, so

T 20 @
KA)~T, +T_= 2\/;cos(? - Z)

Paired saddles often combine into a real cosine, with the same 7t/4 phase shift from Thm. 2.14.

_9i T ;
T+ —e 2iA/3 el7‘E/4,

2.6.13 Worked example: a Hankel contour model

To illustrate the contour trick from Section 2.6.4, fix a € C with Rea < 1 and consider

1
H(a) = Z_TU_J et ™ dt, (2.39)
H

where H is the standard Hankel contour around the cut (—00,0], and t ™% = e~®1°¢¢ is taken
on the principal branch.
—a ina.

Evaluate piece by piece. On the lower bank t = —r —i0, so t™% = r~%¢'™*; on the upper
bank t = —r +1i0, so t— % = r~%e '™, The small circle about O vanishes as p — 0" because

Rea < 1. Hence
oo oo
f elt ™ dt = e”wJ e Tr %dr— e_l”"‘f e "r %dr
H 0 0

o0
= 2isin(na)f e 'r%dr.
0

The signs come from orientation. On the lower bank the contour travels from —oo toward
0, so r decreases from oo to p and dt = —dr, turning the integral into + f poo. On the upper
bank the contour returns from 0 to —00, so r increases from p to 0o while again dt = —dr,
giving the minus sign. Therefore

sin(ma)
i

H(a) =

oo
J e 'r%dr, Rea < 1.
0

The jump of t™¢ across the cut has turned the contour integral into a real Laplace integral. In
Section 3 this becomes the reciprocal-Gamma formula.
2.6.14 Relation to the WKB approximation (brief)

The WKB (Wentzel-Kramers-Brillouin) approximation for the Schrédinger equation

—t1p" () + V()9 (x) = Eyp(x)

has oscillatory solutions when E > V(x) and exponential solutions when E < V(x). At a turning
point E =V, the Gaussian approximation fails and the local model is Airy. This is the same
saddle-coalescence mechanism as Section 2.6.11; the matching between (2.24) and (2.31) is
the WKB connection formula in asymptotic form.
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2.7 Summary of asymptotic toolkit

Given fexf(z)g(z) dz with A — +o00:

* f real on a real interval, interior maximum: Laplace (Thm. 2.11). Leading term:

M)y | 2T
g(tg)e AF(ty)

» f =i¢ with ¢ real: stationary phase (Thm. 2.14). Same form with phase e™/4,

* f complex, contour deformable through a simple saddle: steepest descent (Thm. 2.17).
Locate, deform, evaluate.

* Two saddles coalesce: cubic local model, Airy integral, width A~/3 (Section 2.6.11).

* Higher coalescence f®) # 0, f) = 0 for j < k: width A/, with a leading constant
supplied by a universal model integral (Problem 2.15).

* Endpoint maximum with nonzero slope: expand the prefactor or integrate by parts.
Leading size O(1/A) (see Section 2.6.5).

* Endpoint maximum with quadratic tangency: half of a Gaussian window survives, so the
leading size is O(A~/2) (Problem 2.9).

Principle: scale near the contributing point, reduce to a Gaussian or Airy model, and integrate the
model. Subleading corrections are Gaussian moments against polynomials, as in Section 2.6.9.

Exercises
Problem 2.1. Let f, g be entire with f(1/n) = g(1/n) for all n € N54. Prove f = g on C.

Problem 2.2. Show that the series Zsio 22" converges on |z| < 1 but cannot be analytically
continued to any open set containing a point of the unit circle. The name Hadamard gap theorem
refers to the general theorem behind this example: power series with rapidly growing exponent
gaps can have a natural boundary, meaning a boundary across which no analytic continuation
is possible. Hint: use the functional equation f(z) =z + f (%) and induct along dyadic roots of
unity.

oo

dt
Problem 2.3. Derive the first two terms of the asymptotic expansion of F(A) = f —Aet Tt
0

as A — +00. (The maximum of —t2 on [0, 00) is at the boundary t = 0; Taylor-expand 1/(1+t)
rather than the exponent.)

Problem 2.4. Use stationary phase (Thm. 2.14) to derive the leading asymptotics of Jo(A) =
1 Y

—J cos(AsinB)d6O as A — +o0o. Identify the stationary point and sum the two complex-
T

0
conjugate contributions coming from the cosine. The endpoints are non-stationary, so their
contributions are lower order after integration by parts. Recover Jy(A) ~ 4/2/(nA) cos(A — 1t /4).
(o]

Problem 2.5. Apply steepest descent to I(A) = J e M1 4t qs A — +o0. The phase has

—0Q0
stationary points at t = —1,0, 1; show that t = +1 are the two dominant maxima and that the
contribution from t = 0 is exponentially smaller. Compute the steepest-descent direction at each
dominant point and show the two leading contributions add to I(A) ~ v/ T/ A.

50



Mathematical Physics Notes

Problem 2.6. Airy contour, t — is rotation. Start from the real form (2.19), Ai(x) =
%fooo cos(t3/3 + xt)dt. Using cos = Re e'" and a contour rotation t — is in one of the two
exponential pieces, derive the contour form (2.20). Verify decay of the integrand on the quarter-arc
at infinity, justifying the rotation by a Jordan-type arc estimate like the one used for the Fresnel
integral.

(o]

Problem 2.7. Fresnel integral (used in stationary phase). Prove f e /2 du = v/2m ™/

—0Q
by rotating the contour to u = re'™/*

decay on arcs enter the argument.

and using Lem. 2.10. State precisely where analyticity and

Problem 2.8. Second-order logarithmic saddle. Extend the calculation of Section 2.6.9 by one
more order for I(x) = fooo eX(ns=5) ds: expand Ins —s to sixth order in w = s — 1, rescale, and

compute the relevant Gaussian moments (you will need f ul0e=w/2qy = 945+4/21). Show that
the coefficient of x 2 is 1/288.

Problem 2.9. Endpoint maximum. Evaluate the leading-order behavior of J Acosb qg qs

A — +00. The maximum ofcos 0 on[0,1]isat @ = 0, a boundary point; cos 8 = 1—02/2+0(6%).
Show the answer is v/ /(2A) e* — half of the full-range Laplace value, because only the 6 > 0
side of the Gaussian window lies in the integration range.

Problem 2.10. Airy for x — —oo (oscillatory regime). Rework the oscillatory Airy calculation
starting from (2.25). Show that the saddles of the phase i(s>/3—xs) lie at s = £4/x, determine the
correct tangent directions selected by the contour deformation, and prove that the two contributions
are complex conjugates. Summing gives

1
Ai(—x) ~ ﬁx_l/“ cos(%xg/z—ﬂ, X — 400.

Problem 2.11. Cubic turning point, subleading term. Let ®(0) = 83/6—0°/120 + 0(07) and
consider I(n) = f e ") 40, (a) Verify the quoted Taylor expansion. (b) Show that including

the 0° term gives a correction of relative order n=2/3, so

I(n) = n_1/3(C0 +Cn 23 4 )
for constants C, C; independent of n. The exponent —2/3 in the correction is the main point.

Problem 2.12. Complex Gaussian. For a € C with Rea > 0, prove ff:o e /2 qy = Vvar/a
(principal branch). Hint: show both sides are holomorphic in a on the right half-plane and agree
on the positive real axis (Lem. 2.10); apply Thm. 2.2.

o0

Problem 2.13. Laplace via a log substitution. Evaluate t7Y/2e D dt g5 A — +o0.

0
Hint: let t = e" to convert into a Laplace integral on R. Compute carefully and show the answer
is v/m/Ae 2. Explain why the principal-branch cut of t /2 on (—00, 0] causes no difficulty.

Problem 2.14. Oscillatory integral with two stationary points. Use stationary phase to evaluate

oo
IA(E3/3— . . . .
f eMEB0 4t as A — 400, interpreted as an oscillatory improper integral. Show the
—0Q

stationary points are at t = £1, each of second derivative £2, justify that the tails are lower order

by integration by parts, and conclude that the sum of contributions gives 24/ /A cos(2A/3—m/4).
Relate this to Ai(—x) in the oscillatory regime (Problem 2.10).
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Problem 2.15. Saddle of order k. Let f be holomorphic with f9(z,) =0 for 1 < j < k and
FU(zy) # 0 (so k = 2 is an ordinary simple saddle; k = 3 is a double coalescence, etc.). By
rescaling z — z, = (A)”/*u, show that

J elf(z)g(z) dz ~ g(zo)elf(z(’) A1k
Y
- (constant determined by a universal model integral and f (k)(zo)),

for a contour deformable through the saddle along the appropriate descent direction. The prefactor
A™Y2 of Thm. 2.17 is the k = 2 case. In Section 3 this model-integral constant will be rewritten in
terms of Gamma values.

Problem 2.16. Borel resummation. The series g(z) = Z:Z 0(—1)“rz!/z’”rl diverges. Define its
Borel transform g(w) = Zgg—l)"wn = 1/(1 + w) (dividing each term by n!). Show that the
Laplace transform g(z) = fo e *g(w)dw = fooo e *" /(1 +w)dw converges for Rez > 0, has
g(2) as its asymptotic expansion (in the sense of Def. 2.8), and agrees up to substitution with the
Stieltjes function of Ex. 2.9. This is the prototype of Borel resummation: a divergent asymptotic
series packaged into a well-defined analytic function.
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3 The Gamma Function

Prerequisites. This section uses elementary integration together with the residue theorem
and keyhole contour of Section 1 (especially Ex. 1.33). It also uses the identity theorem
from Section 2 (Thm. 2.2). A functional equation is an equation relating values of the same
function at different inputs, such as I'(z + 1) = zI'(z) below. A Beta—Gamma relation is an
identity connecting the Beta integral B(x,y) = fol t*71(1—t)’"!dt, introduced formally in
Definition 3.8, with the Gamma function. The final Stirling subsection locally uses the real
Stirling example and saddle-point ideas from Section 2 (Ex. 2.13 and Sections 2.6.6-2.6.9).

The factorial starts as a discrete object: 0! =1, and n! =1-2---n for n > 1. Euler's Gamma
function gives its natural complex interpolation and supplies the coefficients for many special
functions used later.

3.1 Definition and analytic continuation

Definition 3.1 (Euler’s integral of the second kind). For z € C with Rez > 0,

I'(z) = J t*Le tdt. 3.1
0

(z—1)Int

Here t > 0 is real, so t*~ means e with the ordinary real logarithm Int.

Near t = 0, convergence is that of fol =1 4t hence requires Rez > 0. At 0o, the factor
et dominates every power.

Here is the uniform estimate behind the holomorphy statement. If K is a compact subset of
the half-plane Rez > 0, choose numbers o > 0 and M > 0 such that

o<Rez<M (z €K).

ForO<t<1,
|tZ_1| — tRez—l < ta—l,

which is integrable because o > 0. For t > 1,
|tz—1e—t| < lfM_le_t

>

which is integrable because the exponential decays faster than any power. The same argument
with extra factors (log t)™ controls the m-th z-derivative of t*~. Thus differentiation under
the integral is justified uniformly on compact subsets, and I'" is holomorphic on Rez > 0.

Proposition 3.2 (Basic values and the functional equation). For Rez > 0,
I'(z+1)=2T(2), r(a)=1i, 'n+1)=n! (n=0,1,2,...). (3.2)

Proof. The value at 1isT'(1) = f Ooo e 'dt = 1. Integration by parts gives

oo oo
F(z+1)=J e tdt =[—t%et ] +zf t* et dt
0 0

=zI(2),

since t*¢”* - 0ast — oo and t* — 0 as t — 0" when Rez > 0. Iteration gives I'(n+ 1) =
n!. ]
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Theorem 3.3 (Continuation to C\ {0,—1,—2,...}). I' extends to a meromorphic function on
C, meaning holomorphic except at isolated poles, with simple poles at z = —n (n € Zsq =
{0,1,2,...}) and residues

_1 n
Res ' = =D . (3.3)
z=—n n!
Continuation. Read (3.2) backward:
I'z+n+1
M) = et (3.4)

S z(z+1)---(z+n)

The numerator is holomorphic on {Rez > —n—1} (by the integral definition applied at z+n+1),
and the denominator has simple zeros at z = 0,—1,...,—n. Hence the right side provides a
meromorphic continuation of T' to that half-plane with the stated simple poles. Letting n — oo
continues I to all of C minus the non-positive integers.

For the residue, use (3.4) with the same n:

. L I'(z+n+1)
zl_lgln(z +n)l(z) = zl_l)fEn 2(z+1)---(z+n—1)
r(1) i

D [ RS I G T

Example 3.4 (Half-integer values). First compute
oo o0
2
F(1/2)=f t_l/ze_tdt=2J e X dx=+m,
0 0

using t = x? and the Gaussian integral (Lem. 2.10, with a = 2). Then (3.2) generates every
half-integer value.
Positive half-integers.

[(3/2)=T(1/2+1)=3I(1/2) = *—.
VR _3E
2

~[5

I(5/2)=T(3/2+1)=3I(3/2)=3 :
r(7/2)=31(5/2)=3- ¥ _ 15{;/?

Thus T(n+1/2) = (2n—1)!1y/t/2", where 2n—1)!! = (2n—1)(2n—3)---3-1and (—1)!! := 1.
Negative half-integers.

r-1/2)= ) = 45— 2y
L T(-1/2)  —2JF _4yE
r=s/2)= —3/2 ~ —=3/2 3
_I(=3/2) _4VE/3__ 8V
I=5/2)= —5/2 ~ —5/2 15 °

In general, T(—n+1/2) = (—1)"2"y/xw/(2n—1)!! for n > 1.
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Example 3.5 (Gaussian moments fooo x”e‘axzdx). For a > 0 and n > 0 (integer or half-integer),

2 1 n+1
o = [ s = Larenn(221), @9
o 2 2

Derivation. Substitute u = ax?:

oo
I(a)= f (u/a)?e %a_l/zu_l/2 du
0

oo
— %a—n/Za—l/Zf u(n—l)/Ze—u du
0

- g ()

by Def. 3.1.
Integer n. Using Ex. 3.4 and T'(k + 1) = k!:

n=0: Iy(a)=3a?1(1/2)=3+/7/a.

n=1: L(a)=3a 'T(1)= 5.

n=2 Iz(a):%a_S/zF(B/Z)z éa_?’/z-gz%m/rr/ai3
n=3: Iy(a)=3a°T(2)=55.

n=4 14(a)=%a‘s/zF(5/2)=%a_5/2'¥=%\/rc/aE’.

Half-integer n = m+ 1/2. Then (n+ 1)/2 = m/2 + 3/4, so the answer usually remains a
Gamma value; for example I 5(1) = %F(3/4).

6 7

2+

_6 1

Figure 6: The Gamma function I'(x) on the real axis. Simple poles at x = 0,—1,—2,... with
alternating signs. No zeros.

3.2 Weierstrass product and Euler’s limit

The poles also suggest a product formula.
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Theorem 3.6 (Euler’s limit and Weierstrass product). For z € C\ {0,—1,—2,...},

n!'n®
&)=l G (3.6)

and equivalently

L=ze7’212[(1+5)e_z/” 3.7)
I'(2) o n ’ '
where
1
y = lim ( H,—In n), H,=) -, (3.8)
nmee k=1 k

is the Euler-Mascheroni constant. The infinite product means the limit of the partial products
obtained by multiplying the factors forn =1,...,N and then sending N — o0.

Proof. Euler’s limit for Rez > 0. Define

r,(z) = L (1- %) 1 dt. 3.9)

Substitute t = nu, dt = ndu:
! 1
T(2) = J (1—-w*(nu)* 'ndu=n* f (1—uw)"w* 'du.
0 0

SetA,, = fol (1—u)™u*™™ ™1 du. Integration by parts, differentiating (1 —u)™ and integrating
the power of u, gives
m
A, =——A, 1.
M stn—m "
Indeed, take U = (1 —u)™ and dV = u**" ™ ! du. Then

uz+n—m

V=—77--—-—7 dU =—m(1—u)™ ! du.
z+n—m

The boundary term UVI(l) vanishes: at u = 1 the factor (1 —u)™ is zero, and at u = 0 the factor
u*"™ tends to 0 because Rez > 0. Therefore

1 1
m m
Ap=—| VdU= —— | Q—w)" "W "du= ——A,_;.
0 zZ+n—m 0 z2+n—m

Starting with m = n and repeating down to m = 0,

! n(n—1)
_\n,,2—1 z+n—1
Jo (I —wfu du= 2(z+1)-- (z+n—1)f du

:z(z+1)~-(z+n)

Hence |
n'n
I = . 3.10
(@) 2(z+1)---(z+n) (3.10)
Since (1 —t/n)"1}g () — e ', where 1[o,n)(t) is the indicator function (equal to 1 if t € [0,n]

and 0 otherwise), and for 0 < t < n,
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we have

t n
‘(1 _ _) 1[0 n](t)tz—l < e—t tRez—l‘
n :
The right side is integrable when Rez > 0, so dominated convergence gives

oo

lim T, (z) = f e " dt =T(2), Rez > 0.

n—,oo 0
The point of the dominated-convergence step is that the integrands converge pointwise and
are bounded by one integrable function independent of n. Comparing with (3.10) gives (3.6)
on {Rez > 0}. We now prove the product on this half-plane; its locally uniform convergence
will then provide the continuation step.

Weierstrass product. Rewrite the right side of (3.6):

n!n® _nzﬁ k _nzﬁ 1
2(z+1)---(z+n) =z 2tk oz o 1+z/k
For Rez > 0, take reciprocals:
LI —Zﬁ(1+z) 3.11)
—— = lim zn - . .
I'(z) n—oo i k
Insert e?/ke™#/k = 1 into each factor:
n P n n P
zn_zl_[(1+—):zn_Z e?/k (1+—)e_z/k
k k
k=1 k=1 k=1
n
Z
=gn % e (1+—) 2k,
[[(1+7)e
k=1
Since n?e*n = *(Hn"11) and H —1Inn — vy, the exponential factor tends to e?*. On |z| <R,

(1 + E)e—z/k L1 E oY

k To2k2 TR
where Ogz(k™2) means the implied constant depends on R but the bound is uniform for |z| <R
(so the M-test applies on any compact set). Hence the product converges locally uniformly and

defines an entire function -~
Z
W(z)=gze"* (1+—)e‘z/k.
(2) g :

Taking the limit in (3.11) gives W(z) = 1/T(z) for Rez > 0. Since I has already been continued
meromorphically in Theorem 3.3, the meromorphic identity W(z)I'(z) = 1 extends from the
right half-plane to all of C. Thus
2
1+ _) ~s/k.
( k)°

which is (3.7). Finally, the finite products on the right of (3.11) converge to 1/I'(z); at
every point where T is finite this limit is nonzero, so taking reciprocals gives (3.6) on C \
{0,-1,—-2,...}. O

1
_=ZeYZ

I'(2)

—18

>,-
Il

1

Remark 3.7. 1/T is entire, with geros exactly at 2 =0,—1,—2,....
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3.3 The Beta function

The Beta function packages integrals with two endpoint powers.

Definition 3.8 (Beta). For Rep > 0, Req > 0,

1
B(p,q) = J tPH(1—¢)T 1 dt. (3.12)

0
An equivalent form is obtained by the substitution t = u/(1+u), dt = du/(1+u)?, 1—t = 1/(1+u):

(0] up_l
B(p,q) = —du. 3.13
(p,q) . Grwpr (3.13)
Proposition 3.9 (Beta—Gamma relation). For Rep,Req > 0,

_ I(p)T(q)
T(p+q)

Proof. Start with I'(p)I'(q) as a double integral over the first quadrant:

o o
I'(p)T(q) = (f sPte® ds)(J td7let dt)
0 0
= JJ sP1e0 o=+ go dt,
[0,00)?

where the second equality is Fubini (absolutely convergent for Rep,Req > 0).
Change variables s = rx, t = r(1 — x), with r € (0,00) and x € (0,1). The Jacobian
determinant is

B(p,q) (3.14)

o(s,t)
o(r,x)

so |d(s,t)/d(r,x)| =r, and s + t = r. Therefore

x r
l—x —r =—rx—r(l—x)=-r,

oo r1
I'(p)T(q) = f J (rx)P L r(1—x)) e rdxdr
o Jo

[e%e] 1
= (J rPra—le=r dr)(f xPH 1 —x)at dx)
0 0

=T(p+q)B(p,q),
which rearranges to (3.14). O

Example 3.10 (Beta at equal arguments). Set ¢ = p in the Beta—Gamma identity (3.14). Then

_Te)re) _ rey’
T(p+p) T(2p)

For instance, B(1/2,1/2) =T(1/2)*/T(1) = .

B(p,p)

Example 3.11 (Worked Beta evaluations). Evaluate fol t3(1—1t)°dt, fol t12(1—0)Y2d¢, and
fol(l —t9Y2dt in closed form.

@) Direct from (3.12), [, t*(1—t)°dt = B(4,6) = [(4)I(6)/T(10) = (3)(51)/9! =
(6)(120)/362880 = 720/362880 = 1/504.
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(ii) fol t1/2(1—t)/2dt = B(3/2,3/2) =T(3/2)?/T(3) = (V/7/2)?/2 = /8.
(iii) Substitute u = t*, du = 4t3dt, dt = du/(4u’/*):

1 1 1
J (1—t4)1/2dt:J (1—uyt/2 2 =%J w341 —u)/2 du
0 0 0

4u3/4

_1 _ 1 FA/4re/2)
= $BO/43/2) = § oo

Using T'(3/2) = /m/2 and T'(7/4) = %F(3/4), this becomes /7 T'(1/4)/[6T(3/4)].

3.4 Reflection formula

Theorem 3.12 (Euler reflection). For z € C\ Z,

M(z)I(1—2) = ——. (3.15)
sin(7g)
Proof. First take real x € (0, 1). By Prop. 3.9,
T(x)T(1—x)=T(1)B(x,1—x)=B(x,1—x), (3.16)

using I'(p + q) =T'(1) = 1. Insert the form (3.13) withp =x,q=1—x:

o ux—l
B(x,l—x)zJ du.
0

1+u

Ex. 1.33 evaluates this integral as

J‘ S u*1 e

du= — .
o l+u sin(7tx)
Thus (3.15) holds for real x € (0,1). Inside the vertical strip O < Rez < 1, both sides are
holomorphic functions of z: T'(z)I'(1 —z) is holomorphic there, and sin(7tz) has no zeros in the
strip except on the real endpoints, which are not included. Since the two holomorphic functions
agree on the real interval (0, 1), which has limit points in the strip, the identity theorem extends

the formula to the whole strip.
To continue beyond the strip without worrying about poles, invert the identity. The functions

1 sin(7tg)
—_— and —,
I'(z2)r(1—z2) T
are entire: the possible poles of I'(z) and I'(1 — z) become zeros of the reciprocal, and sin(7tz)
is entire. They agree on the strip, so the identity theorem makes them agree on all of C. Taking
reciprocals away from the zeros of sin(7z) gives (3.15); at the zeros, the reciprocal statement
records the corresponding poles of the gamma factors. O

Corollary 3.13 (T is zero-free). If zy ¢ Z and I'(zy) = O, then (3.15) gives a contradiction, since
7/ sin(7z,) is finite and nonzero. If 2y € Z1, then I'(zy) = (29 — 1)! # O; if 2y € Z<q, then 2y is
a pole.

Corollary 3.14 (I'(1/2)). T'(1/2) = /.
Proof. Setz =1/2in (3.15): I'(1/2)? = n/sin(n/2) = n. The integrand t~/2¢~ in (3.1) is

positive, so I'(1/2) > 0; take the positive square root. O
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3.5 Duplication formula

Theorem 3.15 (Legendre duplication). For z € C\ {0,—1/2,—1,—3/2,...},
T(2)T(z+3) =2"%y7T(22). (3.17)
Proof. Begin with Rez > 0, so Prop. 3.9 applies at p =q = 2:

2
Bz.2) = ﬁgi) =

1
J t*H(1—t)* L dt. (3.18)
0

Substitute t = (14+u)/2, so dt = du/2, 1 —t = (1—u)/2, and t(1—t) = (1 —u?)/4. The
integrand becomes

1—u?
4

z—1
- = (e -0) = ( ) =47 (1 -y,

and the interval t € (0,1) maps tou € (—1,1):

1

1

-1 -1

Since the integrand is even in u,

1 1
f (1—u?)*tdu =2J (1—u?)* du.
-1 0
In the last integral put v = u?, dv = 2udu, so du = dv/(2+/V):

_I(1/2)I'(z)

1 1
2 1 _ 2\z2—1 d — 1 _ 2—1 —1/2d :B l, — ,
fo( u“) u fo( vy % (3,2) TG11/2)

where the last equality is Prop. 3.9. Assembling,

()’ _ 12, Y7IG)
r(2z) I(z+1/2)

using I'(1/2) = /7 (Cor. 3.14). Since T has no zeros (Cor. 3.13), cancel one I'(z) and rearrange
to obtain (3.17) on the half-plane Rez > 0.

To extend beyond that half-plane, observe that both sides of (3.17) are meromorphic and
zero-free on C\ {0,—1/2,—1,—3/2,...}. Their reciprocals,

1 222—1
ONCTSD B 1e )

are entire and agree for Rez > 0. The identity theorem therefore extends (3.17) to every z
where both sides are defined. O

3.6 Hankel contour representation

Hankel’s contour integral represents 1/T" directly as an entire function.
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Theorem 3.16 (Hankel). For all z € C,

11 [,
_— = — t2dt 3.1
I'(z) 2mi fHe ’ (3.19)

where H is a Hankel contour: it comes in from —oo just below the negative real axis, loops
counter-clockwise around the origin along a small circle of some fixed radius p > 0, and returns
to —oo just above the axis. The branch of t % = e %1°8! s the principal branch off the cut, with
limiting boundary values argt = —m on the lower edge and argt = 1 on the upper edge. The
value of the integral is independent of the chosen p.

Imt¢

argt = +m
< /]

Ret

>
argt = —m N 0

Figure 7: The Hankel contour H of Thm. 3.16. The branch cut runs along (—o0,0]; the
contour comes in from —oo below the cut, circles the origin counterclockwise, and returns to
—oo above the cut.

Proof. Intuition. The idea is to collapse the Hankel contour onto the two sides of the negative
real axis. The integrand e‘t* decays as t — —o0 because e’ = ¢~ on the negative real axis.
We first assume Rez < 1 so that the small circle around the origin contributes negligibly; once
we obtain an identity on that half-plane, analytic continuation extends it to all z.

Assume Rez < 1 throughout; the result then extends by analytic continuation (see end).

Collapse to the cut. On the small circle |t| = ¢, the integrand is O(¢~R¢%) and the length is
0(¢), so the contribution is O(e!R¢%) — 0.

On the upper edge write t = se'™, and on the lower edge write t = se™'". Then t = —s,

ef =e7%, and
s=¢
f ett—z dt — J- e—s (S e—lTC)—Z (—dS)
lower $=00

o0
= f e s Fe™ds,
&

s=00
f ett—zdt:f s (sein)—Z(_dS)
upper s=¢

o
= —f e s Fe ™ ds,
&€
Summing and taking ¢ — 07,

oo
J et *dt = (e™ — e_i"z)f e s *ds
H 0

= 2isin(nz) (1 —2),
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where the last step recognizes the Euler integral (3.1) with argument 1 —z (legitimate because
Re(1—z2) > 0).
Divide by 2mi:

L. ot t7 df — sin(7z)
271t )y

I'(1—2). (3.20)

Identify the result. By the reflection formula,

18 - sin(nz)T(1—2) 1

MEr—2)= sin(mtz) 0 CT(z)

so (3.20) becomes (3.19).

Radius and continuation. If 0 < p’ < p, the difference between the two Hankel integrals is
the integral around the boundary of the slit annulus (a ring-shaped region cut open along the
negative real axis)

{t:p' <|t|<p, argt € (—m, )},

which vanishes by Cauchy’s theorem. For fixed p, differentiating in z only inserts powers of
—logt, still integrable on the rays because of e™®. Thus the integral is entire in z. Since it
agrees with 1/T'(z) on Rez < 1, the identity theorem gives (3.19) for all z. O

3.7 Stirling’s formula for complex z

Stirling’s expansion follows from Euler’s product limit and Euler—-Maclaurin summation.
Bernoulli numbers and polynomials.
The Bernoulli numbers B,, are the Taylor coefficients of the generating function

w

ev—1

;. w” (jw] < 27). (3.21)
m!

m=0

The left side is well-defined and holomorphic at w = 0 even though e"” — 1 vanishes there:
e”—1=w+w?/2+w3/6+--- has a simple zero at w = 0 that cancels the explicit w in
the numerator, leaving the value 1 at the origin. The next nearest singularities are the zeros
w = £27i of " — 1, fixing the radius of convergence at 27. The first values are

By=1, By=—3, By=¢, B3=0, By=—z55, Bs=0, Bg=5,... (3.22)

o)\

Also Bgj.; =0 for k > 1.
The Bernoulli polynomials B,,(x) are defined by the two-variable generating function

we*V
ew—1

> Bu(x) W—m, B, =B, (0). (3.23)
= m!

m
Then B,, = B,,(0), and differentiation in x gives
B, ., (x)=(m+1)B,(x). (3.24)
Also B,,(1) = B,,(0) for m # 1, while B;(1) =1/2.

The first few polynomials are By(x) = 1, B;(x) = x — %, By(x) = x®—x+ %, Bs(x) =

3_3,241
X7 —35x°+ 3x.
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Periodic Bernoulli functions.

Let {t} = t—|t] € [0, 1) denote the fractional part. The periodic Bernoulli function of order m is

B (t) =B,({t}), (3.25)

the 1-periodic extension of B,,|[o 1). For m > 2 it is continuous and satisfies E;n b =m+ 1)B,,
away from integers. Also By(t) =t —|t]— % off the integers.

Proposition 3.17 (Euler-Maclaurin). Let f € C?([0,n]. Then

ST =J foydae+ L=SO)
k=1 2

0

K-1
B m m— m—

+Z 22 )' (2 1)(n)_f(2 1)(0)) (3.26)
BzK(f) (2K)

f 2K)! ——— f®(t)dt.

Proof. For each integer k = 0,...,n — 1, integrate by parts with u = t —k (du = dt) and
dv=f'(t)dt (v = f(t)):

k+1
f (t—k)f(t)dt—[(t—k)f(t)kHf f(t)dt—f(k+1)f f(t)de.
k
Equivalently,
k+1 k+1
f(k+1)—J f(t)dt=f (t—Kk)f'(t)dt.
k k

On (k, k + 1) we have §1(t) =t—k— %, so summing over k gives
Zf(k)=J f(t)dt+w+f By(0) f/(t)dt. (3.27)
k=1 0 0

For m > 1, the perlodlc Bernoulli functions satisfy B’ r () =(m+ 1)B,,(t) away from integers,
and B,,,1(0) = B,,,1(n) = B,,,1 at the endpoints. Hence integration by parts yields

f Bu(6) F(0) dt = “2EL(£00(n) — £ (0) - f ’““mﬂm“)(t)dt
0 m+1 0

Starting from m = 1 in (3.27) and repeating this step 2K — 1 times gives the full formula. Since
By1 = 0 for every m > 1, only even Bernoulli numbers remain. O

Theorem 3.18 (Stirling). As |z| — oo in any sector |argz| < m— & with 6 > 0, and with logz
denoting the principal branch,

K-1
B
_ 1 1 2m

logl'(z+1)= (z + i)logz —z+ 5 log(2m) + mZ:; m(am = 1) 221 + Ry (2), (3.28)

where o ~

1 Bok(t)
R =—— —_— 3.29
E="0 | Grox (3-29)
and |Rg(2)| < Cg 5lz|' 72X, Equivalently,
2 1 1 1
F(z+1)~\/2nz(5) (1+—+ _ 13 +) (3.30)
e 12z 28822 5184023
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Proof. Strategy. Take the log of Euler’s limit formula (3.6), apply the Euler-Maclaurin summa-
tion formula to the resulting sum of logs, let n — 00, and isolate the constant and correction
terms. The known real Stirling result (Ex. 2.13) gives the leading constant +/27. The error
estimate for the remainder term bounds the subleading corrections.

Fix K > 1 and use the principal branch of log. By Euler’s limit,

n
logT(z+1)= nlirgo [log(n!) +zlogn— Zlog(z +k)]|. (3.31)
k=1

The sector condition keeps the ray z + [0, 00) off the principal branch cut (—oo,0]. Thus the
principal logarithm is single-valued along this ray, and the derivatives of f,(t) :=log(z + t) are
the ordinary derivatives of one fixed branch. Apply Proposition 3.17 to f, on [0,n]. Since

£ = (- !

(z+t)m°
we obtain
n n
1 +n)—1
Zlog(z +k)= f log(z +t)dt + 08(z +n)—logz
k=1 0
K—1 B
2m 1-2m __ 1—2m
_ E
- Z | Fmam = 5+ )+ Ex n(2),
where Lo
1 Bok(t)
E = —=—dt.
xn(2) = ZKJ0 (z + t)2K
Also

J log(z + t)dt = [(z +t)log(z+t)—(z+ t)]zg = (g +n)log(z +n)—zlogz —n.
0
Therefore

n
Zlog(z+k)= (z+n+%)log(z+n)—(z+%)logz—n

k=1
K—1 B
2m 1-2m 1-2m
+> ——((z+ — +E :
n; Zam = 1)((z n) 2'72M) + Eg n(2)
Substituting this into (3.31) gives
K—1 B,
logT'(z+1)= (z + logz + Z W’;Dzl—m n nl_if}}oAn(z) _ nll>ngo E n(2),
where
K—1 B
. _ 1 _ 2m 1-2m
A,(2) =log(n!) +zlogn (z +n+ 2)log(z +n)+n ; m(am — 1)(z +n) .

Use the real Stirling asymptotic log(n!) = (n + %)logn —n+ %log(2n) +0(1) (Ex. 2.13). Since
(z +n+ %)log(z +n)= (z +n+ %)(logn + log(l + %)),

64



Mathematical Physics Notes

the logn terms cancel, (z +n + 3)log(1+2/n) — 2, and (z + n)' 2™ — 0. Hence

lim A, (z)=—2+ %log(Zn).
n—oo

Also Eg ,,(z) — —Rg(2), because Rx was defined with the opposite sign and the upper limit
extended to co. Hence (3.28) follows.
To bound the remainder uniformly in the sector |argz| < m— &, let r = |z|. For t > O,

|z 4 t|2 =r2 4+ t2 + 2rt cos(argz) > (r + t)?sin?(5/2),

s0 |z + t| = (r + t)sin(6/2). If Mok := sup,.e(o,17|Bax (x)|, then

oo

Mok e _ Mg 12K
2K sin?6(5/2) J, (r+1)*X  2K(2K —1)sin*)(5/2)

IRk (2)] <

which is the stated estimate.
Finally, exponentiating (3.28) gives (3.30); the first terms are obtained from

. ( 1 ) R 139
X _ “e — R
P\ 122 7 36023

J— + PPN
12z 28822 5184023
O

Example 3.19 (Numerical check of Stirling). Compute InT'(10) = In(9!) = In362880 ~
12.80183. In (3.28) we use z = 9, because I'(10) = I'(z+1) with 2 = 9. The leading approximation
is
(z + %)lnz —z+ %11‘1(27‘[) . =9.5l1n9—-9+ %111(27‘[) ~ 12.79257.
2=

The first correction is 1/(12z) = 1/108 ~ 0.009259, giving 12.80183 to five digits. The next

correction is
B,

4-3z3  360-93
so the two-correction approximation is unchanged at the displayed precision. The point of the
example is that the first correction already explains the visible error in the leading Stirling approx-
imation.

~—3.81 x 1079,

3.8 The digamma function
Definition 3.20 (Digamma). For g ¢ {0,—1,—2,...}, define

I'z) _ d
T ~ dz logT'(2).

The function v is meromorphic; it has simple poles at the poles of T.

Y(z) =

Taking the logarithmic derivative of the Weierstrass product (3.7),

o0
—logT'(z) =logz + vz + Z [log(l + %) — E} ,
n=1

n
1 21 1
—¢(2)=;+Y+;[n+z—g],

Combine the —y and —1/z terms with the telescoping series, then re-index n — n+ 1 to absorb
—1/z as the n =0 term:

1 (1 1 (1 1
I'b(z)__y_;rr;(ﬁ_n+z)__YJrnZ:(;(n+1_n+2)' (5:32)
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Proposition 3.21 (Special values of 1)).

YP(1) = —y, YP(1/2)=—y—2In2. (3.33)
The recurrence is Y (z + 1) = Y(2) + 1/2; the reflection identity is Y (1 —z) — Y (z) = 7 cot(mz).

Proof. Value at 1. Set z =1 in (3.32):

Value at 1/2. Set z =1/2 in (3.32):

1 (1 2
1/2)=—y + =—r+ — .
w(l/2) =~y Z(n+1 n+1/2) r ;)(n-i-l 2n+1)
The partial sum up to N:
N N N+1 2N+1
1 1 1 1
e R AN I
—ontl  m2nt+l Hk Sk
Write the second sum as (sum of reciprocals 1,...,2N + 1) — (sum of even reciprocals):
2Nz+:1 zgll Z
D 7 =Hjni1— H
k=1,k odd 2k

Hence
1
Sy = Hy1 — 2(Han+1 — 3Hy) = Hy41 + Hy — 2Hpy 1.

Use Hy =InM +y+o0(1):

Sy = [ln(N +1)+ y] + [lnN + y] — 2[ln(2N +1)+ Y] +0(1)
N(N+1)
(2N +1)2
Therefore ¢y(1/2) =—y +(—2In2) =—y —2In2.

Recurrence and reflection. Differentiating logI'(z + 1) = logz + logI'(z) gives Y (z + 1) =
1/2+(z2). Differentiating logI'(z) +logI'(1 —z) = log m —logsin(7tz) (log of Thm. 3.12) gives
Y(z) —Y(1 —2g) =—mcot(nz), i.e. Y(1 —2) —(z) = 7 cot(nz). O

1
=In +o(1)—>an=—21n2.

3.9 The Pochhammer symbol
Iterating T'(a +n) =(a+n—1)---(a+ 1)aT(a) gives a rising product.
Definition 3.22 (Pochhammer symbol). (a), =1, and for n € Z>,
(a),=ala+1)(a+2)---(a+n—1).
Since each factor shifts the argument of T' up by one, the functional equation (3.2) gives

I'(a+n)

(@), = I(a)

> (3.34)

for all a such that the two Gamma values in the quotient are finite. If a is a non-positive integer,
one should keep the finite product as the primary definition: the Gamma quotient may contain
poles in both numerator and denominator even though the product a(a+1)---(a+n—1) is
perfectly well defined.
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Example 3.23 ((1/2), and (—n);). The half-integer case. By the shift and Cor. 3.14,

_T(n+1/2) _T(n+1/2)

(1/2), = a2 - =
Iterating the functional equation,
[ +1/2)= (=P} 1/ = S0 7 BRIl 7
50 " !
(1/2), = 2n—1)!" _ (2n)! (3.35)

2n  4npy’
using (2n)! = 2n)!'(2n— 1! =2"n! (2n—1)!.
Negative-integer first argument. For n € Z-q and k € Z,,

(=) =(=n)(-n+1)---(—n+k—1).
If k < n, every factor is nonzero and equals (—1) times n(n—1)---(n—k+1) =n!/(n—k)!:

n!
(n—k)!

If k > n, one factor is 0, so (—n); = 0.

(—n) = (1) = (-1 k!(Z), 0<k<n. (3.36)

3.10 Physical applications
Three common uses:

Example 3.24 (Volume of the unit d-ball). Let V; = vol{x € R? : |x| < 1}. Set
Iy :f e P gl (3.37)
Rd

By Fubini and the one-dimensional Gaussian integral,

=t —x? d/2
I;= l_[ e Jdx;=n". (3.38)
j=1J—00

In polar coordinates, the volume of a ball of radius r is Vyr?. Therefore the radial density of
volume is the derivative

d _
E(Vdrd) = dVdrd 1.
Equivalently, a thin shell of thickness dr has volume dV,;r?~! dr to first order. Hence
I;=dVy f e rilqr. (3.39)
0

Substitute u = r?, du = 2rdr, ri~ldr = %ud/z_l du:

* 1 (% 1
e rd g = = e > 1 du==r(d/2),
0 2 Jo 2

by Def. 3.1. Combining with (3.38) and (3.39),

n? =dv,-1ir(d/2)=v,-4r(d/2) =V, T(d/2+ 1),
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using %F(d/Z) =TI(d/2+ 1) (Prop. 3.2). Therefore

d/2
Vi= ———. 3.40
17 Td/2+1) (3.40)
For example, V; =2, Vy = 7, V3 = 47/3, and V, = ©2/2.
Surface area. Since Sy_; = dV,
d md/2 2md/2
(3.41)

S, 1= = 5
17 r(d/2+1)  T(d/2)
using T(d/2 +1) = (d/2)T(d/2). Checks: Sqg =2, S; =27, Sy = 4m, S5 = 272,

Example 3.25 (Trig form of Beta and classical integrals). Substitute t = sin® 60 in (3.12):
dt =2sinfcos0do, tP~! =sin??20, (1—t)9! =cos??26, and t €(0,1) < 6 € (0, /2).
Then

/2
B(p,q) = J sin??2 0 cos?72 6 - 2sin O cos 6 dO
0

/2
= ZJ sin??71 6 cos??1 0 d6,
0

SO
_ T(p)r(q)

— ) 3.42
2I'(p +q) (342

m/2 1
J sin?? 10 cos?10dO = EB(p,q)
0
At p = q = 1/2, both sides equal 7/2. Also,

m/2 1
J Sin? 0.d6 = LB(n+1/2,1/2) = LT /2T _ @n- Dt m
0

2T(n+1) 2!l 2

nlym  (2n)!
2T(n+3/2) (@n+1)

/2
J sin®*19d0 = 1B(n+1,1/2)=
0

where the last forms use T'(n+1) =n!, T(n+1/2) = (2n—1)!'y/7/2", and (2n)!! = 2"n!. These
formulas reduce even and odd powers of sine to Gamma values.

* Planck spectrum. The Stefan-Boltzmann law reduces to f Ooo x3/(e* — 1)dx =
I'(4){(4)=6-7*/90 = n*/15, where {(s) = >, ., n* for Res > 1 and {(4) = */90.
The integral identity follows by expanding 1/ (X —1) = Dins1 € ™ for x > 0. Since
the terms x3e™™ are nonnegative, Tonelli’s theorem—the theorem that permits
interchanging a sum and an integral for nonnegative terms—justifies exchanging the
infinite sum and the integral:

oo oo
1 r4
xBe™dx = = wetdu= Q,
0 n* Jo n

where u = nx. Summing over n gives I'(4) > -, n*=T(4)¢(4).

* Quantum harmonic oscillator normalization. Hermite polynomial norms involve
I'(n+1/2)=(2n—1)!! /7/2" from (3.35).
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Exercises

Problem 3.1. Show I'(z +1/2) = (22 — 1)!! /7t/2* for z € N (with the convention (—1)!! :=1
for z =0), and give the analogous formula for z e N+ 1/2.

Problem 3.2. Evaluate fon/z sin??~1 0 cos24™1 0 dO in closed form. (Substitute t = sin? 0; recog-
nise the Beta integral.)

Problem 3.3. Prove I'(n+ 1) < n"*1/2e74/21 22" for n > 1 using the explicit error bound
of Stirling’s series.

Problem 3.4. Derive the digamma reflection y)(1—2)—(z) = 1 cot(nz) by taking the logarithmic
derivative of Thm. 3.12.

Problem 3.5. Let F be holomorphic near z = —n. Prove that Res,__,[T(2)F(2)] =
(—1)"F(—n)/n!. Apply this to F(z) =¢€* and to F(z) =1/(z—1).

Problem 3.6. Verify the duplication formula (3.17) at z = 1/2: both sides should equal /7.
Problem 3.7. Use the Hankel representation (3.19) to show that 1/T(z) has a simple zero at each
z = —n with derivative (1/T') (—n) = (—1)"n!, and deduce Res,__, T = (—1)"/n!. Hint: write
z=-—n+e¢, expand t 7 = t"e~c108¢
term linear in e.

, and deform H onto a small circle around t = 0 to isolate the

Problem 3.8 (Gaussian moments). Using Ex. 3.5, evaluate

(e ] oo
2 2
J x*ke™ dx and J x%ke™ dx (keN)
0 —00
in closed form. Check your answer against the operator identity f_o:o x2kemax*qy = (=3, /n/a
evaluated at a = 1.

Problem 3.9 (Four-dimensional ball). From (3.40), compute V, and the surface area S; of the
unit 3-sphere in R* (use Sy_; = d V). Verify V, = f_ll Vs (1 —x2)32dx by carrying out the
one-dimensional integral (substitute x = sin 0; reduce to a Beta integral).

Problem 3.10 (Beta at half-integer). Evaluate B(1/2, n+ 1/2) in closed form for n € N, and
interpret the result as fon/z cos?" 0 dO (use the trig form from Problem 3.2).

Problem 3.11 (Wallis’s product via duplication + Stirling). Evaluate Legendre duplication (3.17)
at z = n (integer n > 1). Take the ratio of the duplication identity at n + 1 and at n, use
Stirling (3.30), and deduce

ﬁ 4k _ =

1l4k2—1 — 2

Problem 3.12 (Digamma and harmonic sums). Iterate Y (z + 1) = vy(z) + 1/z starting from
Y(1) = —y to obtain Y(n+1) = H,—y for n €N, where H, = ZZ=1 1/k. Then use digamma
duplication (22) = %[II)(Z) +(z+1/2)]+log2 (Problem: derive this from log-differentiating
Thm. 3.15) to evaluate 1(3/2) and y(5/2) in closed form.

Problem 3.13 (Stirling correction by direct expansion). Starting from the local expansion

0.2 0.3 0.4 0.5 6

o
l1+0)=-1——+———+———+0(c’
fa+o) 2 T3 TG s T tol)
for f(s) = Ins —s and the Gaussian-moment identity f’cZke_Tz/sz = (2k — DN/ 2m,
reproduce the coefficient 1/288 of the z~2 correction in (3.30). You will need to keep

3 )4z, 7% /2,7% /2312, 70 2? terms in the expansion of ef(1+9) square ©3, and cross-multiply
consistently.
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4 Bessel Functions

Bessel functions are the natural harmonics of cylindrical problems: drum modes, electromag-
netic scattering by a wire, and the radial Schrodinger equation in a 2D central potential. We
take the complex-analytic route: define J,, by a generating function, extract coefficients by
Cauchy’s formula, then derive the series, recurrences, integral representations, and ODE from
that one object. The general-order functions J,, Y,, H 5,1’2), I,, and K, follow afterward.

Prerequisites. This section builds on:

* Laurent expansion and Laurent-coefficient formula (Theorem 1.21) and the residue
theorem (Theorem 1.25) from Section 1.

* The steepest-descent method (Theorem 2.17, Proposition 2.16) and the identity theorem
(Theorem 2.2) from Section 2.

* The Gamma function’s functional equation (Proposition 3.2), the Beta—Gamma identity
(Proposition 3.9), the Legendre duplication formula (Theorem 3.15), and the Hankel-
contour representation of 1/T" (Theorem 3.16) from Section 3.

4.1 The generating function for integer order

A generating function stores a whole sequence in one analytic function. The choice below is
natural because, when t = e'?, it becomes e*5"?  so J,(2) is the n-th Fourier coefficient of a
plane wave in cylindrical harmonics.

Definition 4.1 (Bessel generating function). For z € C and t € C* := C \ {0}, set

G(z,t) = exp[%(t—l)]. 4.1)

t

For fixed z, the map t — (z/2)(t —1/t) is holomorphic on C*, and exp is entire, so G(z, -) is
holomorphic on C* with an essential singularity at t = 0 (and at t = 00). It therefore admits a
Laurent expansion convergent on every annulus, i.e. every ring-shaped region 0 < r; < [t| < 1y:

Definition 4.2 (Bessel J,,, integer order). For n € Z, J,(2) is the coefficient of t" in the Laurent

expansion of G(z,t):
oo

exp[%(t—%)] = Z J(z)t". 4.2)

n=—oo

By the Laurent coefficient formula (Theorem 1.21):
1 Z 1
Ja(2) = — exp| = | t—= )|t de. 4.3
)= o ﬁtl:l Xp[z ( t )] )
This is the working definition for integer order.

4.2 Series expansion

Proposition 4.3 (Power series). For n € Ny :={0,1,2,...} and 2 € C,

B o (=1)k  z\nr2k
J“(Z)_kzzok!(n+k)! 5) “4.4)

Moreover, J_,(z) = (—1)"J,(2) for every n € N,
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Proof. Step 1 (factorization). Since zt/2 and —z/(2t) commute as scalars, e’™8 = e/e? gives

exp[g (t - %)] = exp(%t) exp(—%) 4.5)

Each factor is an absolutely convergent power/Laurent series in t for t # 0, so we may multiply:

zt b4 il 2\ i(—l)q z2\1 g )
exp( )exp(——) = —(—) t (—) . (4.6
2 2t/ \ & pt\2 & g \2
The double series of absolute values converges on any annulus, so we may multiply the two
series term by term and collect powers of t in any order.
Step 2 (extract the t™ coefficient). Pairs (p,q) contributing to t" satisfy p —q = n. For n > 0,

the constraint p,q > 0 forces ¢ > 0, p = n+q. Writing g = k: (Here and throughout, [t"]F(z,t)
denotes the coefficient of t" in the Laurent expansion of F in t.)

Lot 0 :2ﬁ ()" (3 - kZ o) 67

which is (4.4).
Step 3 (negative index: J_,). Fix m € N, m > 1, and compute [t~™]G(z, t). The constraint
isp—q=—m,ie.q=p+m;since p>0,wehaveq>m. Let£ :=p,soq=~£+mwith £ > 0:

m a1z (1) gyt
Lt ]G(z’t)_;ﬁ(i) Em) (E) : 4.8)
Collect the (z/2) powers and the signs:
L+m m+240
- S ()
Factor (—1)*" = (-1)™ - (-1)%:
. o awm 0 (_1)€ E m+2l_ _ym
(616, 0) = (~1) ;—6!(£+m)!(2) = (~1)"n(@), (4.10)

where the last equality uses (4.4) with n =m, k = {. Since J_,,(2) = [t ™]G(z, t) by (4.2), we
conclude J_,,,(2) = (—1)"J,,(2). O

For non-integer order, replace factorials with Gamma functions:

Definition 4.4 (J, for arbitrary v € C). For v€ C and z € C\ (—00, 0], define

B 0 (_1)k z y+2k
J”(Z)_;k!r(wkﬂ)(z) ’ 41D

where (z/2)” = e”198%/2) yses the principal logarithm (branch cut on (—oo,0]).

For non-integer v, the point z = 0 is a branch point, meaning a point around which analytic
continuation changes the chosen branch, because of the factor z”. For integer v = n, the powers
are ordinary integer powers and the function extends through 0 to an entire function.

For v = —m with m € N, the first m terms vanish because 1/T'(—m+k+1) =0for0 < k < m;
here 1/T is understood as the entire reciprocal-Gamma function from Theorem 3.16. The
remaining series reproduces (—1)™J,,. Convergence: for k — oo the ratio of the (k + 1)-th
term to the k-th is —(2/2)?/[(k+1)(v+k+1)] — 0; by the ratio test the series (4.11) therefore
converges absolutely for every fixed z € C \ (—oo,0]. Thus J, is holomorphic on C \ (—o0, 0],
and integer-order J,, is entire.
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Figure 8: The first three Bessel functions of the first kind on the real axis. The series (4.11)
yields J,(0) =1 and J,(0) = 0 for n > 1. All three oscillate with slowly decaying amplitude
as x grows.

4.3 Recurrences

Proposition 4.5 (Basic recurrences). For ve C and gz € C\ (—00,0],

2
Jra(B)+ () = 0,02, (412)
Jy1(2) =Ty (2) = 2J7(2), (4.13)
d
= [2"h@]=2"7.6), (4.14)
d
@] == (), (4.15)

Proof. Step 1: (4.12) and (4.13) for integer v = n via generating function. Differentiate (4.1) in
t. The inner derivative is (z/2)(1 + 1/t2), so

G 2 1
_ E : -1
E 5(1+t_2)G(z, t)_n:_: an(Z) t" ’ (4.16)

where on the right we differentiated (4.2) term by term (justified because the Laurent series
converges uniformly on compact subsets of C*). Multiply by ¢:

oo oo

%(t-ﬁ-%) S an@e= > nnE e (4.17)

n=—oo n=—oo

Expand the left side, using t - t" = t""! and t~! - t" = t""!, and relabel (n + 1 — n in the first
sum, n— 1 — n in the second):

” %) ) . oo _ . oo n
En:Z:OOJn(Z)t +1 + En;mJn(Z)t 1_ EHZZOO[Jn_l(Z)+Jn+1(Z)]t . (4.18)

Matching coefficients of t" between (4.17) and (4.18):
Z
5@+ ()] = nJn(), (4.19)
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which rearranges to (4.12) for integer v = n.
For (4.13), differentiate G in z:

a2G 1 1 < / n
%2 (t_ ?) Gz, 1) = HZZIOOJH(Z) . (4.20)

The identical index shift gives %[Jn_l(z) —Jn11(2)] = J; (), which is (4.13).
Step 2: (4.14) by direct series manipulation. From (4.11),

oo
(_1)k 22v+2k
v = .
z J”(Z)_kzz(:)k!l"(v+k+1) o2k (4.21)
Differentiate term by term (justified by absolute uniform convergence on compacts):

dr, o (1)K (2v +2k) g2r+2k1
—|z'J = . . .22
3512 )] k;: KIT(v+k+1) 202 (4.22)

Use the reciprocal-Gamma form of the functional equation, (v+k)/T(v+k+1)=1/T(v+k),
which is valid also at the exceptional values by continuity:

oo

(_1)k .2 g2 y+2k—1 ) i (_1)k (Z )v—1+2k ’ 4.23)

vl . - 3
&)= Litarn e =Y Ao 2

k=0 k=0

where we pulled z” and a 1/2 (from 2/2"*2k = 1/2"+2k=1) out. The remaining series is J,_;(2)

by (4.11) with v > v—1and I'((v—1)+ k+ 1) =T(v+ k). Hence (4.14).
Step 3: (4.15) similarly. From (4.11),

oo
: ( 1)k zzk
v j— .
z ", (2) = k:EO OIS (4.24)

Differentiate: only k > 1 contributes, and d(2%%)/dz = 2kz?*1:

(o]

(_1)k .2k ZZk—]

de .
bk JV(Z)]_;k!r(HkH) 22k’ (425)

Use k/k! =1/(k—1)! and shift index k=m+1, m > 0:

d. _ 0 (_1)m+1 ) 52m+1
d_z[z VJV(Z)] - Z_; m!T(v+m+2) Cgvr2mt2” (4.26)
Rewrite the coefficient in (4.26) as —1/2¥72m+1.
d - B 0 (_1)m 52m+1
Ll @] == 2 mIT(v+ m+2) 2r+2m+1° (4.27)

m=0

On the other hand, using (4.11) with v = v+1,

R et € IR Y ek, oo

Z .
2 1
m=0m!I‘(v+m+2) 2 m=0m!I‘(v+m+2)2”+ m+

Comparing with (4.27) gives
vy )] = -
d [z Jv(z)]— z Jv+1(z)'
b4
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Step 4: (4.12) and (4.13) for general v. Expand the left side of (4.14):

d v
E[zm] =", 42" =2"],, = J + ;JV =J, 1. (4.28)

Similarly from (4.15):
d - —v—1 —v 7/ -V / v
E[z J,]=—vz Jy+27 0, =—2""),y = J —;J,,z—J,,H. (4.29)

Adding (4.28) and (4.29) gives 2J, = J,_; —J,1, i.e. (4.13). Subtracting gives 2vJ,/z =
Jv—l +Jv+1, i.e. (412) O
4.4 Bessel’s differential equation

Theorem 4.6 (Bessel’s ODE). On its domain of definition (the slit plane for non-integer v, and
all of C for integer order), J,, satisfies

220"(2) +2J(2) + (22— v*)J,(2) = 0. (4.30)

Proof. We give two derivations: one short via the recurrences, and one by direct series verifica-
tion.
Derivation A (via recurrences). From (4.28), zJ, + vJ, = zJ,._;. Differentiate both sides in
/ 1/ / /
J,+2J,+ v, =J, 1 +2J . (4.31)

Apply (4.29) at order v —1, i.e. with v — v —1: this gives J|_, —(v—1)J,_1/z = —J,,
equivalently
gl =(v—1),_;—zJ,. (4.32)

Substitute (4.32) into (4.31):
A+, +2)) =J,+(v—1) 1 —2J, =], 1 —2J,. (4.33)
From (4.28): J,_ =J/ + vJ,/z, s0 vJ,_ = vJ, 4+ v*J, /2. Insert:

1}2

L+ V), +2J) =vJ, + —Jv=zl,. (4.34)
Rearrange (subtract vJ ; from both sides):
J oz =2
,+2J; = y—2J,. (4.35)
Multiply through by z:
22 + 2] =], —2%],, (4.36)

which rearranges to (4.30).

Derivation B (direct series). Define the Bessel operator £,y = z2y” +zy’ + (22 — v?)y.
Apply to (4.11); write a; := (—=1)/[k!T(v+k+1)2"** ] and a; := v+2k so J,(z) = Dozt
Term by term,

2 d
22 —[az**] = a; ap(ap — 1) 2%, 2 —[apz®] = aj ai 2%. (4.37)
dz2 dz
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Summing these two:

22(a2%)" + z(a 2 = ap[ap(ar — 1) + ai 2% = akai 7%, (4.38)
Hence
o oo
L,J,= Zak(ai— v?) 2% +Zak z%+2, (4.39)
k=0 k=0

Compute aj —v* = (v +2k)* — v* = 4kv + 4k* = 4k(v + k):

oo o0
Lody =D 4k(v+k)az®+ Y a2+, (4.40)
k=0 k=0

The k = 0 term of the first sum vanishes (factor of k). In the first sum replace k = j, j > 1; in
the second replace k =j—1,j=1(so a;_; +2=a;):

oo

ﬁvJv=Z|:4j(v+j)aj+aj_1:|z“f. (4.41)
j=1

Evaluate the bracket. From a;’s definition,

(—1Y - 4j(v+ ) (—1y!

YOG = G T D2 YT oD )T (4.42)
In 4j(v+ j)a;: cancel j using j! =j-(j—1)!, and use (v + j)T(v+j)=T(v+j+1):
—1) - -1y
YO +ie;= (j—1)(!1“(11)/+j)2”21' N (j—1)!rgvi)j)2v+2f—2’ (4:43)
where the last step uses 4/2"+% =1/2"*%/~2_ Comparing with a;_;:
4j(v+j)a; =—aj_;. (4.44)
Therefore the bracket in (4.41) vanishes for every j > 1, and £,J, = 0. O

Remark 4.7. Bessel’s ODE is second-order and thus has two linearly independent solutions. For
v&Z, {J,,J_,} is a fundamental pair. For v=n €€ Z, J_,, = (—1)"J, so the pair degenerates; we
introduce the second-kind function Y, below to fill the gap.

4.5 Integral representations

The contour formula (4.3) is already an integral representation. Deforming and parametrizing
yields familiar real-variable forms.

Theorem 4.8 (Bessel’s integral for integer order). For n € Z and z € C,
1 Y
J(2) = —J cos(nf —zsin0)do. (4.45)
T
0

Proof. Parametrize |t| =1by t =e', 8 € [—m, ], so dt =ie'® d6, and

p_1_ o

" —e 9 =2isino, L = i1, (4.46)
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Insert into (4.3):

TT T
J(z) = ZL o(5/2):2isin0 ,—i(n+1)6 1,10 g — 1 ilzsin0—n0) g (4.47)
mJ_ . 2 J_ .

where i/(2mi) = 1/(2n) and e {("10 . 010 = =0 Wrjte ¢!® = cos¢ + ising with ¢ =
zsin @ —n6. For real z, sin ¢ is odd in 6 and integrates to zero on [—7, 7t ], while cos ¢ is even:

T

T
J”(Z):%J cos(zsinf —n0)do =%J cos(zsinf® —n6)do, (4.48)

—T 0

then use cos(¢) = cos(—¢) to rewrite as cos(n6 — zsin ). For complex z, both sides of (4.45)
are entire functions of z and agree on R; by the identity theorem (Theorem 2.2) they agree on
C. O

Theorem 4.9 (Schlifli integral representation). For v € C and z € C\ (—00,0], define the
rotated Hankel contour
C,:={teC":3t/2 € H},

i.e. the set of t-values that the map u = zt/2 sends onto the standard Hankel contour H of
Theorem 3.16. Then

1
J,(2)= oy f e(#/2)(t=1/t) (=v=1 dt, (4.49)
G

where t~"71 is interpreted by pulling back the principal branch from u = zt /2:

t—v—l . (E)v+1 (Z_t)—v—l

The power (zt/2)~""! uses the principal branch off the cut. The point of this convention is that
we choose the branch once in the u-plane, where the contour is the fixed Hankel contour, and
then pull that choice back to the rotated t-contour. When z > 0 is real, the map t — zt/2 is a
positive dilation, so this convention agrees on C, with the Hankel-contour boundary values from
Theorem 3.16: argt = —m on the lower edge and argt = 7 on the upper edge. For general
gz € C\ (—o0, 0] the identity is then obtained by analytic continuation in z. Equivalently, for each
fixed z, C, is a z-dependent rotated Hankel contour in the t-plane.

Proof. Motivation. Formula (4.3) extracts an integer-order coefficient by a closed contour. For
complex order, t~*~! has a branch cut, so the natural replacement is a Hankel contour around
that cut. The proof reduces this contour integral to Hankel’s representation of 1/T.

Strategy. Push the t-contour forward by u = zt /2. By definition of C,, this sends the integral
to the standard Hankel contour H, where Theorem 3.16 applies term by term.

Step 1 (reduce to the standard Hankel contour). Theorem 3.16 states that for every w € C,

]' 1 u.,,—w
—_— = du. .50
r(w) 2mi JHe “ u (4.50)

Denote the Schlafli integral (4.49) by I(z, v). By the definition of C, = {t : zt/2 € H}, the map
t — u =zt /2 sends C, bijectively onto H; its inverse u — t = 2u/z shows C, is the image of H
under the fixed scalar dilation u — (2/2)u, justifying the shorthand C, = (2/2)H. Also

2 2 1 2 2u\"
t==2  de=2duy, = -=—, t_v_1:(_u) ,
Z Z t 2u Z
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with the branch of t~”~! understood via the branch of u~"~!. Therefore

1
I(z,v) = —— —22“4“)(2”) . 2d (z)i e/ gy (4.51)
21 Z 2/ 2mi H

Step 2 (expand the remaining factor and integrate term by term). Fix the standard Hankel
contour H with a circular part of radius p > 0. Then |u| > p everywhere on H, so the Laurent
series

2 k
_22/(411) Z (_Z /4)
converges uniformly on H, because
A 4kkl|ulk T & 4kk1pk 4p )
On the circular part of H the contour has finite length, so uniform convergence is enough. On

the two rays of H, write u = —se*'® with s > p; then |e%| = e™*. For fixed z and v, the absolute
value of the expanded integrand is bounded by

—s.—Revr—1
C 0zv€ S s

which is integrable on [ p, 00) because of e™. Hence dominated convergence allows termwise

integration:

I(z,v) = ( ) Z (_22/4)k li f elu"" 1 qu. (4.52)

H
By (4.50) with w = v+ k + 1, the inner integral equals 1/T'(v+k + 1):

o0

_ (—1)k (z/2)% (—1)k 2\ 2%k
I(Z’v)_( )Zk'F(v+k+1) ;)M(E) =42, (4.53)

matching (4.11).

Step 3 (integer v). When v=n € Z, t ™! is single-valued and the integrand has no branch.
The two rays of C, then traverse the same path in opposite directions with identical integrand,
so they cancel. The remaining small loop around 0 may be deformed to any simple closed
contour enclosing the origin, for example |t| = 1. We recover (4.3).

Sanity check at v =0, z =1 real. Then C; is the standard Hankel contour H (no rotation),
t~1dt is single-valued, and the rays cancel. The small loop around t = 0 gives

1 1 27 1 T
Jo(1) = — /A0 =1 gy = — esm0de = = | cos(sin6)do,
2mi Itl=p 27 0 T Jo

which is (4.45) at n = 0. The integral evaluates numerically to J,(1) ~ 0.7652, in agreement
with the series (4.4). O

Theorem 4.10 (Poisson/Sommerfeld integral). For Rev > —1/2 and z € C \ (—o0,0],

(z/2)"
JRAT(v+1/2)

Here (2/2)" uses the same principal branch as in (4.11). If v = n € N,,, the same formula gives
the entire extension of J,,.

1
J,(2) = f (1—5%)""Y2 cos(zs)ds. (4.54)
-1
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Proof. Fors € (—1,1), the factor (1 —s2)”"1/2 means

exp ((v — %) log(1 —52)) ,

where the logarithm is the real logarithm of the positive number 1 —s2. The condition Re v >
—1/2 makes the endpoint singularities integrable. Denote the right-hand side by R, (z). We
show R, (z) = J,(z) on the slit plane by expanding cos(zs), integrating term by term, and
comparing with (4.11).

Step 1 (series for cos). For z,s € C, cos(zs) = leo(—l)k(zs)Zk/(Zk)!; this Taylor series
converges uniformly for s € [—1,1] and fixed z, and (1 —s2)*"%/2 € L1(—1, 1) (its absolute
value is integrable) for Re v > —1/2. Therefore we may integrate term by term (dominated
convergence):

(2/2)" (kg2 (1 .
RV(Z):\/EF(V—I—l/Z)Z 20! f_ls%(l—sz) 172 gs. (4.55)

Step 2 (Beta integral). The integrand of the inner integral is even in s, so
1 1
J s?k(1—s2)"12gs = ZJ s2k(1—s2)"1/2 gs. (4.56)
-1 0

Substitute u = s2, so ds = du/(2+/u) and s** = u*:

1 1 1
ZJ SZk(l_SZ)v—l/Z ds = ZJ uk—1/2(1_u)v—1/2_d_u — J uk+1/2—1(1_u)v+1/2—1 du. (4.57)
2
0 0 0

By Definition 3.8 of the Beta function, this is B(k + 1/2, v+ 1/2). Apply the Beta—Gamma
identity (Proposition 3.9):
[(k+1/2)T(v+1/2)

B(k+1/2,v+1/2)= I (4.58)

Step 3 (insert and simplify). Substitute (4.58) into (4.55):

(2/2)" == (=Dkz2  T(k+1/2)
R,(z) = e > : (4.59)

(2k)! T(v+k+1)

after the I'(v + 1/2) cancels. We now reduce I'(k + 1/2)/(2k)!. By the Legendre duplication
formula (Theorem 3.15) applied with w =k + 1/2:

T(k+1/2)T(k +1) = 2172041/2) /7 T(2k 4+ 1) = 272K /7 (2K)!, (4.60)
where I'(2k + 1) = (2k)!. Hence

(k+1/2) v Jr
(2k)!  22%T(k+1) ~ 2%k k1

(4.61)

Insert into (4.59):

@) (DR (—1)k 22k
R === ;22kk!1"(v+k+1) (/)Zklr( +k+1)( ) ’ (4.62)
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using 22k /22K = (z/2)?*. Absorbing (z/2)” into the summand gives

3 > (=1)k z\r2k
RO Er ) e (469

by (4.11).
If v =n € N, then (z/2)" is entire and the same computation yields the entire power series
for J,(2). So the identity extends from the slit plane to all z € C in the integer-order case. [

Example 4.11 (v=1/2). From (4.54) with v=1/2, T(1) = 1:

N
J]/Z(Z) = E SinZ, (4.64)

using f_ll cos(zs)ds = 2sinz/z and (z/2)'/? - 2/2 = V2/+/z, hence V2/yz -1/ T = v/2/(72).

4.6 Asymptotics

Theorem 4.12 (Large argument). For fixed v € C, as |z| — oo in any sector |argz| < m— 6

with § > 0,
|Imz|
5=\ cos(z L 5) 1ol € . (4.65)
Z 2 4 |z]

On the positive real axis, away from zeros of the leading cosine, this is often written as J,(z) ~
v 2/(ngz)cos(z — v/2— 1 /4). The displayed form is safer because the leading cosine itself has
2eros.

Proof. Write z = re'® with r = |z| and |¢| < m—§&. Since C, = (2/2)H = e~'?(2/r)H, the
Schléfli contour is the Hankel contour rotated by —¢. Apply steepest descent (Theorem 2.17)
to (4.49) with A :=r/2 and

I GET (t— %) g()=t"", (4.66)

so the integrand is e*¢(Dg(¢t).
Step 1 (saddles). Since fqg(t) =e!?(1+1/t2), the saddles are still

t = =i.
Step 2 (values at the saddles). Since i —1/i =2i and —i — 1/(—i) = —2i,
fp)=2ie?,  fy(—i)=—2ie".

Therefore

Step 3 (second derivatives and descent angles). We have

2¢i?®
17 _ =
fi=-"5.

SO
fR)=—2ie'®,  fi(~i)=2ie"?.

79



Mathematical Physics Notes

Hence |fq’5’(:|:i)| = 2, while

arg f/(i) = ¢ — arg f{/(—) =+ 5.

T
2 b
By Proposition 2.16, the steepest-descent directions are

_n—(¢-n/2) _3n ¢ _n—(p+n/2) _m ¢

- =t _=_ 7 (4.68)
2 4 2 2 4 2

Step 4 (deform the contour). The rotated Hankel contour can be deformed through the
two saddles along the descent directions (4.68) without crossing singularities or changing the
endpoint behavior. The remaining pieces are lower order uniformly for |¢| < m— &, so the
leading term is the sum of the two saddle contributions.

This is the only global steepest-descent input in the proof. Locally, the descent directions
come from the quadratic calculation above. Globally, the two ends of the rotated Hankel contour
lie in sectors where Re{e!?(t —1/t)} — —oo, and the branch point at t = 0 remains encircled
rather than crossed. Thus Cauchy’s theorem permits the contour to slide onto the two descent
arcs through t = %i, with the connecting arcs placed in regions of smaller real part. A Stokes
line is a curve across which the relative exponential dominance of saddle contributions changes;
drawing those lines gives the same conclusion. The algebra below is the local computation of
the two resulting saddle contributions.

Step 5 (leading-order contributions). By Theorem 2.17, the contribution of an isolated simple
saddle t, with f 4')’ (t,) # 0 and descent angle 0, is

6,

21

I(t*) ~ ekfd)(t*)g(t*)eie* e N
TN

The power g(t) = t~”! uses the branch pulled back from the standard Hankel variable
u = zt/2. To fix the saddle constants, start on the positive real z-axis: the cut in the t-
plane is then the negative real axis, so the continuous saddle values are i~ = ¢~(»+1)7/2
and (—i)~"1 = (*D7/2 For |argz| < m — &, rotating z carries this pulled-back branch
continuously, and the final expression is the corresponding analytic continuation in the sector.
At t, =1, use (4.67) and (4.68). Since If(;/(i)l =2,

I, ~ 2n oz =716, _ | z_neiz i+ 1)T/2,i(37/4—/2) (4.69)
r r

Att, =—i,

T ~ A 2_7-[ e—iz (_i)—v—leiG_ — 2_7-[ e—iz ei(v+1)7'c/2€i(n/4—¢/2).
r

r
Step 6 (combine). By Schlafli’s formula (4.49),

1
JV(Z) ~ 2_7'51(I+ +I_).

Since z71/2 = r~1/2¢71¢/2 on the principal branch,
‘]v(z) ~ 21 e—iTE/Z I:eize—i(v+1)n/26i3ﬂ:/4 + e—izei(v+1)n/26in/4:|,
nz

because +/27/r e /2 /(21) = 1/+/27z. Collect exponent phases. First term:

e—in/Ze—i(v+1)n/Zei3ﬂ:/4 — e—i(vn/2+rr/4).
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Second term:

e—in/zei(v+1)n/2eirt/4 — ei(wr/2+n/4)‘

Let y :=z— v1/2— /4. Then the first bracketed term is e!*="%/2=7/4) = ¢ (since iz plus the
first phase gives i(z — vr/2 — 1/4)), and the second is e"'*. Hence the leading saddle sum is

1

. . 2
ix L o—ix) =1\l 2
(e +e ) — cosy,

Jv(z) ~

which is the main term in (4.65). Keeping the next terms in the local steepest-descent expansions
at the two saddles gives the stated remainder. O

Remark 4.13 (Sign/phase check). The two saddle contributions are complex conjugates of each
other when v € Rand z > 0: T_ = Z,. The sum is real, and the resulting cos is 2 Re(e'%)/2 = cos .
Any off-by-1t/2 error in the phase would flip cos «— sin and is easy to catch by testing v=1/2:
there Jy5(2) = +/2/(nz)sinz (see (4.64)), and (4.65) predicts cos(z — /4 — 1 /4) = cos(z —
11/2) = sinz. Consistent.

Theorem 4.14 (Large order). As v — +00 with 2 = v:
21 /3

o3
J,(v) 2PT23) Yy, (4.70)

Proof. Picture. At z = v, the factor t~ = e~ ”18¢ joins the exponential phase. The resulting

phase has a double saddle at t = 1 and cubic leading behavior, so the natural scale is ¥~/3.
Take (4.49) with 2 = v > 0 real. Since C, = (2/v)H, we may write
1
Jy(v) = —f ee0 4t (4.71)
2mi c, t
where
@(t):=3(t—1/t)—logt. (4.72)

Step 1 (coalescent saddle and cubic expansion). We have

1 1 (t—1)?
/t =l(1+_)__= )
P (=3 t2 t 22

so t = 1 is a double saddle. Differentiate:

1 3 2
1/ _ 117 _
() (t)———+t—2, () (t)—t—4—t—3

Att=1,
»(1) =0, ¢'(1)=0, ¢”"(1)=0, (1) =1.

The vanishing of both ¢’ and ¢” at t = 1 is what makes the saddle “double” or “cubic”: the
quadratic Taylor term is gone, and the leading nontrivial behavior is the cubic one. This is
the saddle-coalescence scenario flagged generally in the asymptotics summary (Section 2.7).
Hence, with t =1 +s,

$3 1
1+s)=—+0("), —— =14+0(s), .73
o(1+s) 6 (s™) Tas (s) (4.73)

ass — 0.
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Step 2 (scale the cubic saddle). The steepest-descent rays through t = 1 have args = +m/3.
Deform C, through these rays; away from a small disk about t = 1, the contour contributes
only O(e™").

Now set
s=21/3 v_l/?’a, ds =21/3y"134g. (4.74)
Then
a® —1/3 _4 1 —1/3
vo(1 +s)=?+0(v g, F:1+O(V o), (4.75)
s

uniformly on the scaled contour for bounded o. The local contour tends to the cubic Hankel
contour I, (the same contour shape used in the Hankel representation of 1/T’, Thm. 3.16), and
dominated convergence gives

91/3,-1/3

J,(v) = o J e’ Bdo +0(v /3. (4.76)
I,

Step 3 (cubic Hankel integral). Put
3

u=—. 4.77)
On the ray o = re with r > 0, we have 0° = r3e!™ = —r3, sou = —r3/3 < 0, with u
approached from above the real axis (since Im o> vanishes from the positive side as one rotates
onto the ray). Similarly the ray o = re™"/3 sends u — —r3/3 from below. Thus the two cubic
descent rays of T, map onto the two banks of the negative-real-axis cut for u, while the small
connector around o = 0 maps to a small circle around u = 0. In this orientation the image is
the standard Hankel contour H. Since o = (3u)'/® = 3/3u!/3 on the corresponding branch,
differentiating gives

in/3

do = 372323 qu. (4.78)

Therefore

3 211
e Bdo = B_Z/BJ eluPdu=——" (4.79)
JFC H 32/31(2/3)

by Hankel’s formula (3.19) with z =2/3.
Step 4 (assemble the constant). Substitute (4.79) into (4.76):

21/3V_1/3 2mi 21/3
Jy(v) ~ — - = y1/3
omi 32/31(2/3)  32/3T(2/3)

O
Remark 4.15. (4.70) is the leading transition value in the Debye expansion. The v~/° scale
comes from the cubic saddle.

4.7 The second-kind and Hankel functions

For v ¢ Z, define the Bessel function of the second kind (Weber function)

Y,(2) := cos(vm)J,(2) _J—v(z).

sin(vm) (4.80)

This is a linear combination of two solutions of Bessel’s ODE (4.30), hence is also a solution.
The next paragraph shows why it supplies a second solution rather than just another multiple
of J,.
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Why this combination is natural. For non-integer v, the leading powers near z = 0 are

different:
(z/2)" (z/2)7"
r(v+1) r(1—v)
Thus J, and J_, give two independent local behaviors. At integer v = n, they collapse via
J_, = (—1)"J,. The numerator in (4.80) is built to vanish at the same points as sin(v7), so the
quotient has a finite limit and supplies the missing second solution.
For integer order v = n € Z, define by limit:

Jy(2) ~ J_y(2) ~

Y, (2) = 11}1_r)r’11 Y, (2). (4.81)

Both numerator N(v,2) := cos(vr)J,(z) —J_,(z) and denominator D(v) := sin(v7) vanish at
v = n, and both are analytic in v. U'Hopital’s rule applied in v gives

o,N 1 aJ, dJ_
Y, (2)= = = —7si J, + z — —V] , 4.82
(2) aD| n(—l)"[ nsin(vm)J, + cos(vm) Fr 7y |, ( )
where 8,D = 1 cos(vn)|,—, = m(—1)", and the first bracketed term vanishes at v = n. Simpli-
ving, 1787 3J_,(2)
Y, (2) = —[ Ae) (—1)“—_”(2 ] : (4.83)
L Jv av y=n

The y-derivatives of (4.11) contain 8,(z/2)"*?* = (2/2)"*?log(z/2). Thus Y, has a logarithmic
singularity at z = 0, visible in Figure 9; for example Y,(z) = (2/m)[log(z/2) + yJo(2) + .
The Hankel functions (first and second kind) are

HVE) :=0,)+iY,(), HP():=J,:)—iY,(). (4.84)

They form another fundamental pair for Bessel’s ODE and separate outgoing from incoming

waves.

— Yo(a)
-~ Vi)

0 2 4 6 8 10 12 14 16 18 20
T

Figure 9: Bessel functions of the second kind Y and ¥; on (0, 20]. Both diverge as x — 0*
(logarithmically for Y, like —2/(7x) for Y;), making them inadmissible solutions on any
domain containing the origin; for x bounded away from 0 they oscillate like J, but phase-
shifted by 7/2 (Corollary 4.16).
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Corollary 4.16 (Hankel asymptotics). As |z| — oo in any sector |argz| < m— 6 with & > 0,

HO () ~ 2 i—vnj2-n/4) H® () ~ 2 iGvnj2-n/4) (4.85)
v nz ’ v nz

Proof. Let

Using the leading part of Theorem 4.12,
J,(2) ~A(z)cos y, (4.86)

and, with v replaced by —v,
J_,(2) ~A(z) cos(y + vm). (4.87)

For v ¢ Z, insert these into (4.80):

cos(vm)cos y —cos(y + vm)

Y, (2) ~ A(z) :
sin( v7)
=A(z)sin y. (4.88)
The trigonometric simplification uses cos(y + v7) = cos y cos(vn) —sin y sin(vr). Therefore
Hgl)(z) =J,(2)+1iY,(2) ~A(z)(cosx +i sinx) = A(z)e'”,
ng)(z) =J,(2)—iY,(2) ~A(z)(cosx —1 sinx) =A(z)e %,
For integer v, the same formulas follow by taking the limit 4 — v from non-integer u. O
With time dependence e~'®t, H(D(kr)e ! o< ¢!k~ ig an outgoing cylindrical wave,

. 2 . . .
while HE} )(kr) is incoming.

4.7.1 Wronskian identities

For differentiable functions f and g, their Wronskian is W[ f, g1(z) := f(2)g’(2) — f'(2)g(2). A
nonzero Wronskian proves that two solutions are linearly independent.

Theorem 4.17 (Wronskian identities). For v€ C and z € C\ (—00,0],

W, =2, 4.89)

2
W[Jv: Yv](z) = E; (4.90)
w[HM, HP] ()= —:—;. (4.91)

Proof. Step 1 (Abel’s identity). Put Bessel’s ODE (4.30) in normal form:

1 v?
y”+—y’+(1——2)y=0.
2 Z
For any two solutions yy, y,, their Wronskian W (z) := y;y, — y; y» satisfies Abel’s identity
1
z J

W (z)=—p()W(z), pl)= (4.92)
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so W(z) = C/z. Thus zW (z) is constant, and we may compute it in any convenient limit.
Here is the one-line derivation. For a general equation y” + p(2)y’ + q(2)y =0,

W' = y1yy = ¥1¥2 = 1(=pyy —ay2) — (—py; —ay1)¥2 = —p(1¥5 — ¥1¥2) = —pW.

In the Bessel case p(z) = 1/z, so W//W = —1/z and therefore W = C/z on any simply
connected region avoiding z = 0.

Step 2 (compute zW[J,,J_,] at z — o0). Since zW is constant, evaluate it using the large-z
asymptotics. From (4.65):

J,(2) ~Acos y,, J/(2) ~ —Asin g, + 0(z"%/%),

with A= +/2/(nz) and y, =z — vn/2—n/4. Analogously for J_,: y_, =z + vn/2—m/4, so
X—v— X = vn. Compute:

WIJ,,J_y ]~ A%[cos x,, - (—sin y_,) — (—sin ,) cos y_, ]
= A?[sin y, cos y_, — cos y,sin y_, ]

=A%sin(y, — y_,) = A% sin(—vm) = —A% sin(vr)
2
= ——sin(vn). (4.93)
g

This is (4.89). By Abel, 2W(z) is constant, so the value computed from the large-z limit holds
for every z € C \ (—o0,0].

Step 3 (Wronskian W[J,,Y,]). From (4.80), Y, is a linear combination. The Wronskian is
bilinear, meaning linear in each of its two inputs:

wlJ,,Y,]= (cos(rm)WLJ,,J,]=WIJ,.0_,]). (4.94)

sin(vm)
Since W[J,,J,] =0 and by (4.89):

_—wlJ,,J_,]  2sin(vn)/(nz) 2
Wiy, ¥y] = sin(ve)  sin(vn) @z’ (4.95)

The right side has no singularity at integer v (the sin(vm)’s cancel); by continuity, (4.90)
extends to integer v.
Step 4 (Wronskian of Hankel pair). By bilinearity and antisymmetry of the Wronskian,
4i

W[J +iY,J —iY]=—=2iW[J,Y] =——,
mnz

which is (4.91). O

4.8 Modified Bessel functions

Motivation. Ordinary Bessel functions oscillate on R, so they fit wave propagation. Diffusion
and electrostatic problems in cylindrical coordinates instead need real growing or decaying
radial profiles. Formally, this occurs when the separation constant changes sign, or equivalently
when Bessel’s equation is evaluated at iz.

Let Y(w) solve Bessel’s equation (4.30) in the variable w, and set y(z) = Y(iz). Then
¥'(z) =iY’(iz) and y”(z) = —Y"(iz). Substituting w = iz into Bessel’s equation gives

—22Y"(iz) + izY’(iz) + (—z% — v*)Y (iz) = 0.
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Since Y (iz) = y(2), Y'(iz) = ¥'(2)/i, and Y”(iz) = —y"/(2), this becomes

22y +zy —(22+v*)y =0, (4.96)

the modified Bessel equation. The sign of the 22 term has flipped, turning oscillatory real-axis
behavior into exponential behavior.
A first solution is J,,(iz), but it carries a phase. Remove it by defining

S 1 v+2k
I(2) 1= i~ J (iz) = ;) O TEED (%) , (4.97)

with no alternating sign: i%¢ = (—1)* cancels the sign in the J, series.

Branch convention. For non-integer v, use the principal branch for (iz)”; the identity
I,(z) =1i"J,(iz) then holds in the right half-plane and extends by analytic continuation.

A linearly independent solution is defined by

m L@ -1E)

Ky(z):= 2 sin(vm)

(4.98)

with integer order defined by limit (via 'Hoépital, exactly as for Y;,). This combination decays
as z = +00 (Theorem 4.18), while I,, grows.

Theorem 4.18 (Asymptotics of I,, and K,). As |z| = 00 in any sector |argz| < w/2 — & with
6>0:

eZ’

Iv(z) ~ m’

Ky(2) ~ 4] o= e, (4.100)
2z

Proof. Derivation of (4.99). If |argz| < m/2— 6, then w = iz lies in a sector |argw| < m— &,
so Theorem 4.12 applies at w = iz. With n := vz /2 + /4,

J(iz) ~ '\ % cos(iz —n). (4.101)

ei(iz—n) + e—i(iz—'q) e—z—in +ez+i'r]

2 B 2
Because Reg > |z|sin & > 0 in this sector, the first exponential is smaller than the second by
the factor e 2R°%, so

(4.99)

cos(iz—m) =

1 .
cos(iz —m) ~ Ee”’”. (4.102)

l — e—in/4z—1/2
J iz ’

again on the principal branch. Therefore

2 . 1 ... e? :
Jy(iz) ~ | = e7I/4 . Zemtin = iR/, (4.103)
g 2 27z
Multiply by i ™" = e71"7/2:
Z
1,(z) = e "2 (iz) ~ ——, (4.104)
21z
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because n— /4 = vrt/2.
Derivation of (4.100). For v ¢ Z, combine (4.98), (4.97), and (4.80) at the argument iz:

m it (i) — i, (iz)

Ky (z) = 2 sin(vm)
_mfivcos(vm)—i"" .o o
_ 5( ) i) Yv(lz)). (4.105)

Seta =e"2 =", Thena® =e!"", a2 =", s0 by Euler’s formula cos(vr) = (a® +a2)/2
and sin(vm) = (a? —a~2)/(2i). Substituting,
i"cos(vm)—i"" a (a®?+a?)/2—a!
sin(vm) T (a2—a2)/(20)

The numerator equals (a®+a1)/2—a ! = (a®*—a!)/2 = a(a® —a~?)/2 (factoring a out). So

a(a®—a?)/2 L
(@—a2)/@)

+v+1

Hence (4.105) becomes
K,(z) = g i"1(J,(iz) + iY,(iz)) = g i HD(iz). (4.106)

Now apply Corollary 4.16 at the argument iz:

HO(iz) ~ | 2 gilis—vmj2-n/4) _\| 2 pmin/4gs gmivn/2,min/4 (4.107)
iz nz

Multiply by (7/2)i**! = (1/2) e™(+1)/2;

. 2 . . .
KV(Z) ~ gem(v+1)/2 E P e—m/4—wn/2—m/4' (4.108)

Collect phases: n(v+1)/2—n/4—vn/2—n/4=va/2+ /2—n/2— vr/2 = 0. Therefore
all phase factors multiply to 1:

T, 2 m2 2 T
K@)~ E\ 2o\ B 2 [ e 4.109
o(2) 2\ 7z ¢ 4 P 2z ( )

which is (4.100). The integer-order case follows by taking the limit y — v from non-integer
. O

Physically, I,, and K, appear in cylindrical Laplace-type problems, 2D screened Coulomb
interactions, and below-cutoff waveguide modes.
4.9 Orthogonality and Fourier-Bessel series

On [0, a] with weight r, the rescaled functions J,(a, ,,r/a) behave like sine modes on an
interval. Here a,, , is the m-th positive zero of J,.

Theorem 4.19 (Bessel orthogonality). For v > 0, a > 0, and positive integers m,m’,

e oy /T 2
f J,,( vm )JV( »m )rdrza—[JvH(av,m)]zém’m/. (4.110)
0 a a 2

Here &,, v is the Kronecker delta: it equals 1 when m = m’ and 0 otherwise.
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Proof. Sturm-Liouville framing. A Sturm-Liouville problem is a second-order ODE arranged so
that integration by parts produces orthogonality of different eigenfunctions. Here the radial
equation has weight r, meaning the natural inner product is foa u(r)v(r)rdr. Thus distinct
eigenfunctions are orthogonal; it remains to compute the normalization.

Write u,,(r) :=J,(a, ,r/a) and f3,, := a,, ,/a. From Bessel’s ODE (4.30) with argument
Bmr, Uy, satisfies

2
(ru:n)’+(ﬂir——)um =0, (4.111)
r
Set z = f,r. Then u,,(r) =J,(2), u, (r) = B,,J;(2), and ru/ (r) = 2J'(2), so

(! ) (r) = B(27(2)) = Bu(J5(2) +277(2)),

where the outer prime is d/dr. Dividing Bessel’s equation (4.30) by z gives zJ. + J, =
(v?/z —2)J,. Substituting,

(ru;n)/ = ﬁm(v?z _Z) Jv(z) = (V?Z _ﬂs—lr) Um,

using z = f3,,,r. This rearranges to (4.111). The same equation at index m’ is

2
(ru;n,)’+( ,fl,r—v?)um, —0. (4.112)
Step 1 (cross-integrate). Multiply (4.111) by u,,, (4.112) by u,,, and subtract:

U (1)) —up(ridl Y + (B2 — B2) T Uty = 0. (4.113)

The first two terms form a derivative:

d
E[r(u:num/ —un W )] = (B2 — B2) Tttty (4.114)
Integrate over [0, a]:
. a
[r(u wp —ugtt!, ]:;g = (B2 — ﬁi)f U, (N, (r)rdr. (4.115)
0

At r =0, the series (4.11) gives

(Bmr/2)"
r'(v+1)

V(B /2)”

+0(r"?), ru) (r)= T+ 1)

up,(r)= r’+0(r"?) (v>0),

while for v =0,
u,(r)=14+0(r?), ru/ (r)=0(r?).

Hence r(u, t,y —uyu,,) — 0asr — 0. Atr = a, uy(a) = J,(a,,) = 0 and likewise
u,(a) =0, so the boundary term there also vanishes.
Therefore the left side of (4.115) is zero, and for m # m’ we have B,, # B, giving

f Uy, (P (r)rdr=0 (m#m). (4.116)
0

Step 2 (diagonal). For m = m’, evaluate
a
N, :=J Jy(Bmr)?rdr. (4.117)
0
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Multiply (4.111) by 2ru’ and integrate:

a a 2
f 2ru;n(ru;n)'dr+f 2ru¢n (ﬂzr— )u dr = (4.118)
0 0

The first integral is

a
[ ([ = @, @,
0
because ru:n(r) — 0 as r — 0" by the same small-r estimates used above. The second integral,

via d(ufn)/dr = 2upu , becomes f(;l ﬁi rzd(uﬁq)/dr dr — 12 f:d(uﬁq)/dr dr. Integrate by
parts the first of these:

2
f ﬁz 2 ( )dr—ﬂz 2 2|0—2/5 J ru dr=0— 2/52 N, (4.119)
0

using u,,,(a) =0 and rzu — 0 at r = 0. The second term evaluates to —1/2[um(a)2 — um(O)z].
Collecting,
a?(u) (a))* — 2B Ny — v up(@)* —un,(0)*] = 0. (4.120)

Since u,,(a) = 0, and since u,,(0) = 0 for ¥ > 0 while the coefficient v? already annihilates the
u,,(0)? term when v = 0, the last bracket vanishes:

Ny = 2/3_2(u (a)). (4.121)
Now u; (a) = fB,,J,(a, ), and from (4.29) at z = a,,, (where J,(a,,,) = 0), J,(a, ) =
_Jv+1(av,m)~ Hence (u:n(a))z = /531 Jv+1(av,m)2 and

2 2

a
ﬁ ']v+1(av m)2 2

232 282
This establishes (4.110). O

N, = v+1(avm) (4.122)

The expansion

= et (M2), en= s | o

m=1

)rdr (4.123)

is the Fourier—Bessel series of f: the radial analogue of the Fourier series. It converges in the
weighted L? sense for suitable square-integrable f on [0, a] with weight r dr. For pointwise
convergence at = a, the series takes the Dirichlet boundary value 0, just as a sine series does
at the endpoints.

4.10 Physical examples

Example 4.20 (Circular drumhead: lowest modes explicitly). Consider the 2D wave equation
on a disk of radius a with Dirichlet boundary 1|,—, = 0. Separation of variables (r, ¢, t) =
R(r)®(¢)T(t) reduces the spatial part to

R'+R[r+ (k%2 —m?/r)R=0, (4.124)

with ®(¢) = e™®, m € Z, T(t) = ¢!, w = ck. The radial equation depends on m?, so the
radial order is |m|; the modes m and —m have the same frequency and correspond to the two real
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angular shapes cos(m¢) and sin(m¢) when m # 0. Regularity at r = 0 selects R(r) = J, (kr)
(Y| diverges). The boundary condition J|,,(ka) = 0 quantizes k = a, ,/a; eigenfrequencies

_ %ml,n
Wmn=¢ .

(4.125)
a

Numerical zeros (positive zeros of J,,):

n=1 n=2 n=3
2.4048 5.5201 8.6537
3.8317 7.0156 10.1735
5.1356 8.4172 11.6198
6.3802 9.7610 13.0152

3 3383
i1
W N RO

Frequency ratios relative to the fundamental wg ;:
C()]_’l/fl)o’l a7 38317/2.4048 ~ 1.593, (1)2’1/(00’1 ~ 2.135, (1)0’2/0)0’1 ~ 2.295,

(1)3)1/(1)0’1 7 2653, 601’2/0()0’1 ~ 2.917.

These are not small-integer ratios, so a circular drum has inharmonic overtones. A 1D string
instead has integer overtones 2 : 3 : 4 :.... The mode (m,n) = (0, 1) is axisymmetric, meaning
independent of the angular coordinate, with one peak at the center; (1,1) has a nodal diameter;
(0,2) has a nodal circle at r = aag;/ag» ~ 0.436a.

Example 4.21 (Cylindrical waveguide: TE and TM cutoffs). A perfectly conducting hollow
circular cylinder of inner radius a supports transverse-magnetic (TM) and transverse-electric (TE)
guided modes. With z along the guide and propagation factor e'%:*=©9), the axial fields E,, H,
satisfy the 2D Helmholtz equation

2

(V2 +y2)yp =0, y2:= ‘C‘)—z—kj. (4.126)
In polar coordinates, Y(r, ¢p) o< J,,(yr) ei™® (the Y, solution is discarded by regularity at r = 0).
As in the drum problem, the cutoff depends only on |m|; in the formulas below m > 0 is the
listed angular index, while the angular factors with signs m and —m are degenerate when m # 0.

Boundary conditions on the perfect conductor fix y:
TM modes (axial E,): E,|,—, = 0, so J,(ya) = 0, giving v, , = @ n/a. Cutoff frequency
(below which k, is imaginary and the mode is evanescent, i.e. decays instead of propagating along

the guide):
™

fc mn __

27 a

¢ Qqmn

(4.127)

This comes from setting k, = 0 at cutoff in y*> = w?/c* — k2, so w, = cy and f. = w./(27).
TE modes (axial H,): 0H,/0r|,—q =0, so J; (ya) =0, giving v, = @y, ,/a, where a;  is
the n-th positive zero of J; :

/
TEp, € %mn

f m,n
C

= 4.128
21 a ( )

. /.
Numerical zeros of J, :
o~ 1.8412, a,; ~23.0542, ay,~ 3.8317, a; 5~ 5.3314.

Note a , = ay 1, a consequence of Jg = —J;.
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Ordering (from low to high cutoff):

TE,; : OL/L1 ~ 1.8412 (fundamental)
TMy; : agq =~ 2.4048
TEq; : af, A 3.0542
TEy; =TM;, : ~3.8317
TMy; : ay; ~ 5.1356.

Numerical cutoffata=1cm, c =3 x 1010 cm /s:

3x10'°.1.8412
fC(TEl 1) = ~ 8.79 GHZ,
’ 2m-1
fC(TMO,l) ~ 11.49 GHZ,

f.(TEy 1) ~ 14.58 GHz.

The single-mode bandwidth is the frequency interval between TE; ; and the next cutoff, TM ;:
here ~ 8.79-11.49 GHz. In this window only TE, ; propagates. Below it all modes are evanescent;
above it multiple modes propagate and dispersion, the frequency-dependence of propagation speed,
becomes harder to control.

Example 4.22 (2D Helmholtz Green’s function). A Green’s function is the response to an ideal
point source. The outgoing Green’s function for (—V? —k2)G = §®(r) in the plane is

G(r) = ‘%H(()l)(kr). (4.129)

Here §®)(r) is the two-dimensional Dirac delta: it is zero away from the origin and integrates to
1 over any region containing the origin. The three checks are as follows. Away from the origin,
H(()l)(kr) solves Bessel’s equation at v = 0. Near r =0,

2i k
H(()l)(kr) =1+ i[log(%) + y} +0(r?|logrl),

S0 1
G(r)=——1logr +0(1),
21

and Alogr = 21 §@(r) gives —AG = 6§ (r) at the singular point. The remaining term —k>G is
locally integrable near r = 0, so it contributes no delta mass, meaning no additional point-source
contribution. Finally, G ~ (i/4)/2/(rkr) e!®™"/% qs r — 00, the outgoing cylindrical-wave
amplitude from Corollary 4.16.

Exercises

Problem 4.1. Derive the addition theorem J,(x+y) = Z;:z o0 Jk(x) Tk (y) from the generating
function G(x + y,t) = G(x, t)G(y, t) and Cauchy product.

Problem 4.2. Prove Z:i_oo Jo(2)? = 1 (equivalently, Jo(z)* + 22521 J,(2)? = 1) for real .
Hint: use G(z,t)- G(z,1/t) =1 and extract the constant term.

Problem 4.3. Use (4.3) to derive the series (4.4) directly by Laurent-expanding the exponential
and applying the residue theorem (Theorem 1.25).
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Problem 4.4. Compute fooo Jo(bx)e **dx for a > 0, b > 0, using the integral representa-
tion (4.45) and Fubini.

Problem 4.5. Show Jy5(z) = v/2/(7z) sinz and J_;5(2) = +/2/(72) cosz by inserting v =
+1/2 into (4.11) and recognizing the resulting series. Cross-check against (4.64).

Problem 4.6. Verify the Wronskian W[J,,J_,](z) = —2sin(vn)/(nz) by computing the Wron-
skian at a specific point (e.g. small z) using the leading terms of each series, and by observing that
W satisfies W + W /z = 0.

Problem 4.7. Starting from (4.49), apply steepest descent to re-derive (4.65) with attention to
the contribution of both saddles t = %i. Check every phase.

Problem 4.8. Rework Step 3 of the proof of Theorem 4.14 directly: show that the cubic contour
I is the preimage of the standard Hankel contour under u = o3 /3, compute f r eo’ /3 do, and
recover the constant in (4.70) from Theorem 3.16.

Problem 4.9. Verify (4.91) by a second route: use Abel’s identity on Bessel’s ODE to show
sW[H Ejl), H E}z)] is constant, then evaluate the constant using the leading large-z asymptotics (4.85)
directly, confirming it equals —4i /.

Problem 4.10. Show that the Fourier-Bessel coefficients (4.123) of the constant function f(r) =1
on [0,a]at v=0arec, =2/[ag,J1(ag ;)] Hint: foa Jo(Ar)rdr = (a/A)J,(Aa); derive this
from (4.14) at v =1.

Problem 4.11. (Numerical.) Compute the first three cutoff frequencies of a circular waveguide of
radius a = 2.5 mm. Identify the single-mode bandwidth. Determine which modes propagate at
f =15 GHz.

Problem 4.12. Derive an explicit series for Yy: show

(z/2)*
(k1)?

o0
Yo(z) = 2[In(z/2) + 1 Po(z) — 2 > (-1)* Hy,
k=1
where H, =1+41/24---+1/k and v is the Euler-Mascheroni constant, by differentiating J,, in v
at v =0 and using I'"(1) = —y together with T’ (k + 1)/T(k + 1) = y(k + 1) = —y + H,.

Problem 4.13. (Modified Bessel integral representation.) Prove
oo
Ko(z) = J e ZCosht g4 (Rez > 0)
0

by verifying that the right-hand side satisfies the modified Bessel ODE at v = 0 (differentiate under
the integral), has the correct logarithmic singularity as z — 07, and matches (4.100) via Laplace’s
method as z — ©0.

Problem 4.14. (Transition-regime verification.) For ¢(t) = %(t —1/t)—logt in (4.72), verify
explicitly ¢(1) =0, ¢’(1) =0, ¢”(1) =0, and ¢"’(1) = 1. Expand to O(s*) with t = 1 +s and
compute the s* coefficient, confirming it is —1/4 (the next-order Airy correction).

Problem 4.15. (Drum overtones.) Using the numerical zeros in Example 4.20, show the ratios
Wg1 W woz A~ 1:2.295: 3.598 for axisymmetric drum modes. Compare to a 1D string
(1:2:3:...). Argue qualitatively why a drum is perceived as having an indefinite pitch while a
string does not.
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5 Legendre Functions

Legendre polynomials organize angular dependence in spherical problems: electrostatic multi-
poles, the angular Schrédinger equation for a central potential, and partial-wave scattering.
As with Bessel functions (Section 4), one can start from a power-series solution of the ODE.
Here the cleaner route is the generating function: P,(x) appears as the t" coefficient in the
expansion of the physical kernel 1/|r—1/|.

Prerequisites: Section 1 for Cauchy’s formula (Thm. 1.13), its derivative form (Cor. 1.14),
and the identity theorem (Thm. 2.2); Section 3 for I" and factorials in the spherical-harmonic
normalization. Section 4 gives a similar generating-function viewpoint but is not required.

5.1 The generating function

Start with the geometry. Place two points r,t’ in space, with |r| = r, |[t'| = r/, and angle 6
between them. The law of cosines gives
lt—1t'> = r2+r"2—2rr' cosé. (5.1)
If r < 1/, factoring r'? out yields
lr—1'|> = r?[1—2(r/r")cos 0 + (r/r')* ], (5.2)

so the reciprocal distance is 1/r’ times a function of the two dimensionless quantities cos 6
and r/r’. That function is the object we now name.

Definition 5.1 (Legendre generating function). For x € [—1,1] and |t]| <1,
1

Vi—2xt+t2

The branch of the square root is the one that equals 1 at t = 0.

G(x,t) = (5.3)

Proposition 5.2 (Physical origin). For r,t’ with r < r’ and angle 6 between them, setting

x=cosQandt=r/r’,
1

[r—r|

- %G(x, 0. (5.4)

Proof. Take the positive square root of (5.2):

lr—r| = r'y/1—2(r/r")cos 6 + (r/r")2.
Invert and set x = cos 0, t = r/r’. This gives G(x, t)/r’, which is (5.4). O
For |x| < 1 and |t| < 1, the denominator of G does not vanish. If |x| < 1, its zeros are
t = x +iv1—x2, both on the unit circle; if x = £1, the zero is the boundary point t = x. Thus,

for each fixed x € [—1, 1], G(x, t) is holomorphic in t on [t| < 1 and has a convergent Taylor
expansion there.

Definition 5.3 (Legendre polynomial). P,(x) is the coefficient of t™ in the Taylor expansion of
G(x,t)att=0:

1 (o]
———— = > Pt (5.5)
V1-2xt+t2 =

By the Cauchy coefficient formula (Cor. 1.14) applied to the holomorphic function t — G(x, t),
for any positively oriented circle |t| = p < 1,
dt

1
P.(x) = — . 5.6
n( ) 2711 ltl=p tn+11/1—2Xt+ tZ ( )
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Remark 5.4 (Uniform coefficient bound). Fix p with 0 < p < 1. For x = cos 0 with 6 € [0, 7]
and || = p,

1-2x{+ % =(1-¢€7)(1—e9).

Each factor has modulus at least 1 — p, so
1-2x{+ % = (1-p)*

Therefore
1 1

<
T—2x{+ 22 = 1=p’
uniformly in x € [—1,1]. Inserting this estimate into the contour formula (5.6) gives
111
o 1—p  (1—p)p™
In particular; if |[t| < p < 1, then D -, P,(x)t" converges absolutely and uniformly in x € [-1,1].
This is the estimate that will justify termwise integration later.

1G(x, )| =

PG| < —— - (27p)- x e[1,1].
2 P

T

Proposition 5.5 (Polynomial nature, low orders). P,(x) is a polynomial in x of degree n.
Explicitly,

Po=1, Pi=x, P,=1(3x*>—1), P3=3(5x>—3x), P,=3(35x"—30x?+3). (5.7)

Proof. Write 1 —2xt + t% = 1 —u with u = 2xt — t2, and use the binomial series

(-2 = ;(_1/2)(_# _ ;) 45{2(:3)!2 ok, (5.8)

where the second equality uses (_lk/z)(—l)k = (2k)!/(4*(k")?), equivalently (1/2),/k!. To
verify: by the definition of the generalized binomial coefficient,

(—1/2) (=35 (=2 —1)/2)  (—1)F(2k—1)N
k) k! - %K

where (2k —1)!!=1-3-5---(2k — 1) is the double factorial. Multiplying by (—1)¥ cancels the
sign:

—1/2), o @k=D1! _ (2k)!
( k )( = 2kkl 4k (k12

the last step using the identity (2k)! = 2K k! - (2k — 1)!! (pair the even factors 2- 4--- 2k = 2K k!
with the remaining odd factors). Substituting u = t(2x — t) gives

o (2K)!
G(x,t) = ;)4k(k!)2 th(2x — t)k. (5.9)

For fixed k, (2x — t)* is a degree-k polynomial in t whose coefficients are polynomials in x.
Hence tX(2x—t)¥ contributes only to powers t*, ..., t?*. The coefficient of t" therefore receives
terms only from [n/2] < k < n. In the k-th term, the largest possible power of x is x; the
largest admissible k is n. Thus P, is a polynomial of degree n.

Low orders. Expanding (5.9) through t* gives exactly the list in (5.7). O

Remark 5.6. At x = 1, the generating function collapses to G(1,t) = 1/(1—t) = >, t", so
P,(1)=1. At x =—1, it becomes G(—1,t) =1/(1+t) =D, (—t)", so P,(—1) = (—1)".
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Figure 10: The first five Legendre polynomials P,,...,P, on [—1,1], as given by (5.7). All
satisfy P,(+1) = (£1)". The parity P,(—x) = (—1)"P,(x) is visible: even n are symmetric,
odd n antisymmetric.

5.2 Recurrences

Three recurrences handle most calculations with P,,. All three come from differentiating the
generating function.

Proposition 5.7 (Recurrence relations). Forn > 1,

(n+1)P,1(x)=02n+1)xP,(x)—nP,_1(x), (5.10)
(1—x?)P/(x) = n[ P,_1(x) — xP,(x)], (5.11)
P/ (x)—P'_ (x)=(2n+1) P(x). (5.12)

Proof. Proof of (5.10). The strategy: differentiate the generating function identity »_ P,t" =
(1—2xt + t2)"Y2 with respect to t, clear the denominator, substitute the series, and match
coefficients of t". Differentiating (5.5) in ¢,

x—t (x—t)G

oG 1 2\-3/2
— = —=z(1—2xt+t (=2x +2t) = = , 5.13
ot 2 X ) (—2x ) (1—2xt +t2)3/2 1—2xt+t2 (>-13)

where the last step uses G = (1—2xt+ t2)" 12 to replace (1—2xt+ £2)73/2 by G/(1—2xt+t2).
Multiply both sides of (5.13) by (1 —2xt + t2) to clear the denominator:

(1—2xt+t2)aa—(t; = (x—1t)G. (5.14)

Now substitute the series G = Y} ., P,t" and its termwise t-derivative G/t = _onP,t"*!
(termwise differentiation is valid inside the radius of convergence):

(1—2xt +12) > nPyt" = (x—) > Pt". (5.15)
n>0 n=>0

Expand the left side:

Z nP,t" 1t —2x Z nP,t" + Z npP,t"t,

n>0 n>0 n=>0
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Shift indices so that each sum is over t". In the first sum, set n’ = n—1; it becomes Zn,>_1(n’ +

1)Py4q t", and the n’ = —1 term vanishes, so it starts at n’ = 0. In the third sum, set n’ = n+1;
it becomes »; ~,(n' —1)P,_t" . Relabeling n’ — n throughout:

DA+ DPgt"—2x > 0Pt + > (n—1)P, ", (5.16)
n>0 n>0 n>1
Similarly the right side:
(x—t)ZPnt“ = xZPnt“—ZPn_lt”. (5.17)
n>0 n>0 n>1
Equate coefficients of t" for n > 1. From (5.16): (n+1)P,,;—2xnP,+(n—1)P,_;. From (5.17):
xP,—P,_;. Therefore
(n+ 1P,y —2xnP,+(n—1)P,_; = xP,—P,_;. (5.18)
Move everything to the left:

(n+1)P,;1 —2xnP,—xP,+(n—1)P,_1+P,_, = 0,

and collect: the coefficient of P, is —(2n + 1)x, and the coefficient of P,_; is n. Solving for
(Tl + 1)Pn+1:
(n+1P,y; = 2n+1)xP,—nP,_4,
which is (5.10).
Proof of (5.11). Differentiate the generating function in x:

oG t tG
— = = . 5.19
dx (1 —2xt + t2)3/2 1—2xt+t2 (5.19)
Comparing with (5.13),
G oG
—t)— =t—. 5.20
(x )8x t (5.20)

Substitute the series and match coefficients. Since dG/dx = ZPé(x)t” and t9G/ot =
D.nP,t", the left side is x D, P/t" — >, P’ | t" after shifting. Hence

xP/(x)—=P,_ (x) = nP,(x). (5.21)

Use (5.19) and (5.13) to combine the x- and t-derivatives in a way that produces the factor
1—x2

tG—t(x—t)a—G = ‘ o tle—t)
ot J1—2xt+2 (1—2xt+1t2)3/2
t[(1—2xt +¢2)— (x —t)?]
B (1—2xt + t2)3/2
. t(1—x2)
©(1—2xt + t2)3/2

0
—(1-x1)%C, (5.22)
Jx
Substitute the series:
(1=x2) D P = t Y P ()" —x D nP, ()" + Y nP,(x)e" . (5.23)
n=>0 n=>0 n>0 n=>0
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Shift the two sums carrying an extra factor of t:

1- xz)ZPét” = an—l t" —xz nP,t" + Z(n —1)P,_,t". (5.24)

n>0 n>1 n>0 n>1

For n > 1, the coefficient of t" on the right is
P, y—nxP,+(n—1)P,_; = nP,_; —nxP,.
Therefore
(1—x?)P/(x) = nP, 4(x)—nxP,(x),
which is (5.11).
Proof of (5.12). Combine (5.19) and (5.13) in a second way:

2tza_GthG: 2t%(x —t) N t(1—2xt +t?)
at (1—2xt+t2)3/2  (1—2xt+ t2)3/2
t[(1—2xt +t2)+2t(x —t)]
B (1—2xt + t2)3/2
B t(1—t?)
(1 —2xt +t2)3/2

oG
=(1-t)—. (5.25)
dx
Substitute the series again:
(1= 2) D PO = 262> P, (x)t" T+t > P ()", (5.26)
n=0 n>0 n=>0

Shift indices so every sum is in powers of t":
DB =D Pt = > 2(n—1)P g t"+ D Pyt (5.27)
n=0 n=2 n>1 n>1

For n > 1, equating coefficients of t" gives
P/(x)— P! ,(x) = [2(n—1)+1]P,_1(x) = (2n—1)P,_1(x).
Replace n by n + 1:
Pl (x)—P'_(x) = (2n+1)P,(x),
which is (5.12). O

Example 5.8 (Low-index check). At n=1: (n+ 1)P,,; = 2P, = 3x2—1 from (5.7). The right
side of (5.10)is3x-x—1-1= 3x2—1. Agreement.

5.3 Rodrigues formula and Schléfli integral

Two other representations of P, are worth keeping close: a contour integral (Schlifli) and a
compact differential formula (Rodrigues). They make orthogonality, differentiation identities,
and coefficient formulas much easier to derive.

Proposition 5.9 (Schléfli integral). For any sufficiently small p > 0,

2__1\n
W’ —1" 4, (5.28)

1
Py(x) = — m .

211

[w—x|=p

Because the integrand is holomorphic away from w = x, the same value is obtained on any simple
positively oriented contour enclosing x.
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Proof. Start from the generating-function contour (5.6):

1 dt
P(x) = — . (5.29)
271 J=p V1 —2xt + 2

The idea is to find a change of variable t «— w that makes the square root v1—2xt + t2
rational. If we can write dt/t"*! /—- as a rational function times dw, the Cauchy derivative
formula (Cor. 1.14) gives Rodrigues’ formula directly. Set

_ 2(w—x)

t
w2—1"~

equivalently tw? — 2w + (2x—t) = 0. (5.30)

Solving the quadratic for w gives

1++/1—2xt+t2
wy = t X . (5.31)

Choose the (—) branch,

1—+v/1—2xt+t2
w = t X , (5.32)

because this branch sends w — x as t — 0:
V1—2xt+t2 = 1—xt+0(t?),

sow = (xt+0(t2))/t = x +0(t).
Differentiate (5.30) implicitly:

w?dt + 2twdw—2dw—dt = 0, (5.33)

hence
w?—1)dt = 2(1—tw)dw. (5.34)

From (5.32),

V1—2xt+t2 =1—tw, (5.35)

so (5.34) becomes

24/1—-2 2
dt = Wz—fi—”dw. (5.36)
Also (5.30) gives
2 _ n+1
£l = [M] . (5.37)

w2—1
Substitute (5.36) and (5.37) into (5.29):

P () 1 w2—1 \""! 1 2/ —2xt + (2
xX)=—
" 2(w—x) Ji—2xt+e2 wi-1

1 (w? —1)"

2mi
=— ¢ ————dw,
2mi | 2n(w—x)n+l

dw

which is (5.28) for the small circle around w = x. For x # £1, the chosen branch maps a small
contour around t = 0 to one around w = x; the endpoint cases follow by continuity in x. Since
the integrand is holomorphic on C\ {x}, Cauchy’s theorem then allows us to deform that circle
to any simple positively oriented contour around x. O
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Theorem 5.10 (Rodrigues).

dTl
2nn! dxn

P,(x) = (x2—1)". (5.38)

Proof. The function w — (w? — 1)" is entire, so Cauchy’s derivative formula gives

dn | 2 1"
(1) = (W—)H . (5.39)
dx 271 w—x|=p (w—x)
Divide by 2"n! and compare with (5.28). The result is (5.38). O

Remark 5.11 (Logical order). The logical chain is
generating function = Schldfli integral =—> Rodrigues,

while Legendre’s ODE is proved independently in Theorem 5.13. This avoids using the ODE to
prove Rodrigues and then using Rodrigues to prove the ODE.

Example 5.12 (Verification at n = 2). (x2—1)? = x* —2x2 + 1. First derivative: 4x° — 4x.
Second derivative: 12x% — 4. Divide by 22 - 2! = 8: (12x? —4)/8 = (3x%2 —1)/2 = Py(x),
matching (5.7).

5.4 Legendre’s ODE

The generating function defines the Legendre polynomials algebraically. The same polynomials
also arise as eigenfunctions of a natural second-order differential operator on [—1,1]: the
operator sends P, to a scalar multiple of P,. This ODE is the source of the structural facts that
follow: orthogonality, Sturm-Liouville form, and the link to Laplace’s equation on S2. Here
Sturm-Liouville form means the second derivative is packaged as a single derivative of p(x)y’,
which makes integration by parts produce orthogonality.

Theorem 5.13 (Legendre equation). P, satisfies
(1-x3)y”"—2xy +n(n+1)y =0, (5.40)
equivalently in Sturm-Liouville form %[(1 — xz)y’] +n(n+1)y=0.

Proof. Differentiate (5.11) with respect to x:

%[(1 —xZ)P,;(x)] = %(n[Pn_l(x)—xPn(x)D. (5.41)
Differentiate both sides:

(1—x?)P/(x)—2xP/(x) = n[P’_,(x)—P,(x)—xP'(x)]. (5.42)
Now use (5.21), namely xP;(x)— P;_,(x) = nP,(x), or equivalently

P:  (x)—xP/(x) = —nP,(x). (5.43)
Substituting (5.43) into (5.42) yields
(1—x?)P/ —2xP, = n[-nP,—P,| = —n(n+1)P,.
Move all terms to the left:
(1—x*)P” —2xP! +n(n+1)P, = 0,

which is (5.40). Writing the left side as %[(1 — xz)PT’l] + n(n + 1)P, gives the Sturm-Liouville

form. O
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Remark 5.14 (Sturm-Liouville form). In Sturm-Liouville theory, a second-order ODE is written
as [p(x)y’T +q(x)y = Aw(x)y. Here the Legendre equation (5.40) has p(x) = 1—x2, w(x) =1
(the weight function), and eigenvalue A = —n(n + 1). The word eigenvalue means the scalar
multiplying the unknown function, and the corresponding nonzero solution is the eigenfunction.
The leading coefficient 1 — x? vanishes at x = +1, making these singular endpoints (where
p(x) = 0). At such endpoints we do not impose fixed boundary conditions; instead we require
regularity (finiteness) at 1. This condition selects the polynomial solutions P,, and excludes the
logarithmically singular solutions Q,, (introduced in Section 5.8).

5.5 Orthogonality and normalization

The integration-by-parts symmetry in the Sturm-Liouville form is often called self-adjointness:
it lets the differential operator move from one factor in an integral to the other without
leaving boundary terms. This is why different eigenvalues n(n + 1) give orthogonal func-
tions in L2[—1, 1], the space of square-integrable functions on [—1,1]. We now compute the
normalization constant, which fixes the coefficients in Legendre series.

Theorem 5.15 (Orthogonality).

1
2
Pu(x)Py(x)dx = ——— &, 5.
J_l m(X)Pa(x)dx = = Oy (5.44)

Here 6, is the Kronecker delta: it equals 1 when m = n and 0 otherwise.

Proof. Step 1: Orthogonality (m # n). Legendre’s equation in Sturm-Liouville form is [(1 —
xz)Prfl]' = —n(n+ 1)P,. Multiply by P,,, and similarly the equation for P,, multiplied by P,, and
subtract:

[(1 —xz)Pé]’Pm —[(1 —xz)PT'n]’Pn = [m(m+1)—n(n+1)]P,P,.

Integrate both sides from —1 to 1. The left side integrates by parts (Lagrange identity):
1
f ([ = x®)P TP, —[(1 = x?)P, TP, )dx =[(1 = x*)(PLPy — PP
-1

1
2
—f (1—x*)(P P, —P, P)dx
-1

=0—-0 = 0,

since (1—x?) vanishes at x = +1 (killing the boundary term) and P/P/ — P/ P! = 0. Therefore

1
[m(m+1)—n(n+ 1)]J P,P,dx = 0.
—1
For nonnegative integers m,n with m #n, m(m+1)—n(n+1)=(m—n)(m+n+1) # 0,
forcing the integral to vanish.
Step 2: Normalization. Integrate the square of the generating function. From G(x,t) =

D Pa0t™,
Glx,t) = > Pp(x)P,(x)t™", (5.45)

m,n=>0

Fix t with |t| < 1, and choose p so that |t| < p < 1. By Remark 5.4,

|P,,(x)P,(x)t™ "] < ﬁ (%)m”" xe[—1,1].
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The majorant on the right is summable over m,n > 0, so the double series in (5.45) converges
absolutely and uniformly on [—1,1]. We may therefore integrate term by term. By Step 1, only
the diagonal terms remain:

1
J G(x,t)dx = thnf P, (x)*dx. (5.46)

n>0 -1

For the left side, fix 0 < t < 1 temporarily. Then G* = 1/(1—2xt + t2), so

! dx

_. 5.47
f_1 1—2xt+1t2 G47)

Use the antiderivative % In(1—2xt+t2)=—2t/(1—2xt + t2):

dx 1
— = —— In(1—2xt+t?)+C. 5.48
J1—2xt+t2 2t - * ) 648
Evaluate from —1 to 1:
1
dx 1 1

— = ——[In(1—-2t+t)—In(1+2t+t>)| = ——[In(1 —t)®> —1In(1 + ¢)?],
J_l 1—2xt+1t2 Zt[n( )= In( )] Zt[n( F=in(1+ 0]

using 1 F 2t +t? = (1F t)%. Then
1
=——2|In(1—-t)—In(1+1¢t)| = —ln—,
o [In(1—6)—In(1+0)] = -
because 0 < t < 1 implies 1+t > 0. Now expand the logarithm. Subtracting the Taylor series
for In(1 + t) and In(1 —t) gives

1+t (-1
D

)kl

k
= 22 , 5.49
941 (5.49)

t:

1 1+¢ 2 ; 2
—In— = Z t = —— 21 (5.50)
2]+1 n>02n+1

(relabeling j — n). Both sides are holomorph1c in t on |t| < 1, so the identity just obtained
for 0 < t < 1 extends to the full disk by the identity theorem (Thm. 2.2). Combining (5.46)

with (5.50):
2
t" | Pidx = 2", 5.51
S [ max -3t ssD

n=>0

Both sides are power series in t2, convergent for |t| < 1. Matching the coefficient of t2" yields

! 2
P, (x)*dx = ,
f_l nbeV =5

completing the normalization claim. O

5.6 Associated Legendre functions

Legendre’s equation is the m = 0 angular equation on S2. Full three-dimensional boundary-
value problems also need the m # 0 modes, which appear when Laplace’s equation is separated
in spherical coordinates.
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5.6.1 Spherical Laplacian and separation of variables

In spherical coordinates (r, 6, ¢ ), with (x, y,2) = (rsin 0 cos ¢, r sin 0 sin ¢, r cos 0), the scalar
Laplacian is

10 (,0f 1 3 (. ,of 1 2%
vif = 52 (r2) . o (sin6 22 ) + oL 5s2

f rzﬁr(r or r2sing 00\ 36 r2sin? 0 0 ¢2 (5:52)
For orthogonal coordinates with scale factors h, hy, h5 (the distance factors converting coordi-
nate changes dgq; into physical lengths), the scalar Laplacian is

3

v = 1 Zi(hlhzmﬁ)

h1h2h3 = 3q] h? 8q]

Here (q1,95,q3) = (1,0, ¢) and (hy,hy,h3) = (1, r,rsin 8), which gives (5.52).
Separation. Put f(r,0,¢)=R(r)0(0)®(¢) in V>f = 0 and multiply by r?sin® 8 /(ROS):

2p/Y/ . i
R 0 o
sin” 0 ("R} + s (sin6@®) + — = 0.
© ®
The ¢-term must be constant; write it as —m?:
3®"(¢p)+m?d(¢p) = 0. (5.53)

The angle ¢ and ¢ + 27 represent the same physical point, so ®(¢ + 21) = ®(¢); this
single-valuedness gives m € Z and ®(¢) = e!™?. Then
(r®rR’Y 1 ) ., m?
= - 00) + .
R ©sin 6 (sin ) sin? 6
The left side depends only on r, while the right side depends only on 6. Since r and 8 can
vary independently, both sides must be the same constant; write that constant as £(£ + 1). Thus

radial: (r?R’Y —¢({ +1)R = 0, (5.54)
1 m?
angular: ——(sin0 @) +|{({+1)— — ® = 0. (5.55)
sin 6 sin? 0

Radial solutions. Trying R(r) = r® in (5.54) gives a(a+ 1) =£(£ + 1), hence
R(r) =r! and R(r) = r L. (5.56)

These are the radial building blocks of the multipole expansion.
Angular change of variable. Set x = cos6 and y(x) = ©(68). Then

do _dy dx

= X _sin@yv
46 ~ dx de _mvY
so sin @ ©" = —(1 —x2)y’. Differentiating once more,
d dx d d
Tolsinee] = = [-(1-x"y] = —sin6 - ——[-(1-x?)y'] = sin6 - [(1-x2)y]"

Divide by sin 6 in (5.55):

2
[(1—x2)y’]’+[e(e+1)— 112};’ =0,

Expanding the derivative gives the associated Legendre equation

2
(1—x¥)y"—2xy' + [E(E +1)— 1r_nx2]y = 0. (5.57)

At m = 0 this reduces to Legendre’s equation (5.40).
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5.6.2 The associated Legendre functions

Definition 5.16 (Associated Legendre function). For { € Ny and m € {0,1,...,£}, where
Ny, =1{0,1,2,...},

dm
P'(x) = (-1)"(1—x*)"™/? d—Pg(x). (5.58)
Xm
For negative m the Condon—Shortley convention is
_ £ —m)
m _ (_1\m m
PM(x) = (1) axm) P (x), m> 0. (5.59)

The factor (1 — x2)™ ZPe(m)(x) is what turns the m = 0 equation into the m # 0 one. The
sign (—1)™ is the Condon-Shortley phase; some texts place it in Y;" instead.

Proposition 5.17 (P;" solves the associated Legendre equation). For £ > m > 0, the function
Pgm of (5.58) satisfies (5.57).

Proof. Write P := P, and w := P("™,
Step 1: ODE for w. By Thm. 5.13, P satisfies
(1—x*)P”—2xP'+((£+1)P = 0. (5.60)

Differentiate (5.60) m times. By the generalized Leibniz rule (f g)™ = Z;‘n:o (rJn) D) glm=i),
and using that (1 —x2)"” = —2 with all higher derivatives of 1 — x? vanishing, and (—2x)’ = —2
with all higher derivatives of —2x vanishing:

d—[(1—x2)p”] = (1—x%)P*2) 4 m(—2x)Pm+D 4 (m)(—z)p<m>,
dxm 2

dm
——[—2x P'] = —2x Pm+D _om pm),
dxm
Thus
(1—x2)P™2 _2(m+1)x P™D 4 [0(L + 1) — m(m—1)—2m] P = 0. (5.61)

With w = P(™ this becomes
(1—x®)w’" —=2(m+1)xw +[L(+1)—m(m+1)]w = 0. (5.62)
Step 2: Substitution. Let y = (1 —x2)"?w, so w = (1 —x2)"™/2y. Then
w o= 1-x2)""2y +y. dd—x(l —x2)™M2 = (1—x2)"2y + mx(1—x>)"* 1y, (5.63)
and differentiating once more gives
w’ =(1—x2)"2y" 4 2mx(1—x2)"/21y!
+ [m(l —x2)™m/21

+m(m +2)x2(1—x2) ™2 2]y, (5.64)

Substitute (5.63) and (5.64) into (5.62) and cancel the common factor (1 — x2)™™/2. The y”
coefficient is plainly (1 — x?). The y’ terms come from

(1—x®)w” and —2(m+1)xw/,
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and their coefficient is

2mx —2(m+1)x = —2x.

For the y coefficient, keep the three sources visible:

1)— 1
T2 12 +4(l+1)—m(m+1)

m2x?

[ m(m + 2)x? ] 2m(m + 1)x?
m+ —

=0 +1)—m>—

1—x2

Combine the last two terms over a common denominator:

,  mix? —m?(1 —x?)—m?x? —m?
—m- — = = .
1—x2 1—x2 1—x2
Thus
m2
(1=x2)y”" —2xy’ + |0t +1)— y =0,
1—x2
which is (5.57). Multiplying by the constant sign (—1)™ gives P,". O

Proposition 5.18 (Orthogonality of associated Legendre functions). For integers m,{,{’ with
|m| < min(¢,¢"),

' 2 (L+m)
P'(x)PT dx = — 5. 5.65
f_l ¢ (P (x)dx 2041 (L —m) % (5.65)
Proof. It is enough to prove the formula for m > 0, because the case m < 0 then follows from
the Condon-Shortley relation (5.59). Fix m > 0.

Step 1: Orthogonality for £ # {’. Rewrite (5.57) in Sturm-Liouville form:

mZ

1—x2

dd_x[(l —xz)y’(x)] + |:£(£ +1)— ]y(x) = 0. (5.66)

Letu = P;" and v = P;;". Multiply the equation for u by v, the equation for v by u, and subtract:

v A= ] —ug A -y ]+ [+ D=+ D]y = 0. (567

Integrating from —1 to 1 gives

1
[ee+1) -0 + 1)]J wdx = [(1—x2)w/ —v)H],. (5.68)

-1
We claim the boundary term is zero. If m = 0, then u,v are polynomials, so u,v,u’,v’ are
bounded and the factor 1— x? forces the endpoint value to vanish. If m > 1, then by (5.58) we

can write
u(x)=(1—x)"2R(x),  v(x)=1—-x*)"25(x),

with R, S polynomials. Therefore u’ = O((1—x2)™?"1) and v/ = O((1—x2)™/?>71) near x = +1,
S0
(1=’ =0(1—x*)"™),  (A—x*u’=0((1-x*)"),

and both vanish at the endpoints. Thus the right-hand side of (5.68) is zero. Since £({ + 1) #
¢'(¢’ +1) when £ # ¢/, we obtain

1
J P(x)P}(x)dx = 0 L #10).

-1
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Step 2: A norm recursion. Define

1
Iy = J [Pr()] dx. (5.69)

-1
Differentiate (5.58) once:

d d m
P = [ (1" =) R )
= (—1)" [—mx(1 = x2"3 P (x) + (1 — x2)"2PM () ). (5.70)
Multiply (5.70) by (1 —x2)"/2 and add ﬁ ,"(x). The terms involving P( m) cancel,
leaving
d mx
(1= L Ty ) = —P(x). (5.71)

Square (5.71) and integrate:

1 1
Ip i1 = (1—x2)|:(P£m)’(x):|2 dx +2mJ- xPM(x)(P) (x)dx
1

1 XZ o
+mJ — 2[Pm(x)] (5.72)

When m = 0, the middle term is absent. When m > 1, P;"(£1) = 0, so integrating 2xPem(Pem)’ =

j—x[x(Pem)z] - (Pe’")2 gives

1 1
2mf xP(PMY dx = —mf (PP dx = —mig,. (5.73)
-1 -1
Thus (5.73) is valid for all m > 0.

Next multiply (5.57) by P;" and integrate from —1 to 1. One integration by parts gives

1 1 m 2
J (1—x2)|:(Pem)/(x):|2dx+m2J %dx = (¢ + DI, (5.74)
-1 -1

and the boundary term vanishes for the same endpoint reasons used in Step 1.
Use (5.73) in (5.72), and rewrite

x? 1

1—x2  1—x2

Then (5.74) yields
It a1 = (0 + DIy — m* Ly —mlyp
=[e+1)—m(m+ 1)1y,
={U—-—m)L+m+1D),,. (5.75)

from Theorem 5.15, iterate (5.75):

2
Starting from Iy = 1

m—1
I =] JCt=0C+j+1)1

j=0
_+m)y 2
S U—-m) 20 +1° (5.76)

105



Mathematical Physics Notes

This proves (5.65) for m > 0.
For m < 0, write m = —s with s > 0. Then (5.59) gives

' s s L—s) (' —s) [ s s
J_1 P (x)P, (x)dx = Ef +S§! E£/+S;! . P;(x)P;(x)dx
EDIRGED] 2 (L+s)
T ) 20+ 1(—s) "
2 (L=s)
T20+1(0+s)
Since m = —s, this is exactly (5.65). The proposition follows for all integers m. O

5.7 Spherical harmonics

The separated angular solutions ®(¢) = e!™® and ©(0) = P;"(cos 0) combine into the spherical
harmonics.
For normalization, start with

Y (0,¢) = Ny, P*(cos 0)e™? (5.77)

with real N,,, > O chosen so that fsz |Ylm|2 dQ =1. Using d2 =sin 0 d0 d¢ and substituting
x = cos 6 so that dx = —sin 6 d 0 in the 0-integral,

27 s
f |ng|2dQ=Nesz Ieim‘i’lquﬁf |P£m(c056)|zsin9d9
s2 0 0

1
= Nezm <27 f IPZm(x)l2 dx.
—1
The ¢-integral is 27 because |e!™?| = 1. The x-integral is supplied by Proposition 5.18 at
(="
2 ({+m)
C2+1(L—m)

Setting the product equal to 1 and solving for N,
s 1 .2£+1 (—m)  20+1(—m)!

m = on 2 ((+m)  4m (L+m)’

1
J [P ()P dx
-1

(5.78)

Taking the positive square root yields the definition below.

Definition 5.19 (Spherical harmonic). For £ € N;, m € {—(,...,{}, and spherical coordinates
0 €[0, ], ¢ €[0,2m) on the unit sphere S?,

20+1 ({—m)!
4t (L +m)!

Y"(0,¢0) = \J P;"(cos 0)em?, (5.79)

normalized so that fsz |Y,"(6, $)2dQ =1, where dQ2 =sin6 dO d¢. A bar or star, as in YT or
Y™, denotes complex conjugation.

This normalization gives orthonormality.

Proposition 5.20 (Orthonormality of spherical harmonics: verifying our choice).

f Yem(9,¢)Y€r,n/(0,¢)dQ = 5“’5mm/' (580)
S2
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Proof. Let

LJJ2e+1 @—m)
Nim ._\J ek T (5.81)

With x =cos 0 and dx = —sin6 d0,

f YmeZT/dQ:NZmNZ’m’f
S2 0

The ¢-integral equals 27 §,,,,,,. Therefore only the case m = m’ remains, and then Proposi-
tion 5.18 gives

2 1
elm=mé 4 f pem(x)Pe’?/(x)dx. (5.82)
-1

YY" dQ =218, Ny Ny ——— 2§,

J:gz ¢ty mm’ tVem €m2€+1(e_m)! 44
= 5mm/6[e/,

because when £ = ¢’ the normalization constants satisfy

2 N2 2 (E+m)!_2n'2é+1(€—m)!' 2 (+m)
tmop+1 (4 —m) 4t (L+m)! 20+1(L—m)

This proves (5.80). In particular, the constant in (5.79) is exactly the L?(S?) normalization. O

Theorem 5.21 (Addition theorem). For two unit vectors fi, i’ on S? with angle y between them

(so cosy =fi-f),
{

DY) Y. (5.83)

m=—{

4

P[(COS '}’) = m

Proof. Define
¢

Fy(,7) = D Y™ YR,
m=—{
Let V, := span{Y;" : =€ < m < (}, the set of all finite linear combinations of the degree-(
spherical harmonics. An orthonormal basis of this finite-dimensional space means a list of
functions that are mutually orthogonal, each have L? norm 1, and span V;. The key point is
that the kernel

K1) = " ej(i)e;(®)

is independent of the chosen orthonormal basis {e;} of V;. A finite-dimensional way to read this
formula is: evaluate every basis function at 71 to get a coordinate vector, evaluate every basis
function at A’ to get another coordinate vector, and take their complex inner product. Changing
orthonormal bases multiplies both coordinate vectors by the same unitary matrix, so the inner
product does not change. Indeed, if {€;} is another orthonormal basis, then &; = > i Uije; for a
unitary matrix U (a change-of-orthonormal-basis matrix satisfying U*U =1I), so

D G R) = ) Uy Uy ej(h) ex()

i Lik

=Z(Z Ul-jUTk) ej() ex ()
ik \ i

= () e; (),
j
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because U*U = I. In particular, our F, is this basis-independent kernel. Rotating coordinates
sends degree-£ spherical harmonics to degree-{ spherical harmonics. The reason is physical
as well as algebraic: rotating the axes does not change the angular Laplacian, so a rotated
degree-{ solution is still a degree-£ solution. Equivalently, V, is the eigenspace of the spherical
Laplacian Ag: with eigenvalue —¢(€ + 1). A rotation R replaces a function Y (#) by Y (R '#),
and Ag: gives the same answer before and after this change of axes. Thus the rotated functions
still lie in V,. This is the only rotation-theory input used here: rotation changes the orthonormal
basis inside V;, but the kernel above does not depend on which orthonormal basis we use.

Now choose spherical coordinates (y, ) whose north pole is the fixed vector A’. In those
rotated coordinates the degree-£ spherical harmonics

20+1 (L —m)!
4t (L +m)!

Y () = \J P"(cosy)e™”

form another orthonormal basis of V;. By basis-independence,
¢ —
F(a,#) = D Y)Y ().

m=—{

But in these coordinates 7’ is the north pole, so y(#’) = 0 and cosy(#") = 1. For m > 0,
(5.58) gives P;"(1) = 0 because of the factor (1 —x2)™2; for m < 0, (5.59) gives the same
conclusion. Therefore only the m = 0 term survives:

Fy(h, ) = TO(R) TO(#).

Using P;(1) = 1 and Definition (5.79),

S0ra/ 20+1 ~0, A 20+1
YR =\ A YP(R) =\ - Peleosy),

where 7y is exactly the angle between 7 and A’ because (y,)) was chosen with polar axis fi’.
Hence

20+1
41

Fy(A, ) = Py(cos ).

Rearranging gives (5.83). O

Before stating completeness, fix the terminology. Here L?(S?) means square-integrable
functions on the sphere, with inner product (f, g) = f 2 f & dS2. An orthonormal basis means
two things: the functions are mutually orthogonal and normalized to length 1, and finite linear
combinations of them approximate every L? function in mean-square error.

Theorem 5.22 (Completeness). {Y;" : £ € Ny, |m| < £} is an orthonormal basis of L?(S?).

Proof. Orthonormality is Proposition 5.20. Let ) denote the linear span of the spherical
harmonics. We prove density, meaning approximation by elements of )/, by a constructive
Poisson-kernel argument.

For0<r <1andte[-1,1], define

1—r2

t) ;= .
Pr(6) 4m(1—2rt +1r2)3/2

(5.84)
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Start from the Legendre generating function (5.5),

G(t,r) = = irfp (t)
T Aoz &0
valid for |r| < 1. Differentiate with respect to r:
t—r =
a2,G(t,r)= A 2ri 277 = ;Erfﬂpg(t).
Therefore , -~
G+2rd.G= - zlr;i 2572 = ;(23 +1)rép(0). (5.85)

Now set t = fi- A’ = cosy. Using the addition theorem (5.83), we obtain the grouped
expansion

P =0 >y (R) YH(R). (5.86)

For fixed r < 1 this grouped series converges uniformly on S? x $2: choose p with r < p < 1.
By Remark 5.4,

1
P,(# A~/ < S —
PG S =
so the Legendre series in (5.85) is dominated by
i 20 +1 (1)5
= 4n(l—p) \p

which converges.
Integrating (5.86) in A’ and using orthonormality,

J P.(A-A")dQ =1. (5.87)
S2

Also P, = 0 by the closed form (5.84).
These two facts say that, for each fixed fi, P,(fi- ") dQ’ is a probability weight on the sphere.
As r T 1, the closed form becomes sharply peaked near A’ = A. Thus the Poisson integral below
is a weighted average of f near 11, and the proof makes that concentration estimate precise.
Now let f € C(S2) and define its Poisson integral

ur(ﬁ):J P.(A-A") f(R) Q. (5.88)
52

By the uniform convergence of (5.86), we may interchange sum and integral:

oo [
r(1) :Z Z e Y, (1), Cim :=J FRYY™(R)d. (5.89)
(=0 m= S2

Hence each u, is a uniform limit of finite linear combinations from ); this is what it means to
lie in the uniform closure of ).

We next show u, — f uniformly as T 1. Fix € > 0. Since f is uniformly continuous on the
compact sphere, choose 6 > 0 so that

Li)<s = If(M)—f(R)l<e.
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Using (5.87),

|u(7) — f(A)] =

JPr(ﬁ-ﬁ’)[f(ﬁ’)—f(ﬁ)]dQ’
52

SSJ PrdQ’+2||f||OOJ P.dY
Z(A,1)<6 Z(A,1)=>6

S€+2l|f”ooj P.dY.
L(A,1)=6

If Z(A,A") > 6, thenfi-A’ < coséb, so
1—2ra-f’+r2>1—2rcosé +r2.
Therefore
1—r2
47m(1—2rcosd +r2)3/2’
and the right-hand side tends to 0 as r T 1 because 1 —2cosé +1 =2(1—cosd) > 0. Since

area(S2) = 4, the “far” integral is bounded by 47 times a quantity tending to 0, uniformly in
f. Thus

0<P.(A-A") <

sup [u,(A)—f(A)| —0  (rT1).

hes2
The supremum here is the largest error over the whole sphere. So every continuous function
lies in the uniform, hence L2, closure of ).

Continuous functions are dense in L2(S2): every square-integrable function on the sphere
can be approximated in mean-square error by continuous functions. Since every continuous
function lies in the L2-closure of )V, the span ) is dense in L%(S?). Together with orthonormality,
this proves that the spherical harmonics form an orthonormal basis. O

Corollary 5.23 (Legendre series). Any f € L?[—1,1] has a Legendre expansion

(%) 1
fx) = HZ:OcnPn(x), o= 2 Lf(x)Pn(x)dx, (5.90)

with convergence in L>[—1,1].
Proof. Define an axisymmetric, meaning ¢-independent, function on the sphere by
1

F(0,¢) = N

f(cosB).

Using x = cos 6 and dx = —sin0d0,

27 T 1
f|F|2dn=iJ d¢f If(cose)lzsin9d9=J F ()2 dx.
52 27 J, 0 -1

So f + F is an isometry, meaning it preserves the L? norm, from L2[—1,1] onto the axisym-
metric subspace of L2(S2).

By Theorem 5.22, F has an L2(S?) expansion in spherical harmonics. Because F is inde-
pendent of ¢, orthogonality of the factors e!™? forces all coefficients with m # 0 to vanish.

Hence
oo

F(0,)= Y anY2(0,¢)  inL%(S?).

{=0
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Now YEO(G, ¢)=1+/ % P;(cos 0) by (5.79), so multiplying by v/ 27 and writing x = cos 8 gives

f(X)=iCePe(X) in L*[-1,1],
{=0
with
Finally,
aeo=f F(0, ¢)Y°(9 $)dQ
J_\ITJ d¢J F(cos 0)P,(cos 0)sin 0 dO
—\lmf F(x)P(x)dx.
Therefore
¢ 2“1f F 0P () dx,
which is exactly (5.90). O

Proposition 5.24 (Multipole expansion in spherical harmonics). Let r. = min(r,r’) and
- =max(r,r’). Then

1 > re o L
o] = 2 patileos) = 4n ), Z TEa @) (5.91)
=0 "> {=0m=

where y is the angle between r and t’.

Proof. Apply Proposition 5.2 to whichever of r,’ has smaller radius, so that the expansion
parameter is r_/r- < 1; this yields the first equality. Then insert Theorem 5.21 to split Py(cos )
into separable 7, 7’ factors, giving the second. O

This is the multipole expansion: the angular dependence of a two-point function factorizes
as a sum of separable #-, #'- pieces.

5.8 Legendre Q,: the second kind

The polynomial solutions P, are the solutions regular on all of [—1,1]. When the endpoints are
excluded, the second solution Q,, can also matter; it is logarithmically singular at x = 1. We
only need Q, and Q. For each n, we find Q,, by reduction of order: given one solution y; = P,
of the linear second-order ODE, write y = y;u, substitute into the ODE, and solve the resulting
first-order equation for u’.

Derivation of Qq. For n =0, Legendre’s equation is (1 —x2)y” —2xy’ =0. Set v =y’:

(1—x%) —2xv = 0.

Separate variables:
dv 2x dx

v 1—x2°
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Integrating gives

C
In|v| = —In|1—x2|+Cy, v(x) = 2.
1—x2
Thus
dx 1. 1+4+x
=C| ——=0C-=In +C;.
y(x) Zfl—xz 2 oM, 3

Dropping the additive constant, which is the P, solution, and taking C, =1,

1+x
1—x

Qo(x) = %ln , x| < 1. (5.92)

Derivation of Q;. For n = 1, use the known solution P; = x and write y = xu. Then
y'=u+xu’ and y” = 2u’ + xu”. Substitution gives

(1—x?)2u +xu")—2x(u+ xu') +2xu = 0.
The u-terms cancel, leaving x(1 — x2)u” 4+ 2(1 — 2x?)u’ = 0. With p =/,

dp _ 201 —2x?)

» = T —x?) dx.
Using partial fractions,
2(1—2x%) 2 1 1
Cx(1—-x2)  x 1-x 1+4x
o)
In|p| = —[21n|x|+1n|1—x|+ln|1+x|]+C = —In[x?(1—x?)]+C,

sou’ = Cy/[x%(1—x2)]. Since 1/[x2(1—x2)]=1/x%+1/(1—x32),

1 1 1+
u=C2[__+_ln X

Jve.
x 2 1-—x
Thus, with C, =1 and the P; term dropped,

1+x
1—x

The logarithm in (5.92) and (5.93) shows the endpoint singularity. Higher Q,, are part of
the general Legendre-function theory; here Q, and Q; are enough.

Qi(x) = gln 1. (5.93)

5.9 Physical applications

In the electrostatic examples below, ® denotes the scalar potential. This keeps the potential
distinct from the azimuthal coordinate ¢ in Y,"(6, ¢).

Example 5.25 (Grounded sphere in a uniform field). Problem: a conducting sphere of radius R is
grounded (® = 0 on r = R) and placed in a uniform external field Ey = EyZz. Find the electrostatic
potential ® outside the sphere and the induced dipole moment.

Setup. In the absence of the sphere, the external potential giving E is ®; = —Eqz = —Eyr cos 0,
so the asymptotic boundary condition is ®(r) — —Eyrcosf as r — oo. The region r > R has
V29 =0 and ®(R,0) = 0.

Separation of variables. In spherical coordinates with azimuthal symmetry (m = 0), general
solutions of Laplace’s equation are

&(r,0) = Z(AE rt +Bgr_[_1)P[(COS 0). (5.94)
=0
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(Each (rt, r=*=1) pair is the radial-solution family (5.56), and each P;(cos 0) is the axisymmetric
m = 0 angular solution; the derivation of both was carried out in Section 5.6.1.)

Asymptotic matching. As r — 00, & —» —Eyrcos0 = —EyrP;(cos8), using P;(cos0) =
cos 0. Matching the growing modes: A, = —E,, and A; =0 for £ # 1.

Boundary condition at r = R. ®(R,0) = 0 term-by-term in P, (since {P,;} are linearly
independent on [—1,1]):

AR +BR "' =0 = B, = -AR".
Only £ = 1 contributes: By = —A;R> = EqR®, B; = 0 for { # 1. Therefore

EyR3cos 6 E,R®
®(r,0) = —Eyrcos6 +0—2 = —Egrcos6 +
r

cos 0. (5.95)

Induced dipole. The second term has the form of a dipole potential ®4,(r) = p-/(47e r?)=
pcos 8 /(4meyr?) for a dipole along 2. Matching,

p

= E,R®P = = 4me R E,.
4req 0 p 0 0

The sphere responds to the external field with an induced dipole of polarizability a = 4meyR®.

Theorem 5.26 (Multipole expansion of a charge distribution). Let p € L'(R®) be a charge
distribution (so |p| is integrable) supported in |r'| < a (so p(r’) = 0 outside that ball), and let r
be an exterior point with |r| =r > a. Then

1 [ o), 13 A
&(r) = ==>> - Y0, ¢), (5.96)

—r/| £+
4mey | |r—r'| €0 3,5 e(2£+1)

with multipole moments
Qom = f r't Y07, ) p(r) dPr. (5.97)

For each fixed { the inner sum over m is finite, and the outer sum over £ converges absolutely and
uniformly on compact subsets of {r > a}, meaning on regions where r > a + 6 for some fixed
0>0.

Proof. For every r’ in the support of p, we have r’ < a < r, so the scalar multipole expansion
in (5.91) reads

|r—r’ rl+1

where 7 is the angle between # and 7’. Multiply by p(r')/(47me,) and integrate over r’:

1
®(r) =
41e

oo 0
-
p(r’); mPZ(cos y)d3r'.
=0

It remains to justify interchanging the sum and the integral.
Convergence / interchange. Fix ry > a and restrict to r > ry. Then
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uniformly on {r > ry} x {|t’| < a}. Choose p with ¢ < o < 1. Remark 5.4 gives

1
|Py(cosy)l £ ——.
(1-p)e

Therefore the tail of the scalar series satisfies

(11_9);:(%)‘,

R —Z TRy <

which tends to 0 uniformly in (r,1’). In particular,

ZO re (11—9)§(§)£

uniformly on the same set. Since p € L!(R?), dominated convergence now permits us to swap
the sum and the r'-integral:

&(r) = J "“Py(cosy) p(r’ )4 e

€0 =0

Finally insert the second equality in (5.91),

0
T ey A
Py(cosy) = 2+ 1 Z Y (M) Y (F),
m=—{
to obtain .
Y™ () -
&(r) = Tym) p)d3r.
() = 0%2 IR mfr S p)dir
The integral is exactly q,,,, from (5.97), so this is (5.96). O

Example 5.27 (Potential of a uniformly charged sphere via the multipole expansion). A uniform
charge density py, fills a ball of radius a, centered at the origin. Compute the electrostatic potential
®(r) at an exterior point r > a.

Using the first equality in (5.91) withr. =1’ <a, r =r, and d°r’ = r’?dr’ dSY,

1 o [ Py(cosy)
o(r) = Po —d°r’ = Po Py | L e+1y asy’.
4meq ) |r—r’| 4meo =3 Jo 2 T

By (5.83),

{
41
P dQ’ = Y™ (7 Y™ (#)dQY.
Lz eleosy) 2“1";_[ ¢ (r)J;z ¢

The integral of Y;™* over S? is /41 5,46 ,,0 (orthogonality against YO0 = 1/+/4m, which picks out
¢ =m=20). So only £ = 0 contributes:

a 3
3() = L0 AT gy o Lo & Q
4rney 1T ), 3€g T 4meqgr

with total charge Q = (41/3)a’p,. Exactly the potential of a point charge at the origin, as
expected from symmetry — with the multipole expansion making the vanishing of all £ > 1 terms
a direct consequence of the angular integral.

114



Mathematical Physics Notes

Example 5.28 (Hydrogen angular wavefunction). The angular part of the stationary Schrédinger
equation with any central potential is Y,"' (6, ¢ ); the radial equation, for the Coulomb case, reduces
to the Laguerre equation (Section 6).

For the first few angular states, use P, = 1, P;(x) = x, and Pll(x) = —(1—x»Y2 from
Definition 5.16. Formula (5.79) gives

and

4| 3 ; £ 3 i
Y11 =—\| —sinb el¢, Yl_l =\|—sinf e ?.
8m 8m

Thus the real 2p, angular shape is proportional to Y10 o< cos 0: positive on the northern hemisphere,
negative on the southern hemisphere, and zero on the equatorial plane. The other two p-orbitals
are obtained from real linear combinations of Y11 and Yl_l.

Exercises

Problem 5.1. Compute Ps(x) by expanding the generating function through t°, and verify via
Rodrigues’ formula (5.38).

Problem 5.2. Show P,(1) =1 and P,(—1) = (—1)" by evaluating the generating function at
x ==1.

Problem 5.3. Evaluate f_ll x*P,(x)dx for k < n (hint: orthogonality) and for k = n (hint:
Rodrigues and repeated integration by parts).

Problem 5.4. Derive (5.11) from (5.10) by differentiating in x and using (5.21).

Problem 5.5. Expand f(x) = |x| on [—1, 1] in a Legendre series (Cor. 5.23); compute the first
three nongero coefficients.

Problem 5.6. Verify the addition theorem (5.83) at £ = 1 using the explicit forms of Ylo, YljEl and
Py(cosy) =cosy =h- A’

Problem 5.7. A conducting sphere of radius R carries total charge Q and is placed in a uniform
external field Eq = Ey2. Find the electrostatic potential ® outside the sphere and the induced dipole
moment. (Extension of Example 5.25.)

Problem 5.8. Give a second proof of Prop. 5.18: derive the orthogonality and normalization of
P;* directly from the Rodrigues form by repeated integration by parts.

Problem 5.9. Prove that P, has exactly n real simple zeros in the open interval (—1,1). Hint:
apply Rolle’s theorem to successive derivatives of (x?—1)", which has zeros of multiplicity n at £1.

Problem 5.10. Starting from the Schldfli integral (5.28), parametrize the contour |w — x| =
Vx2—1 (for x >1) by w=x+ vVx2—1¢'%, ¢ €[0,2m), and simplify (w?> —1)/(2(w—x)) to
derive the Laplace integral representation

T
P.(x) = %f (x+\/x2—1cos<p)nd<p, x> 1.
0
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Problem 5.11. (Unsold’s theorem.) Using the addition theorem at i = #’, show that
an:—z |Y["(ﬁ)|2 = (2¢ +1)/(4m), a constant on S? (independent of f1). Interpret physically: the
probability density of a state of fixed £ summed over magnetic sublevels is isotropic.

Problem 5.12. (Point charge near a grounded sphere.) A point charge q is placed at t outside a
grounded sphere of radius R with |ry| = d > R. Expand the potential of the point charge via (5.91),
impose the boundary condition ® = 0 at r = R, and compare to the method of images: show
that the induced charge density on the sphere produces the same exterior field as an image charge
q’ =—qR/d placed at ¥y = (R*/d?)r,.
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6 More Special Functions

Hermite, Laguerre, Chebyshev, and hypergeometric functions appear throughout quantum
mechanics, numerical analysis, and approximation theory. Like Bessel and Legendre functions,
they are often best introduced by generating functions. The hypergeometric viewpoint then
shows why these families are related.

Prerequisites. This section leans on the Gamma function’s meromorphic continuation
(Thm. 3.3) and functional equation (Prop. 3.2, (3.2)), the Beta integral (Prop. 3.9), the
Pochhammer symbol (Def. 3.22), and the Cauchy formula for n-th derivatives (Cor. 1.14).

6.1 Hermite polynomials

Motivation. In quantum mechanics, stationary states of the harmonic oscillator involve
2 . .

H,(x)e ™ /2. The cleanest way to produce the whole family at once is through a generat-

ing function, exactly as for Bessel (J,,) and Legendre (P,).

Definition 6.1 (Hermite generating function). The (physicist) Hermite polynomials H,(x) are
defined by

0 n
62xt—t2 ZZHn(X)t_‘ (6.1
n=0

n!

The left side is entire in t, so the coefficients determine H, uniquely. Throughout this section,
H, means the physicists’ Hermite polynomial; the probabilists’ convention is related by H,(x) =
2"2He, (x+/2). Equivalently, by Cauchy’s coefficient formula (Cor: 1.14),

|
H,(x) = —— e2xt—t? ==l g, (6.2)
270 Jiei=p

forany p > 0.

Proposition 6.2 (First values, parity). Hy, = 1, H; = 2x, Hy = 4x? — 2. More generally, H, is a
polynomial of degree n with leading coefficient 2™ and parity

Hp(=x) = (=1)"H,(x).
Proof. Expand (6.1) att =0:
2 =1 4 (2t — £2) + 1(2xt — £2)% + 2 (2xt — 22 + O(t%). (6.3)
Expand the squared factor:
(2xt —t2)? = 4x%t> — 4xt3 + t*. (6.4)
The cubic term contributes 8x3t3 + O(t%). Thus

t0: 1,
12X,
t2: —1+%-4x2=2x2—1,

t3: 0+ 3 (—4x)+ ¢ - 8x% =—2x + #x°.
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Matching coefficients with >, H,(x)t"/n! gives

Ho(x)=0!-1=1,

Hy(x)=1!-2x = 2x,
Hy(x)=2!-(2x2—1)=4x% -2,
Hs(x) =3!-(—2x + 3x%) = 8x% — 12x.

Degree, leading coefficient, parity. Replace x — —x, t — —t in (6.1). The left side is
unchanged, so coefficient comparison gives H,(—x) = (—1)"H,(x).

Also e2%t—t" = ¢=t*2Xt_The top power of x in the coefficient of t" comes from (2x)"/n!,
so H,(x) =2"x" + (lower).

Closed form. Finally, expand e?*fe™*

* and collect the terms with p+2q=n:

[n/2] —2
—1)4(2x)2
H()=ny. % (6.5)
= (n—2q)!q!
O
J T .V
— H, 7
10 |--- H ,." |
——Hj |, xd
Hs | ™ 4 ]
3 0 \\x - ‘—T/J———
2 B Sl --mTTT T B
e TR
PR
—10 |- —
| | | | | | | | |
-25 -2 —-15 -1 =05 0 0.5 1 1.5 2 2.5
x
Figure 11: The first four (physicist-convention) Hermite polynomials on [—2.5,2.5], as given
by Proposition 6.2. Parity H,(—x) = (—1)"H,(x) is visible, as is the 2" leading coefficient.
Each plotted H,, has n real zeros.
Proposition 6.3 (Recurrences and ODE). From (6.1), foralln > 1,
Hpyq(x) = 2xH,(x) — 2nH,_;(x), (6.6)
H} (x) = 2nH,_(x), 6.7)
H,;/(x)—2xH/(x) + 2nH,(x) = 0. (6.8)
Proof. Write G(x, t) = e2Xtt" = > H ()" /nl.
Step 1 (t-derivative gives the three-term recurrence). Differentiate G in t:
8,G = (2x — 2t) >t = (2x — 2t) G(x, t). (6.9)
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Expand both sides in t. Left side:

8ZH (x). ZH(X)’“"1 nZHn(x —5i =

after the index shift m = n — 1. Right side:

n+1

oo tn
(2x —zt)nZ:OHn(x)E -

In the second sum, set m =n+1: > o H, 1(x)t™/(m—1)! = 3> m-H, 1(x)t™/m!
(multiplying numerator and denominator by m). So the right side is

Z 2me(x) Z 2mH,,_ 1(x)—.

Matching the coefficient of t™/m! on both sides, for m > 1,
Hm+1(x) = 2xHp,(x) —2mH,,_;(x),

which is (6.6) after renaming m — n.
Step 2 (x-derivative gives the lowering relation). Differentiate G in x:

0,.G =2t >t = 2¢ G(x, t). (6.10)
Left side:

a, ZH (x)—. =Z (x)—
Right side:

ZtZH (x)

with the same index shift m=n+1 as above. Match coefficients of t"/n!:

Z 2n/le 1(X)

H/(x)=2nH, ;(x) (n>1), Hy(x)=0

which is (6.7).
Step 3 (ODE). For n = 1, Proposition 6.2 gives H;(x) = 2x, so

H{(x)—2xH{(x)+2H;(x) =0—4x +4x =0
Now assume n > 2. Differentiate (6.7) once in x:

©.7)

H/(x)=2nH/_,(x) =" 2n-2(n—1)H,_»(x). (6.11)

From (6.6) (shiftingn — n—1): H, = 2xH,_; —2(n—1)H,_,, i.e. 2(h—1)H,_, = 2xH,_;—H,,.
Substitute into (6.11):

H:I/(x) = 2n[2an_1(x) —Hn(x)] =2x -2nH,_;(x)—2nH,(x).
Using 2nH,_;(x) = H/(x) from (6.7):
H/(x) = 2xH, (x) — 2nH,(x),

which rearranges to (6.8). O
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Theorem 6.4 (Rodrigues).

n
H,(x) = (—1)1e* L= (6.12)
dxn

Proof. Start from (6.2). Completing the square gives 2xt — t? = x2 — (x — t)?, so

2
Hy(x) = ~— Xt rtP 1 gy = T et =l g
2 Jy, 27 Ji=p

Substitute s = x —t. Then t = x —s, dt = —ds, and the image contour is again the counter-
clockwise circle |s — x| = p:

X2

nle
H,(x)=-— Py } e’ (x —s) " Lds.
Tt Jis—x|=p

Factor (x —s)™ ! = (—1)" (s —x) ™" L

. (x)__(—l)”ﬂn!exzé e’ s = (—1)”n!ex2§ e’
n - . -
2mi Jises js—xl=p

(s — x)n+l 27i (s — x)n+l

ds. (6.13)

By Cauchy’s formula for the n-th derivative (Cor. 1.14) applied to the entire function f(s) =e™

52
ats =x,
1 e 1.d"
— ——ds=——c¢
27l ls—x|=p (s — x)n+l n! dxn
Substituting into (6.13):
1 d" 2 2 dm™ 2
:_n|x2._ =X (_1)1X° X
H,(x)=(—1)"n'e n!dx”e (=1)" dx”e s
which is (6.12). O
Theorem 6.5 (Orthogonality).

—0Q

J H, (x)H,(x)e™> dx = 2"n\V7 5. (6.14)

Here &,,, is the Kronecker delta: it equals 1 when m = n and O otherwise.

Proof. Assume m < n, since the integral is symmetric in m,n. Substitute Rodrigues’ for-
mula (6.12) for H,;:

J Hm(X)Hn(X)e‘xzdx:f Hm(x).(_1)nex2£

2
T -e ¥ dx.
—oo X

The two exponentials cancel:

=(—1)"f H,(x) A% gy (6.15)
oo dxn

Integrate by parts once, with u = H,,(x), dv = (d”/dx”)e_"2 dx

dne—x2 dn—le—x2 0o , dn—le—x2
J Hp, e dx = [Hm gy P ]_Oo - J H (x) p = dx.
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. R X2 1 —x2
The boundary term vanishes: every derivative of e ™ 1is a polynomial times e * , and the
Gaussian dominates polynomial growth. Repeating the integration by parts n times gives

o dne—x2 i 2
f H, ———dx = (—1)"J HM(x)e™ dx. (6.16)
oo dx oo
Substituting (6.16) into (6.15):
oo oo o
J H,H, e dx = =" (—1)”J Hr(r’f)(x) e dx = J Hr(r’f)(x) e dx, (6.17)
_oo —o0 —o0

since (—1)?" = 1.

Case m < n. H,, is a polynomial of degree m < n (Prop. 6.2), so Hf:) =0, and (6.17) gives
zero.

Case m = n. By Prop. 6.2, H,(x) = 2"x™ + (lower). Differentiate n times: the lower-degree
terms vanish (all have degree < n) and the leading monomial 2"x™ produces 2" - n!. Thus
H ,E”)(x) = 2"n!, a constant. Substituting into (6.17):

oo oo
2 2
f H,(x)?e™ dx = 2"n! J e dx =2"nlVm,

—0Q —0Q

using the Gaussian integral f_ozo e dx = V7t (which follows from I'(1/2) = 4/, Cor. 3.14).
Both cases combine into (6.14). O

Example 6.6 (Quantum harmonic oscillator). For the one-dimensional quantum harmonic
oscillator; use units h = m = w = 1. The Hamiltonian is the energy operator whose eigenvalues
are the allowed energies. Here it is

A=1p*+%?), p=-id/dx. (6.18)
We seek square-integrable solutions of H = Ea, i.e.
— 3" (2) + Sx%p(x) = Exp(x). (6.19)
Use the ansatz y(x) = H(x) ¢="/2. The derivatives are
/() =[H'(x) = xH(x)Je ™72,
P (x) = [H"(x) — 2xH'(x) + (x> = DH(x)]e "2,

by the product rule.
Substitute into (6.19) and divide by e x*/2;

—1[H” —2xH'+ (x* —1)H ]+ 3x*H = EH.
The %sz on the left cancels against the —%sz inside the brackets:
—1H" +xH'+ }H =EH,

or equivalently
H"(x)—2xH'(x)+(2E—1)H(x)=0. (6.20)

Compare with Hermite’s equation (6.8): H, solves H” —2xH’ + 2nH = 0. This suggests the
candidate energies
E,=n+3,  n=0,12,...,
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with H = H,,. The next recurrence isolates the polynomial branch.
Why the energies are discrete. Write a power series H(x) = Z;:i 0 a;x* and substitute it
into (6.20). Using

oo oo
H'(x)= > (k+2)(k + Dagox®,  xH'(x)=> kaexh,
k=0 k=0
we get
> [+ 2)(k+ Dy — (2k +1—2E)q Jx* =0,
k=0

for every k = 0, hence
2k+1—-2E

W2 = G+ *

The even coefficients propagate from a,, and the odd coefficients from a,. If 2E — 1 # 2n for every
integer n > 0, neither chain terminates. For large k, the recurrence behaves like a5 ~ 2a; /k, the
same leading ratio as the Taylor series of e*”. Thus a non-terminating branch gives a non-square-
integrable large-x behavior for 1) = H e™"/2. The square-integrable states come from forcing one
chain to terminate and setting the other initial coefficient to zero. Termination happens exactly
when 2E — 1 = 2n; the surviving branch is the Hermite polynomial H,,.

Here is the comparison in a little more detail. The even Taylor series of e’ is

o i x* byjya 1 2
1 by j+1  2j
The odd series xe*~ has the same large-index ratio along odd powers. Our recurrence has

Qpa  2k+1—2E 2

a.  (k+2)k+D K

So any nongero chain that keeps going has the same tail scale as one of e or xe*’. Multiplying by

. 2 2 . .
the Gaussian in 1 = He™ /2 then leaves an e /?-type growth, which cannot be square-integrable

on the real line.
Normalization. By Thm. 6.5,

o0 oo
f [Hn(x)e_xz/z]zdx = J Hn(x)ze_xzdx =2"nly,
—0Q —0Q

so the normalized stationary states are

1
Y, (x) = —Hn(x)e_xz/z, E, =n+%, n=0,1,2,... (6.21)

v2nnlym

Orthogonality (Y |V ,) = & mp follows from (6.14) with the same weight.

6.2 Laguerre polynomials

Motivation. The radial part of the hydrogen wavefunction reduces to Laguerre polynomials.

They are the orthogonal family on [0, o0) with weight x%e™™.
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Definition 6.7 (Laguerre generating function). The generalized Laguerre polynomials Lfl“)(x)
are defined by

1 xt —
(1—t)+t eXp[_l _t] =D L0, <1, (6.22)

n=0
with a > —1 when the orthogonality weight x%e™ is used. The generating-function identity
itself may be read for complex a after choosing the branch of (1 —t)*"! with value 1 at t = 0;
equivalently, the finite series below extends Lflo‘) as a polynomial in x and a. When a = 0 we write
L,(x)= LEIO)(x), the ordinary Laguerre polynomial.

Proposition 6.8 (Series and first values).

L@(x) = Zn: (" " a) 0t (6.23)

= n—kJ) k!

In particular, LEI“) is a polynomial of degree n with leading coefficient (—1)"/n!. The first ordinary
Laguerres are

Lo(x)=1, Li(x)=1—x, Ly(x)=3(x*>—4x+2).

Proof of the series (6.23). Expand the two factors in (6.22) separately. The binomial series
gives

_a__oo —a—1 _ ~_OO a+j\ ;
(1—1t) 1_;( ; )( t)J—;( ; )tf, (6.24)
where (_0}_1)(—1)j = (a;.’j ). Also,
o (—x)k ¢k
eXp(_1x——tt)=Z kx' (1it)k' (6.25)

Multiply (6.24) by (6.25):

k

0 k
1 e xt/(1—t) — Z (—x) t

(1—1t)atl B k! (1—t)etl+k’
Apply (6.24) again with a replaced by a + k:

oo .
1 _ at+k+j\,;
(1— t)otk+1 _Z j t

j=0

k=0 j=0

Hence

Collect the coefficient of t" by settingn =k +j,i.e. j=n—k with0 <k <n:

[£"]LHS = Z (a i n) _x!)k,

which, matched against Lff‘)(x) on the right of (6.22), is (6.23).
Degree and first values. The top-degree term in (6.23) is the k = n term,
(n + a) (=) (=",
= X

0 n! n!
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o) Lfl“) has degree n and leading coefficient (—1)"/n!.
Worked case n = 2, a = 0. Here

k=0:(2)'1= ,
2

k=1: (?)-(—x) =—-2x,

k=2: (3) -x2/2=x%/2.

50 Ly(x) =1—2x+x2/2=(x?>—4x+2)/2. Thecasesn=0,1give Ly=1andL; =1—x. O

Theorem 6.9 (Laguerre Rodrigues formula).

—a,x qn
(a) _Xx e d —X ,.n+a
LY (x)= o 2en [e x ]

Proof. Apply Leibniz’s rule:

dn —X ,.n+a C n dn_k —X dk n+a
gl X" ]= (k)dx"—ke dxk’

k=0
Use
dn—k
T e X = (_1)n—ke—x’
and .
d_ nta _ (n+a+1) n+a—k
dxk 'n+ta—k+1) ’

Multiply by x~%e* /n!:

—(ZXdTl

X € _[e—xxn+a]=2n: (_1)n_k F(n+a+1) xn_k
n! dxn k:Ok!(n—k)! 'n+a—k+1)

Now set j = n—k. Then k = n—j, and the sum becomes

=~ (—1) T(n+a+1) ;
(n—j)! T(at+j+1) "

=

Recognize

(n+a) 'n+a+1)

n—j) (n—Pt(atj+1)

(LS

j=0

so the last expression is exactly

By Proposition 6.8, this is Lfla)(x).
Proposition 6.10 (Laguerre ODE, orthogonality). LEI"‘) satisfies
/ / —
(LY + (a+1—x)(L@)Y +nL® =0,

and, for a > —1,
_Tn+a+1)

" S

o0
J Lgf‘)(x)Lfla)(x)x“e_x dx
0
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Proof of the ODE.. Let G(x,t) = (1—t)"* 1e™*t/(0=0)_ Compute:

t

0,G=——G

X 1—t

2 t*

202G = G,

X (1—t)2

a+1 X

2,G = — G. 6.2
f (1—t (1—t)2) (6:29)

The last line comes from logarithmic differentiation.
Consider the combination

2

t
x8X2G+(a+1—x)8xG= a—c )2G (a+1— x)—G
Factor t/(1—t):
t t t t+x(1—t
—[x——(a+1)+x}G— [x x( )—(a+1)}G
1—tlLl 1—t 1—t
which simplifies (since xt + x(1—t) = x) to
xaxG+(a+l—x)ﬁsz—ﬁ[(a+1)—i}G. (630)
Compare to —t J,G from (6.29):
t X
—t@Gz——[ +1 ——]G,
‘ T K g
which is the same expression as (6.30). Therefore
x02G+(a+1-x)3,G+t5,G=0. (6.31)

Substitute G = Y., L®*)(x)t": the term t 3,G = Y., nL{*)(x)t". Matching the coefficient of t"
in (6.31):
(LY +(a+1—x)L@) +nL® =0,

which is (6.27). O
Proof of orthogonality. The integral is symmetric in m,n, so assume m < n. Substitute the

Rodrigues formula (6.26) for one copy of Lgla):

oo
J f Lgf‘)(x)Lga)(x)x“e_x dx
0

S —a,x qn
_ () A x e’ d —X,.n+a7 ., ,.0a,—X
_Jo L (x) o dx”[e X" x%e ™ dx

1

n!

—X n+a dx’
0 e

since x~*-x* =1 and e* - e = 1. Integrate by parts n times. At step j, where 0 <j<n—1,

the boundary term has the form

(polynomial) - e

—Xjnta— ]‘
0
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At x = oo, the factor e_x kills every polynomial. At x = 0, Leibniz’s rule shows that the lowest

n—
surviving power in dd I [e_x nta]is x**1*J, Since a > —1, this vanishes at 0. Thus every
boundary term is zero. After n integrations:

1 [
Ly = —( n') J (Lrgf‘))(”)(x) e x" dx. (6.32)
- Jo

Case m < n. L(“) has degree m < n (Prop. 6.8), so (L(“))(”) O0andI,,=0.
Case m = n. From (6.23), the top-degree term of Lfla) is (—x)"/n! = (—1)"x"/n!. Differen-
tiate n times: (Lfla))(”)(x) = (—1)". Substitute into (6.32):

1" * 1
I,= = ) (— 1)”f e x™dx = — I'(n+a+1),
o n!

using the definition (3.1) of ' (Def. 3.1). This is (6.28). O

Proposition 6.11 (Laguerre three-term recurrence). Forn > 1,
(n+ DL () = @n+a+1-x)LP(x)— (n+ )L, (x). (6.33)

Proof. Start from the generating function G(x,t) = Z L™ (x)t". Rearranging (6.29) gives

n=0"n
(1—t)?8,G=[(a+1)(1—t)—x]G
Expand each side in powers of t. Since
oo
8:G =y nL@(x)e" L,
n=1
the left side is

(1-)%3,G=1-2t+*) > nL{®(x)t""!

n=1

= (n+ DL (" ZZnL(a)(x)t +Z(n—1)L(a) (o)™,
n=0

The right side is

[(@+1)A-6)—x]G=(a+1—x) > LDx)t"—(a+ I)ZL(a)l(x)t

n=0

Match the coefficient of t" for n > 1:
(n+ 1LY, —2nL@ + (n— 1L, = (a+1—x)LP — (a+ 1)L,

Move the last two terms on the right to the left and collect coefficients of L(a) and L(a)

(n+ 1)L =

i =@n+a+1 —x)Lr(la) —(n+ a)L(a)

n—1°

which is (6.33). O
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Example 6.12 (Hydrogen radial wavefunction). Use atomic units i = m, = e = ay = 1, so the
physical constants do not clutter the formulas. The radial Schrodinger equation for an electron in
the Coulomb field of a nucleus of charge Z is

li(rzd—R)-i- [2E+ 2z _ e 1)]R=0,
dr r r2

for R = Ry, (r) with angular-momentum quantum number (. The term £({ + 1) comes from the
spherical-harmonic separation in Section 5: writing ¥ (r, 0, ) = R(r)Y,;"(6, ¢) diagonalizes the
angular Laplacian with eigenvalue —£(£ + 1). Bound states have E < 0; write E = —k2 /2 and set
P = 2kr:

1 d dR VA (+1

() [ttt
p2dp\" dp P P

Use the ansatz R(p) = pte P/2f (p). The factor p® handles the short-distance centrifugal behavior;

while e™?/2 handles the large-distance decay. Let

Jr=o.

Alp)=p'e P2

Then
Alp) € 1 Allp) (¢ 1V ¢ (-1 ¢ 1
Ap) p 2 A(p)_(E_E) P2 pr p 4
Since R = Af,
R’=A[f’+(£—%)f:|,
R”=A[f”+2(£—%)f’+(£(£p_21)—£+%)f].
Also,

1d( ,dR .2,
——| P>~ |=R"+=R.
p2dp\" dp P

Substitute the formulas for R" and R”:

in(pzd_R):A[f,,+2£+2—pf,+(e(e+21)_e+1+1)f]_
p2dp\" dp P P p 4

Insert this into the p-equation. The p~2 terms cancel against —{({ + 1)R/p?, and the constants
+1/4 cancel as well, leaving

204+2— Zjk—(—1
P P

f//

f=0.
Multiplying by p gives

pf”+(2£+2—p)f/+(§—€—1)f=0.

Compare with Laguerre’s equation (6.27). Here a = 2{ + 1 and the Laguerre degree is n, =
Z [k —L — 1. The bound-state branch is the terminating Laguerre branch, so n, must be a non-
negative integer. The reason is the same square-integrability test used to choose the decaying
exponential: the nonterminating Kummer solution grows like an ef factor at infinity, and after
multiplying by the prefactor e P/? in R(p) = e P/2p! f (p) it still behaves like eP/? times a power
of p. That is not normalizable. Termination removes this growing branch and leaves a polynomial
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Laguerre factor. Thus k = Z /(n, + £ +1). Defining the principal quantum number N :=n, +{+1

gives
72
Ey =———, N=1,23,..., ¢=0,1,...,N—1,
2N2

This recovers Bohr’s spectrum. The radial function is

— 20+1
Ry(r) = Cye pt e 2135 (p),

with Cy, determined by
o0
f Rye(r)*r?dr = 1.
0

Sincer =Np/(2Z) and dr = (N /2Z)dp, we have

N3
tar= (1) ptan
ridr=| -] p7dp

Substituting (6.34) gives

N[ 20+1)
1—|CN£|2(ZZ) f p2 2|13 1(p)] p.
0

Set
n.=N—{—-1, a=20+1.

For a general Laguerre degree n, set
o 2
J@ = J p*1e?[L9(p)| dp
0
The remaining integral in (6.35) is J,S“). Use the three-term recurrence (6.33)

(n+ 1)Lfl‘i)1 =2n+a+1— p)Lg"‘) (n+ a)L(a)
Rearranging,

pL® = @2n+a+ DL —(n+ DL, — (n+ )LL)

Multiply by LT(I“)(p )p%e™P and integrate over [0, 00). We will then set n = n,.:

J(a)—(2n+a+1)f L(a)(p)] p%ePdp
—(n+1)J L)LY (p)p%e™ dp

—(n+a) f L)L, (p)p e dp.
0

The last two integrals vanish by orthogonality (6.28), so

'n+a+1)

J,(l“) =2n+a+1)
n!

Forn=n.=N—{—1landa=2(+1,

2n+a+1=2(N—£—1)+(2{+1)+1=2N,

128

(6.34)

(6.35)



Mathematical Physics Notes

and
'h+a+1)=T(N+£+1)=(N+£)!.
Therefore
(20+1) (N +0)!
J =2N ————.
N=t=1 (N—¢—1)!

Substitute this into (6.35):

N (N +0)!
_ 21 20 N~ 7
1= Cl (22) 2N (N—(—1)

C(2Z\* [(N—t—1)
Cve = (F) 2N (N + )

Hence the normalized radial wavefunction is

22\ [(N—¢—1) , _
ra=(3) vt e

Ground state. N =1, (=0, p =2Zr, L") = 1:

‘l o!
Cio = (22)32\| ——— =2273/2,
10=(2Z) 5110

Ryo(r)=22%2¢77r,

Choosing Cyy > 0,

reproducing the usual ground state.

6.3 Chebyshev polynomials

Motivation. Chebyshev polynomials have a minimax property on [—1,1]: after the degree and
leading coefficient are fixed, they minimize the maximum absolute size on the interval. They are
therefore a natural basis for uniform approximation. Their key identities are T,(cos 6) = cosn6
and U, (cos 0)sin O = sin(n + 1)6.
Why the trigonometric substitution. The change of variable x = cos 0 is suggested by the
factorization
1—2xt+t2=(1—te!?)(1—te™).

Each linear factor is a geometric-series kernel, so the Chebyshev generating function splits into
two simple series in e*?. In the 0 variable, the recurrences and orthogonality relations become
ordinary Fourier identities.

Definition 6.13 (Chebyshev generating functions). The Chebyshev polynomials of the first and
second kinds are defined by

1—xt = .
m = Z Tn(.X') t”, (636)
n=0
1 00
— n
m —ZUH(X)t 5 (637)
n=0

for |t] <1 and x € [—1,1]. Equivalently, these identities may be read as formal power series in t;
their coefficients are polynomials in x, so the resulting T,, and U,, extend to all complex x.

129



Mathematical Physics Notes

Proposition 6.14 (Trigonometric representation). For x € [—1,1], setting x = cos 6 with
0 €[0,n],

T,,(cos 0) = cos(nB), U,(cos0) = W (6.38)

At 6 =0 and 6 = 7, the formula for U, is understood by continuity:
U,(1)=n+1, U,(—1)=(-1)"(n+1).
Proof. Set x = cos 6. Factor the denominator:
1—2xt+t2=1—(e¥ +e )t + 12 = (1—tel?)(1—te™?),

since 2cos 6 = e'? + ¢~ and expanding the product reproduces the LHS.
First kind. Decompose the left side of (6.36):

1—xt __A B
(1—tei®)(1—te 0) 1—tel® 1—teif’

Clear denominators: 1 —xt = A(1 — te'?) + B(1 — te'?). Evaluate at t = e ¥ (zeroing
the first denominator’s partner): 1 —cos@ -e~'% = A(1 —e2). Compute 1 —cos@ -e~1¢ =
1-1(1+e2%%) = 1(1—e7%9), s0 A=1/2. By symmetry (swap 6 <> —0), B=1/2. Hence

1—xt _1[ 1o, ]
1—2xt+t2 2| 1—tei® 1—tei® |

Expand each geometric series (|te*®| = |t| < 1):

1 ©0 0 1 o0 0 0 1n9 +e —inf ety
— n,in = n,—in6 __ n_ n
—ZZte +ZZte —Z 5 t —Zcos(n@)t.
n=0 n=0 n=0 n=0
Matching with (6.36): T,(cos 6) = cos(n6).
Second kind. Similarly,
1 C D

- — = — + —
(1—teif)(1—te 1) 1—tei® 1—teif

Clear denominators: 1 = C(1 —te™ %)+ D(1 —tel®). Att = ¢79: 1 = C(1—e%9), s0
C=1/(1—e29) = ¢9/(e® —e79) = ¢!9/(2isin6). By symmetry, D = —e % /(2isin ).
Hence

1 1 el@ e—lG
1—2xt+t2  2isin0 |:1—tei9 B 1—te—i9:|'
Expand geometrically:
1 SO0 ine 6 —ind T,
:2isin9nzz(:)[e e e e ]t

oo

== slin - Z[ei(m-l)e i e g

_ Z sin((n + 1)9)

sin 6

using (e!? —e™1?)/(2i) = sin ¢. Matching with (6.37): U,(cos 0) =sin((n+1)0)/sin6. O
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Figure 12: The first five Chebyshev polynomials of the first kind on [—1,1]. Via T, (cos 8) =
cos(n8) (Proposition 6.14), for n > 1 the polynomial T, oscillates n times between +1 and

—1 with extrema at x; = cos(kn/n), k=0,...,n.

Proposition 6.15 (Chebyshev ODE, orthogonality). T, satisfies
(1=x*)T/(x)—xTi(x) +n?T,(x) = 0.

Orthogonality on [—1,1]:

T () T, (x)

e T L

0, m#n,
1
f U,(x)U,(x)V1—x2dx = g5mn.
-1

T, m=n=20,

(6.39)

(6.40)

(6.41)

Derivation of the ODE from (6.38). Let y(x) = T,(x) and set x = cos6. Then y(cosf) =
cos(nf) by (6.38). Apply the chain rule, treating 6 as a function of x via x = cos6, so

dx/dO =—sin0 and d6/dx =—1/sin09:
_dy/d®  —nsin(nf) nsin(nf)
~ dx/do B '
Differentiate again. Write y’ = nsin(n6)/sin 6 and differentiate in x:
" i[nsin(n@)] _ ﬁ i[nsin(n@)]
~dx| sin® ~dx do sin 6
1 n?cos(nB)sin 6 — nsin(n6) cos 6

y'(x)

—sin 6 sin 6

sin 6 sin® 0
_ _n2 cos(nf) nsin(n6)cosO
sin? @ sin® 0

Multiply by (1 — x2) = sin? 6:

(1—x2)y” =—n?cos(nb) + nemnyJcosy sm(r.10) cost )
sin 6
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Using cos 6 = x and (6.42): the second term is x - y’. And cos(nf) = y. Hence

(1—x*)y" =—n’y +xy’,
which rearranges to (6.39). O

Proof of T,, orthogonality. Substitute x = cosf, so dx = —sinfd0 and v1—x2 = sinf for
0 € (0, 7). The limits map x : —1 —» 1 to 6 : ™ — 0, so the extra sign from dx cancels against
the flipped limits:

T

dx = cos(m0O)cos(nf)deo.
f—l v1—x2 0

Use cosAcosB = [cos(A— B) + cos(A + B)]:
T i
= %f cos((m—n)6)do + %J cos((m +n)@)d6o.
0 0

For integers k # 0, fOﬁ cos(kB)d6 =sin(km)/k = 0; for k = 0, it equals 7. Apply case-by-case:
ifm#n (som—n# 0and m+n # 0 unless m = n = 0, already excluded), both integrals
vanish. If m = n > 0, the first integral is 7t and the second vanishes, giving /2. f m=n =0,
both integrals are 7, giving 7t. This is (6.40). O

Proof of U, orthogonality. Again set x = cos6, so dx = —sin6d6 and v1—x2 =sin6. Us-
ing (6.38),

1 T . .
J Um(X)Un(X)\/l—xzdx=f sin((m + 1)0) sin((n + 1)6) ;29 49
-1

o sin @ sin

= J sin((m+1)0)sin((n+1)8)d6.
0

Use sinAsinB = %[cos(A—B)—cos(A+B)]:

= %f cos((m—n)0)do — %J cos((m+n+2)0)do.
0 0

If m # n, then both cosine frequencies are nonzero integers, so both integrals vanish. If m = n,
the first integral is 7w and the second still vanishes because 2n + 2 # 0. Hence

1
j U, () U (x)V1—x2dx = g5mn,
-1

which is (6.41). O

Example 6.16 (Chebyshev spectral methods and the minimax property). Chebyshev nodes.

The zeros of Ty are

2k—1

X =COS(Q), k=1,...,N, (6.43)
2N

since Ty(cosB) =cos(NO)=0ifand only if NG = (2k —1)7/2.
Minimax property. For N > 1, among all monic polynomials p of degree N on [—1,1],

min max |p(x)| =2V, (6.44)
p monic,deg p=N x€[—1,1]
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with the minimum achieved by 2'™N Ty (x). A polynomial is monic when its leading coefficient is
1.

Proof. The leading coefficient of Ty is 2N~1. This follows from the recurrence T, = 2xT, —
T,_1, obtained by multiplying (6.36) through by 1—2xt +t?; the leading coefficient doubles at each
step after Ty = x. Thus 2N Ty is monic. Its maximum on [—1,1] is 2'™, because |Ty(cos 0)| =
|cos(NO)| < 1. Equality holds at & = krn/N, i.e. at x; = cos(kn/N), k =0,1,...,N, where
Ty (xg) = (=D

Suppose a monic p of degree N satisfied max |p(x)| < 2™V, Consider q(x) = 27N Ty (x) —
p(x). Since both 2N Ty and p are monic of degree N, q has degree < N — 1. At the N + 1
equioscillation points x,

q(x) = 2!V (=1 = p(x)-
At even k: q(x}) = 21-N —p(x;) > 217N 217N — 0 (using |p| < 27N). At odd k: q(x;) <O.
So q changes sign at least N times on [—1,1], hence has = N gzeros. But degqg < N —1 —
contradiction. Thus max|p| > 27N,

equispaced ¢—o—o0—0—@ O O o o o 0
—1 +1
Chebyshev p—o—e ® ® ® = = o——)
1 +1

Figure 13: Comparison of N = 11 equispaced nodes (top) and Chebyshev nodes x;, =
cos((2k —1)rt/22) (bottom) on [—1,1]. Chebyshev nodes cluster near the endpoints, which
suppresses the monic product [ [, (x —x;) uniformly: this is the node-dependent part of the
interpolation bound (6.45).

Interpolation error. For f € CN[—1,1], the polynomial interpolant p of degree < N — 1
through N nodes {x;} has error

(N)
Fe0)—pt) =L ]_[(x X0, (6.45)

for some & € (—1,1) (the interpolation remainder from one-variable calculus). The product
[ I.(x — xi) is monic of degree N; choosing x;. to be the Chebyshev nodes (6.43) makes this
product 217N Ty (x), minimizing the worst-case error bound.

Spectral expansion. For f € L?([—1,1],(1 — x%)""2dx), meaning |f|? is integrable with
weight (1 —x2)"1/2, define

N

2— 8, 1 fO)T,(x)
st(x)=§)anTn(x), ay = =1 B =

Then Sy f — f in the weighted L? norm, with coefficients determined by Prop. 6.15. Pointwise or
uniform convergence requires additional regularity on f.

The Bernstein ellipse. For r > 1, define the Bernstein ellipse E, C C as the ellipse with foci
at £1 and semi-axes a = (r +r~*)/2and b = (r —r~1)/2. Thusa+ b =r and a®> —b> = 1. As
r — 17 the ellipse collapses to [—1,1]; as r — o0 it expands without bound.

133



Mathematical Physics Notes

An equivalent description uses the Joukowski map z = (w +w™!)/2. Parametrizing the circle

lw|=r by w=re® (sow™ ! =r"le7i®),

z= %(rei‘f’ + r_le_i¢)
= %[(r +rYcos¢p +i(r— r_l)singi)]
=acos¢ +ibsin¢,

using e*'® = cos ¢ +i sin ¢ and grouping real and imaginary parts. This is the standard parametric
form of the ellipse with semi-axes a, b, so it traces exactly the boundary of E,; thus E, is the image
of {lw| < r} \ {lw| < r~'} under Joukowski (the two circles |w| = r and |w| = r~! both map to
OE,, reflecting the w «— w™! symmetry of the map). Inverting, w =z + V22 — 1 on the branch
normalized so that |w| = 1 for z € C\ [—1,1]. In particular,

z2€E, ifandonlyif |z+Vz2—1|<r,

which is how the ellipse was written on first sight.

Core estimate. The Joukowski coordinate w is the right variable because T, behaves like w".
The identity T,(cos @) = cosn@ becomes T,(z) = (W™ +w™)/2 when z = (w+w™1)/2. On
|w| =r > 1, this formula gives the simple bound |T,(z)| < (r" +r ™)/2 < 1"

For the coefficient estimate, write F(w) = f((w+w™1)/2). If f(x) = ano a,T,(x), then
for n > 1 the coefficient of w" in the Laurent series of F is a,/2. If f is analytic near E, and
|f| < M on E,, then F is analytic in the annulus r—* < |w| < r and bounded by M on |w| =r.
Cauchy’s coefficient estimate on that circle gives |a,|/2 < Mr™", hence |a,| < 2Mr~". The ellipse
parameter r sets the geometric decay rate, just as the disk radius sets Taylor coefficient decay.

Consequently, if f is analytic in some Bernstein ellipse E, with r > 1, then |a,| < Cr™": the
expansion converges geometrically. This is the basis for exponential convergence in Chebyshev
spectral methods for analytic boundary-value problems.

6.4 The hypergeometric function ,F;

Motivation. The hypergeometric function is the common source of many classical special
functions. Negative-integer parameters make the series terminate, which is why orthogonal
polynomials appear inside this framework.

Definition 6.17 (Gauss hypergeometric). For complex parameters a,b,cwithc ¢ {0,—1,—2,...},
and for |z| < 1,

(@)n(D)n n
,Fi(a,b;c;z) = Z O (6.46)
where (a), =ala+1)---(a+n—1)is the Pochhammer symbol (Def. 3.22). The restriction on c
prevents the denominator (c),, from becoming zero.

Unless a or b is a non-positive integer, the ratio of successive terms tends to 2z, so the radius
of convergence is 1. In the exceptional terminating cases, the series is a polynomial. The Euler
integral below continues the non-terminating function to C \ [1, co).

A regular singular point is a controlled singular point of an ODE: after factoring out possible
powers such as z*, solutions still have convergent series expansions.

Theorem 6.18 (Hypergeometric ODE). y = ,F;(a, b; c;z) satisfies
z2(1—2)y”" +[c—(a+b+1)z]y'—aby =0. (6.47)

This is the Gauss hypergeometric equation, a second-order linear ODE with regular singular points
at 0, 1, and oo.
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Proof. Write y = >.°2 a,z" with

_ (a)p(b),
" (Q)yn!

Term by term, y’ = >, ., na,z" ! and y” = 3. _,n(n—1)a,z"2. Substitute into Ly :=
2(1—2)y”" +[c—(a+b+1)z]y’—aby:

zy” = Z n(n—1)a,z""!,

(6.48)

n=2
—z2y" = —Z n(n—1)a,z",
n=2
cy' = cZnanz”_l,
n>1
—(a+b+1)zy'=—(a+b+ 1)Znanz”,
n>1
—aby = —abZanz“.

n=>0

In the first and third lines, shift indexm=n—1(son=m+1):

zy" = ) (m+Dmay,s",

m=>1

cy'=c Z(m + 1)a,412™.

m=0

The coefficient of 2™ is
[2"](Ly)=(m+1)ma, . +c(m+1)a,.; —m(m—1)a,, —(a+b+1)ma, —aba,,
Group terms:
[2™"](Ly)=(m+1)(m+c)ap —[m(m—1)+m(a+b+1)+abla,,.
Simplify the bracket:
m(m—1)+m(a+b+1)+ab=m?+m(a+b)+ab=(m+a)(m+Db).

So
(m+1)(m+c)a,; —(m+a)(m+b)a, =0. (6.49)

From (6.48), the ratio is
a1 (m+a)(m+Db)
a, (m+1)(m+c)’

so (6.49) vanishes for all m > 0. Therefore Ly = 0. O

Theorem 6.19 (Euler integral). For Rec > Reb > 0and z € C\[1, c0),

r(c) !
,Fi(a,b;c;2) = 5 f P11 — )1 —zt) . (6.50)
0

r'(b)r'(c—
Here t>~' and (1 — t)°~°~! use the ordinary real logarithms of t > 0 and 1 —t > 0. The factor

(1—2t)™® uses the principal logarithm; the restriction z ¢ [1, 00) keeps the path 1—zt, 0 < t < 1,
away from the principal branch cut (—oo, 0].
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Proof. Write the right-hand side of (6.50) as

. I'(c)
@)= e —p)

1
f P11 =) (1 —zt) .
0

Step 1: identify the series for |z| < 1. Expand
oo
_ (a)
_ a __ Mn n
(1—z0) = ZO RGO
n=

using (_na)(—l)” = (a),/n!. For |z| < 1, dominated convergence justifies exchanging the sum
and integral. To see the domination explicitly, choose r with |z] <r < 1. Since 0 <t <1,

lzt] < |z| <1,

and the absolute binomial majorant

oo

Cor = Z

n=0

(@

n!

rn

is finite because the binomial series has radius 1. Therefore every partial sum is bounded in
absolute value by C, .. The remaining absolute weight is

tRe b—l(l _ t)Re(c—b)—l’

which is integrable on [0, 1] because Re b > 0 and Re(c — b) > 0. Thus dominated convergence
gives

1 o) n 1
J P11 =) N1 —z6) 0 de = Z (@nz” J 211 — ) b1 g,
0 n=0 n!

0
The t-integral is a Beta integral:

I'(b+n)I(c—b) T(b+n)(c—D>)
I(b+n+c—b) I'(c+n)

1
J P11 — )P 1dt =B(b+n,c—b) =
0

Multiply by T'(¢)/(T(b)T'(c — b)):

I'(c) . I'(b+n)l(c—b) T(c) . I'(b+n) T(b+n)/T(b)
I'(b)r'(c—b) I'(c+n) " I(b) T(c+n) T(c+n)/T()’

By I'(s +n) =T(s)(s)n,

I(b+n) I'(c+n) _
Tb) = (b)yps T(c) = (-
Thus the coefficient of 2" /n! is
I'(c) I'(b+n)(c—b) _ (@) (b)n

T(B)I(c—b)  TI(c+n) (@)= ©),

matching (6.46). Hence
I(z) =yF(a, b;c;2), [zl <1.

Step 2: continue to the slit plane. For z € C\ [1,00) and 0 < t < 1, the point 1 —zt avoids
the branch cut (—oo, 0]. Use the principal branch and define

(1—zt):= exp(—a Log(1 —zt)).

On compact subsets of the slit plane the integrand and its z-derivative are bounded by integrable
multiples of the Beta weight. Hence I(z) is holomorphic there. Since it agrees with ,F;(a, b; ¢;2)
for |z| < 1, the identity theorem gives the continuation. O
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Proposition 6.20 (Gauss summation). For Re(c—a—b)>0and ¢ ¢ {0,—1,-2,...},

I'(c)l(c—a—>)
I'(c—a)l(c—b)

5Fi(a,b;c;1) = (6.51)

Proof. Step 1: evaluate the Euler integral at z = 1. Assume first that
Rec>Reb >0, Re(c—a—b)> 0.

For real 0 < z < 1, the Euler integral gives

1
5Fi(a,b;c;2) = I'(c) b)f 21— ) (1 —z0) % dt.
0

r'(b)r'(c—
As z T 1, the integrand converges pointwise to
tb_l(l . t)c—a—b—l )

The displayed hypotheses give an integrable endpoint bound, so dominated convergence yields

I'(c)

1
I S tb_1 1—t c—a—b—1 dt.
TORCED]

oF1(a, bsc;1) =

Now evaluate the Beta integral:

_ T(b)I(c—a—b)
T T(c—a)

1
f P11 —¢) b 14t = B(b,c —a—b)
0

by Proposition 3.9. Substituting gives

I'(c) . I'(b)I'(c—a—>b) T(c)l(c—a—b)

AEBED 0 T Mm@ Te—are—b)

Step 2: extend in the parameters. Both sides are meromorphic in (a, b, ¢). They agree on
the nonempty open set
{Rec>Reb >0, Re(c—a—>b) >0},

so analytic continuation extends the identity to Re(c —a — b) > 0, with ¢ ¢ {0,—1,—2,...}. In
practical terms, two analytic formulas that agree on a region with room to move must continue
to agree wherever both formulas are defined. O

6.5 The confluent hypergeometric , F;

Definition 6.21 (Confluent hypergeometric). For ¢ ¢ {0,—1,—2,...},

F(@6) = M(a,e,5) = S i (6.52)
n=0

=4 (c)y !

This series is entire in z and is obtained from ,F; by a confluent limit. In ,F;(a, b;c;z/b), the
n-th coefficient is
(@n(0)y (o (@n (D)
(c),n! (c),n! bn°
Since (b),/b™ — 1 as b — o0, the coefficients tend to those of 1F,. In this limit, singular points
merge; this is the reason for the name confluent.
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Proposition 6.22 (Kummer equation). The function y(z) = M(a, c, 2) satisfies

zy”" +(c—2)y’—ay =0. (6.53)
Proof. Write y = >~ a,2" with
@,
" (et
Then
y'= Z na,z" ', y'= Z n(n—1)a,z" 2.
n>1 n>2

Substitute into Ly :=zy” + (c —2)y’ —ay:

zy” = Z n(n—1)a,z"! = Z(m +1)may,, 2™,

n=2 m=>1

cy = CZ na,z"t=c Z(m + Dap12™,

n>1 m=0

—zy' =— E ma,z™,

m=>1

—ay =— E aa,z™.

m=0
Therefore the coefficient of 2™ is
[2™](Ly) =(m+1)(m+c)a,,; —(m+a)a,.
From the coefficient formula,
m+1 _ (@1 ©m 1 _ m+a
a,, (@, ©)prim+1 (m+c)(m+1)

so (m+1)(m+c)a,,.; = (m+a)a,,. Hence every coefficient of Ly is zero, and (6.53) follows. [

Remark 6.23 (Singularity structure). Kummer’s equation has a regular singular point at 0 and
an irregular singular point at 0. Roughly, a regular singular point allows power-law-type local
behavior, while an irregular singular point can produce exponential asymptotics.

6.6 Hypergeometric catalog

Remark 6.24 (Special-function catalog). We use the generalized hypergeometric notation
0 k

0F1(—;C;W)=Z id c#0,—1,-2,....

= (c)k!

The dash means that there are no numerator parameters.

Function  Hypergeometric form

Py(x) oF1(—n,n+1;1;(1—x)/2)

Th(x) oF1(—n,n;1/2;(1—x)/2)

Uy(x) (n+1)F (—n,n+2;3/2;(1—x)/2)
L@(x) (") 1 Fi(—nsa+1;x)

n

() 0 o 1/20%)
Hypn () (-0 0 (s 3/20%)
G2y ",

J,(2) oF1(—; v+ 1;—2%/4)

I'(v+1)

We verify the entries by expanding both sides and matching coefficients.
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6.6.1 Verification (i): Legendre P,

Claim. P,(x) = oF;(—n,n+1;1;(1—x)/2).
Let u = (1 —x)/2. The right side, using (1), = k!,

oFi(—n,n+1;1;u) = Z( n);z(";(:rl)k uk,

Since (—n); = 0 for k > n, the sum terminates at k = n. Use

n! (n+k)!
(n—k)V (n+ 1) = n

(the first by (—n)(—n+ 1)---(—n+ k—1) = (=1)*n(n —1)---(n — k + 1); the second by
(n+1)(n+2)---(n+k)). Therefore

S (—n,n+1;1 u)—Z( 1)"( )(Hk) . (6.54)

General argument. From Rodrigues (5.38), P,(x) = (2"n!)~!(d/dx)"(x? — 1)". Write
(x2=1)"=[(x—1)(+1)]" Withx=1—2u,sox—1=—2uand x +1=2—2u=2(1—u):

(—n) = (1)

(x> —1)"=(—2u)"-[2(1 —w)]" = (—1)"2*" (1 — u)".
Since d/dx = —3d/du,

d" n d" no2n, n n n d" n n
dxn(x2—1)"=(—l dun[(—n 22" (1—u)"] =2 dun[u (1—w)"].

Leibniz’s rule:

n k,,n n—krq _,\n n
== () qr e (W U

k=0 k=0
Divide by 2"n!:
—(n n! z n)
P — 1 n—k Tl k 1 — _1 n—k( ) n—k 1_ k
=2 (et a0t =3 () e -k

using n!/[(n—k)k!] = (Z) Relabel j =n—k:
n 2
SNy W=
P, ;( 1)(j)u(1 w)" .

Expand (1—u)"7 = Zz (n;j)(—u)’Z and collect [u]:

S (e () - S0

j=0

The only combinatorial identity needed is a Vandermonde convolution. First,

()60 =(G)
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both sides choose k objects from n and then mark j of those chosen objects. Therefore

(Y G)-(z00)

j=0 j=0

Using (?) =(" j) and Vandermonde’s identity gives
k

S00)-202)0)- ()13

j=0

SOGE-(0

0

Thus

So [uk]Pn = (—1)%@(”;"), matching (6.54) term-by-term.

6.6.2 Verification (ii): Chebyshev T,

Claim. T,(x) = yF;(—n,n;1/2;(1—x)/2).
Letu = (1—x)/2 = sin?(6 /2) with x = cos 0. The right side, with (—n), = (—=1)*n!/(n—k)!,
(), = (n+k—1)1/(n—1)! (for n > 1, else terminate at k = 0), and (1/2), = (2k)!/(4*k!):

oFi(—n,n;1/2;u) = Z ((17)2k)(,<7;<)'kuk' (6.55)

General argument. Let F(u) = T,,(1 —2u), so x = 1—2u. Then
F'(u)=—-2T;(x),  F"(u)=4T, (x),

and
1—x2=1—(1—2u)?=4u(l—u).

Substitute these relations into Chebyshev’s ODE (6.39):
0=01- xz)T:(x) — xTé(x) + 12T, (x) = u(1 —u)F"(u) + (% - u) F'(u) + n?F(u).
This is exactly the hypergeometric equation (6.47) with

J

Nl

a=-n, b=n, c=

because a+ b +1 = 1 and —ab = n?. Also F(0) = T,(1) = 1 by (6.38). The Taylor-series
recurrence for the hypergeometric ODE determines every later coefficient from this initial value,
so the unique holomorphic solution at u = 0 with value 1 is 4F;(—n,n;1/2;u), proving the
claim.

6.6.3 Verification (iii): Chebyshev U,

Claim. U,(x)=(n+1)yF;(—n,n+2;3/2;(1—x)/2).
Use (3/2); = (2k + 1)!/(4*k!) and let u = (1 —x)/2. The RHS:

(=) (n+2)
n H)Z (31;2),(1« e W
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General argument. Differentiate T, (cos 8) = cos((n + 1)8) from (6.38) with respect to x:

d(cos((n+1)0))/d0  —(n+1)sin((n+1)0)
dx/d6 B —sin 6

TT/H_I(X) = =(n+ 1U,(x).

Now differentiate the hypergeometric form of T,_; proved above. For

(a)r(D)i s
— b:c: E
F(Z) ZFl(a: 3C,Z) e (C)kk'

termwise differentiation gives

Z (a)k(b)k Zk1
()i k!

_ Z (a)m+1(b)m+1 milmtl o m

(C)m+1 m!

ab Z (a+1),(b+1)y .,
(c+1),m! 2

b
=2 2F1(a+1 b+1;c+1;2).

Apply thiswitha=—n—1,b=n+1,c=1/2,andu=(1—x)/2:

1 ()=—t. Cn bt 1) —11/)5” +1)

SF (—n,n+2;3/2;u) = (n+ 1)? ,F; (—n,n + 2; 3/2; u).
Divide by n+ 1 and use Téﬂ(x) =(n+ 1)U,(x) to obtain
Up(x) = (n+1)oF(—n,n+2;3/2;u),
which is the claim.
6.6.4 Verification (iv): Laguerre L,(f‘)

Claim. For a ¢ {—1,-2,...}, L(x) = ("'*) 1 F;(—n; a + 1; x). Values at the excluded parame-
ters are obtained by analytic continuation, or directly from the finite series (6.23).

Expand the RHS:
(n-i—a) = (—=n)y x_k
n J&d (a+ 1)y k! '

Use (—n) = (—1)*n!/(n—k)! and (a+ 1) =T(a+1+k)/T(a+1):

(n+a) (1) nl Ia+1) x_k
(n—k)! T(a+1+k) k!

Substitute ("7%) =T'(n + a + 1)/[n!T(a + 1)]; the n!’s cancel and the I'(a + 1)’s cancel:

_ 'n+a+1) ' (—x)k . (n+ a) (—x)k
T Tla+1+k)m—kY k' \n—kJ) k'~

since ("+a) I'(n+a+1)/[(n—k)!T(k+ a+1)] (for complex a, this is the Gamma-function
version of the binomial coefficient). Summing over k =0, ..., n reproduces (6.23).
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6.6.5 Verification (v): Hermite H,,

Claim. Hy,(x) = (—1)*(2n)!/n! - 1F;(—n;1/2;x2).
From (6.5), Hy,(x) = (2n)! Zgzo(—nq (2x)?"24/[(2n — 2q)!q!]. Relabel ¢ = n—k (so
k=n—qrunsO,...,n):

i A CD Il o oVl

Hzn(X):(zn)!kZ:(:) O (n—k)! i (n—k) (2K

Now the RHS of the claim:

2! () ()
U ;(1/2% Kk

Use (—n); = (—1)*n!/(n—k)! and (1/2), = (2k)!/(4k!). Hence

() (Dfnt/(n—k) _ (—1)kn! 4k
(1/2) k! (2K)1/(4kkD) k! (n—k)1(2k)!

So the RHS becomes

)n(2n)' Z( 1)

kn| 4k 2k
—k)(2k)!

n(2n) (—1)knt  4kx2k
=0 Z 1 (n—k) (2k)

matching the expansion for H,, term-by-term.

6.6.6 Verification (vi): Hermite H,,

Claim. Hy,,q(x) = (=1)"(2n+ 1)!/n!- 2x 1F;(—n;3/2; x2).
Similarly, H,,,; = (2n + 1)! ZZZO(—l)q(2x)2”+1_2q/[(2n +1—2q)!q!]. Relabel g =n—k:

B (=1 (2x) 2k n(2n+1) (—1)kn! 4kx2
HZ"“(")_(Z”HM;(2k+1)!(n—k)| =1) Z(n—k)! 2k+ 1)
RHS: (3/2); = (2k + 1)!/(4*Kk!). So

(e _ D4t

(3/2)k!  (n—k)(2k+ 1)

Therefore the RHS equals

(2n+1) ZXZ (—1)kn! 4kx2k

=" - (n—Kk)!(2k+ 1)’

matching Hy,, 1.

6.6.7 Verification (vii): Bessel J,

Claim. J,(2) = (2/2)"/T(v+1) - oF,(—; v+ 1;—2%/4), where oF;(—; c;w) = Zkzo Wk/[(c)kk!].
Expand the RHS:

(2/2)" i 1 (_z_z )" B i (DX (/2)"(z/2)*
T(v+1) & (v+ 1)kl 4 B S T(v+1)(v+ k!
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Use T(v+1)(v+ 1), =T(v+1)-T(v+k+1)/T(v+1)=T(v+k+1):

> (=1)k o\ v+2k
=Zk!r(v+k+1)(§) ’

k=0

which is precisely the Bessel series (Def. 4.4, Eq. (4.11)).
Takeaway. The classical polynomial families are terminating hypergeometric series. Bessel
is a confluent limit.

6.7 Asymptotic and physical applications

Two themes matter here: truncation gives bound states in physics, and off-interval growth
controls approximation error in numerics.

Remark 6.25 (Polynomial truncation and discrete spectra). Remark 6.24 rewrites the Laguerre
and Hermite families as confluent hypergeometric functions:

n+a
Lgla)(x) = ( N )1F1(—Tl;0l +1;x),
and

Hap(x), Hopp1(x) o< 1Fy(—n;--+ 5 x2).

The first parameter is the negative integer —n, so the series terminates. In the oscillator and
hydrogen examples, the physical bound-state branch is selected by this termination condition.
Quantization appears as hypergeometric truncation.

Example 6.26 (Chebyshev growth off the interval). For x > 1, write x = coshu with u > 0.
Since cos(iu) = cosh u, the trigonometric formulas (6.38) analytically continue to

inh((n+1
T, (cosh u) = cosh(nu), U,(coshu) = M
sinh u
Hence
R e+ u
T ~— U, ~
n(x) 2’ n(x) 2sinhu’

for fixed x > 1. Inside [—1, 1], by contrast, |T,(x)| <1 and |U,(x)| < n+ 1. This inside /outside
contrast is the real-variable version of the Bernstein-ellipse estimate in Example 6.16.

Remark 6.27 (Bound states versus scattering states). The same equations also describe scattering
states. For positive-energy Coulomb scattering, the radial equation still reduces to Kummer’s
equation, but the acceptable solution is non-terminating. Bound states occur at the exceptional
parameter values where it truncates to Laguerre.

Exercises

Problem 6.1. Derive the generating function (6.1) from Rodrigues formula (6.12) by summing
the Taylor series of 2™t in t.

Problem 6.2. Show that the normalized eigenfunctions of the quantum harmonic oscillator
Y (x)= (2”n!\/E)_l/an(x)e_"z/2 are orthonormal on R.

Problem 6.3. Verify T,(cos0) = cos(nf) for n = 0,1,2,3 by expanding the right side and
matching to T,(x) from (6.36).
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Problem 6.4. Prove the Chebyshev minimax property: for monic polynomials p of degree n,
max;_q 11|p(x)| = 217" with equality for p = 27T,

Problem 6.5. Derive the hypergeometric ODE (6.47) by substituting the series (6.46) and verifying
the coefficient relation.

Problem 6.6. Use the Euler integral (6.50) to prove Gauss’s summation formula (Prop. 6.20) at
z=1

Problem 6.7. Verify the catalog entry for P, in Remark 6.24: compute ,F,(—n,n+1;1;(1—x)/2)
explicitly for n =0, 1,2 and match.

Problem 6.8. Show J,(z) = gi—%oFl(—; v+ 1;—22/4) by expanding both sides as series in 2.
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7 Calculus of Variations

Ordinary calculus finds extrema of a function f : R"™ — R by solving Vf = 0. The calculus of
variations does the same job when the input is a whole function. Its basic object is a functional
L[ y], areal-valued map whose argument is a curve y. The model case is the integral functional

b
Lly]l = f L(x, y(x),y'(x)) dx,

and the analogue of Vf = 0 is an equation for the unknown curve, called the Euler-Lagrange
equation and derived below. Variational principles organize classical mechanics, geometric
optics, relativity, and field theory because many physical laws say: among all admissible paths,
the realized path makes an action stationary. We start with the Euler-Lagrange equation,
then use it on the classical examples before moving to constraints, second variation, Noether’s
theorem (the link between continuous symmetries and conserved quantities), and Hamiltonian
mechanics (a momentum-based reformulation of the same dynamics).

Why this section sits inside notes on complex analysis and special functions. The chapter
looks like a detour from the complex-analytic theme, but it closes the loop with the rest of
the notes in three concrete ways. (i) Every classical ODE we met in Sections 4-6 — Bessel,
Legendre, Hermite, Laguerre, Chebyshev — is the Euler-Lagrange equation of a quadratic
action with an appropriate weight; the orthogonality relations are then the consequence of
a single integration-by-parts identity. The generating-function route used in those sections
produces the functions; the variational route says why those particular ODEs are the right
ones to solve. (ii) The brachistochrone transit time of Example 7.8 evaluates in closed form
as a Beta function (Section 3), so the cycloid is, in one stroke, a variational extremal and
an explicit Beta integral. (iii) Stationary action is the classical limit of an oscillatory integral
f eiStrl/ "Dy; the saddle points of the phase are exactly the Euler-Lagrange solutions, and
the saddle-point asymptotics of Section 2 (Laplace, stationary phase, steepest descent) is the
asymptotic machinery that turns a quantum amplitude into a classical trajectory plus a Gaussian
fluctuation. Section 7.11 collects these links explicitly.

Prerequisites. This section is logically self-contained: it assumes multivariable calculus,
integration by parts, elementary ODEs, and the linear-algebra notation used in classical me-
chanics. The connections to earlier chapters are pulled in at the end. The short sphere/geodesic
discussion in Example 7.11 only uses the geometry introduced there.

7.1 The functional and its variation

Fix a < b € R and boundary values y,, y; € R. Consider the space of admissible curves

A = {yec?a,bl:y(@) =y, y(b)=yp}.

Here C2[a, b] denotes the set of functions y on [a, b] whose first and second derivatives y’, y”
exist and are continuous on [a, b]. Let L = L(x, y, p) be a C? (twice continuously differentiable)
Lagrangian on an open set containing the relevant curve data. Here p € R is a placeholder for
the derivative y’. The action functional is

b
Lly] = J L(x, y(x), y'(x))dx. (7.1)
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We write L, = dL/dy, Ly, = dL/3pl,—,/, L,, = 3*L/3y?, and similarly for other partial
derivatives.

Definition 7.1 (Variation). For y € A and a perturbation 1 € C?[a, b] with n(a) = n(b) =0
(so that y + em € A for sufficiently small €), the first variation of £ at y in the direction 1) is

d
6L[y;n] = Eﬁ[y +enl]| . (7.2)
e=0

We call y a stationary point (or critical point, or extremal) of L if 6L[y;n] = O for every
admissible 1.

The variation 6 L[ y;n] is the directional derivative of £ in the space of admissible curves.
Stationary does not automatically mean minimum; it only means the first-order change is zero
for every allowed perturbation. Physics texts often write the perturbation as 6y := e1.

7.2 The Euler-Lagrange equation
Lemma 7.2 (Fundamental lemma of the calculus of variations). Let ¢ € Cla,b]. If
fab g(x)n(x)dx = 0 for every n € C?[a, b] satisfying n(a) = n(b) =0, then g =0 on [a, b].

Proof. Suppose instead that g is not identically zero. If the only point first noticed is an
endpoint, continuity gives a nearby interior point where g is still nonzero, so choose x, € (a, b)
with g(xy) # 0. Replacing g by —g if needed, assume g(x,) > 0. By continuity there is § > 0
with [xo—&,x,+ 6] C (a,b) and g(x) > g(xy)/2 > 0 on this interval. Choose the C2 bump

o = [ o=+ &) =), x€lxo=6,x0+8],
! 0, otherwise.

The cubing is only for smoothness at the two joining points: the polynomial and its first two
derivatives vanish at x, = &, so extending by zero gives a C? function. Thus 1 € C?[a, b],
n(a) =n(b) =0, and n > 0 on (xy— &, xy + &). Consequently

b (X ) X0+5
f gndx > g_of n(x)dx > 0,
a 2 Xo—6

contradicting the hypothesis. Thus g = 0 on (a, b), and by continuity on [a, b]. O

Theorem 7.3 (Euler-Lagrange). Let L € C? and y € A. Then y is stationary for L if and only if

d JL

oL ,
a(x,y(X),y (x)) — &3y

(x,y(x),¥'(x)) = 0, x €[a,b]. (7.3)

Proof. Differentiate (7.2) under the integral. Since L € C2 and [a, b] is compact (closed and
bounded), the Leibniz rule applies:

b
SLy;n]= %f L(x,y +en,y +en')dx
a

e=0

dx
e=0

b g
- L EL(x,y +en,y +en')

b
= f [L,(x, 5,y )n+Ly(x,y,y)n']dx. (7.4)
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The last step is the chain rule, with x fixed.
Integrate the second term in (7.4) by parts. Let u = L, and dv = n’dx, so du =
(d/dx)L, dx and v = n:

’ b b d
J Ly n’dxz[Ly/n]a—J HLy”?dX
a a

b
=L,/(b,y(b),y'())n(b)—Ly/(a, y(a),y'(a))n(a) —J dd—xLy/ ndx

b
B d
—O—O—f HLy/ndx,

the last equality because n(a) = n(b) = 0. Substitute back into (7.4):

b

[Ly—iLy/]n(x)dx. (7.5)

o0L[y;n] = f T

a

(=) Suppose y is stationary. Then (7.5) vanishes for every admissible . The bracket
g(x):=L,—(d/dx)L, is continuous on [a, b] (since y € C?and L € C?). ByLem. 7.2, g =0,
which is (7.3).

(&) If (7.3) holds, the bracket in (7.5) vanishes identically, so 6L[y;n] = O for every
admissible 7. O

Remark 7.4 (Alternative form). Expanding the total x-derivative in (7.3) with the chain rule,

d / 1z
d—xLy/ = Ly’x+Ly’yy +Ly/y/y B

so the Euler-Lagrange equation is the (generally nonlinear) second-order ODE
Ly y” + Lyyy' + Lyy — L, = 0. (7.6)

When L, # 0, this can be solved for y" as a function of (x,y, y’).

7.3 The Beltrami identity

When L has no explicit x-dependence (L, = 0), the EL equation has a conserved quantity. This
is the same mechanism as energy conservation when a mechanical system has no explicit time
dependence.

Proposition 7.5 (Beltrami identity). If L, = 0 and y satisfies the EL equation (7.3), then

, 0L
ay’

L—-y = C (constant along the extremal). (7.7)

Proof. We compute d(L —y’L,.)/dx and show it vanishes. First,

dL / 17
o=kt Ly Y + Ly

=0+L,y' +L,y", (7.8)
using L, = 0. Second,
dL,
dx
=y "Ly +y'Ly, (7.9)

d
E(y’Ly/) =y"L,+y
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where the last equality uses dLy/ /dx = L, from the EL equation (7.3). Subtract (7.9)
from (7.8):

d
Z(L=yLy) = (Lyy +Lyy") =YLy +¥'Ly) = O

Hence L —y'L 4 1s constant along the extremal. O

Remark 7.6 (Cyclic coordinates). A related first integral exists whenever L does not depend on
¥ (i.e. L, =0; y is called a cyclic or ignorable coordinate). Then EL reduces to (d/dx)L, =0,
so Ly, is conserved. This is the variational form of momentum conservation associated with a
translation symmetry.

7.4 Worked examples

We now apply the Euler-Lagrange equation and the Beltrami identity to the classical examples.

Example 7.7 (Shortest path in the plane). Among all C2 curves y : [a, b] — R joining (a, y,) to
(b, yp), find the shortest one. The arclength functional is

b
Lly] = f 1+y/(x)?dx,

so L(x,y,p) = 4/ 1+ p?, independent of both x and y. Compute:

/

_ Y
Ve

The EL equation (7.3) reads
/
oY J_,
dx /1 + y/Z
so y'/4/1+ y’2is a constant, call it k € (—1,1). The function

S

V1+s2

is strictly increasing on R, so this already forces y’ itself to be constant. Solving explicitly,

S +—>

y/ _ y/Z

———=k =
V1+y”? 1+y”?

and since y’ has the same sign as k,

=k = y? = K¥Q+y?) = y?(1-k?) = k3,

Here m is a real constant. Integrating y’' =m,
y(x) = mx +c,
with m, ¢ fixed by the two boundary conditions y(a) = y,, y(b) = y;: solving,

Yo~ Ya
m= ——,
b—a
The extremal is the straight line segment. It is also the unique global minimizer: every other path
has length at least the Euclidean distance between the endpoints, with equality only for the straight
segment.

c = y,—ma.
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Example 7.8 (Brachistochrone). Johann Bernoulli, 1696. Find the curve y = y(x) joining (0, 0)
to (x1,y1), with y; > 0, along which a bead slides from rest under gravity in the shortest time.
We take the y-axis downward, so larger y means lower height.

Setting up the functional. Conservation of energy at depth y (measuring downward positive)
gives %vz = gy, so the speed is v = 4/2gy. The arclength element along the curve is ds =
v 1+ y2dx, so the transit time is

JX1 ds J \/1+y’2

1+y”2
T[y] = Y 4

=)

The constant 1/+/2g does not affect the extremal, so take L = +/(1+p2)/y. The integrand
is singular at the release point y = 0, so we should not treat that endpoint as regular. Apply
Euler-Lagrange and Beltrami only on interior subintervals where y > € > 0. On each such interval
L is C2, so the first integral below holds wherever y > 0. We impose (0, 0) after solving the interior
ODE, and then check that the resulting extremal meets the origin with a vertical tangent. Since
L, =0, Beltrami (7.7) applies on those interior intervals.

Computing the Beltrami integrand. We need L.

/ /

Y _ Y

L, =

1

Then

_ 1+y7? _ y"?
Vy@+y?) JyQ+y?)
B (1+y/2)_y/2 B 1 1

Vya+y?  Jy(+y?) V2R

where the name 1/+/ 2R, with R > 0, is chosen to match the usual rolling-circle parametrization of
a cycloid. Squaring,
y(1+y?) = 2R. (7.10)

This is the implicit first-order ODE of the brachistochrone.
Parametric cycloid solution. We verify that the cycloid

x(0) = R(6 —sin0), y(8) = R(1—cosh), 6 €[0,6,], (7.11)

satisfies (7.10). Differentiate:

Z—; = R(1—cos0), Z_}O/ = Rsin®,
50 dy/do Rsin6 in 6
sin sin

Y = 2T = -

dx/d®  R(1—cosf) 1—cos6’
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Then
1+y,2:1+—sin29
(1—cosB)2
_ (1—cosH)*+sin6
N (1—cosH)2
_ 1—2cos6 + cos® 6 +sin® 0
- (1—cosH)2
_2—2cos  2(1—cos@) 2
T (1—cosf)2  (1—cosB)2 1—cos6’
Thus
ya+y?) = R(l—cos@)-L = 2R,
1—cos6

which is exactly (7.10). Hence (7.11) is a solution. The boundary condition x(0) = y(0) =01is
automatic at 6 = 0; the endpoint (x;, y;) fixes R and 6, through x(6;) = x4, y(6;) = y;.
What happens at the singular endpoint. Expand near 6 = 0:

63 62
x(0) = R(g + 0(95)), ¥(6) =R(? + 0(94)).

Therefore
, sin 6 2
=—~— 6 0),
y(x) 1-cos6 0 (010)
so the curve meets the origin with a cusp and vertical tangent. But the travel-time element is still
regular:
dx\? dy\?
ds = — | +{ == | d6 =2Rsin(6/2)d6
s \J(de) (2) sin(6/2)do),
while
v=14/2gy =4/2gR(1 —cos0) =2+/gRsin(0/2).
Hence

i\
v 4

which stays finite as 6 | 0. Thus the singular endpoint is integrable. The cycloid is the limit of the
regularized interior problem, not a contradiction to it.

Remark 7.9. The calculation identifies the cycloid as the variational extremal and shows that the
singular release point is compatible with the first-integral derivation. Proving that it is the global
time-minimizer needs a separate comparison argument.

Example 7.10 (Catenoid: stationary surface of revolution for the area functional). Two parallel
coaxial circles of radii y,, y, > O lie in the planes x = a and x = b. Rotate a curve y = y(x)
about the x-axis to join them. We seek the Euler—Lagrange extremals of the lateral area functional.
The area is

b
Aly] = an vy 1+y?2dx,
a
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(0,0)

Y
&8

Y (xlayl)
Yy

Figure 14: The brachistochrone extremal is a cycloid. The y axis points downward (gravity
direction). The curve leaves the origin vertically, which matches the integrable endpoint
singularity discussed in Example 7.8.

so up to the constant 27 the Lagrangian is L = y 4/ 1+ p2. Since L, = 0, apply Beltrami:

/

I, = Y

AV

L—y'Ly,=yy/1+y?—

yy?  _yA+y?-yy? v

V1+y? V1+y? V1+y?

where ¢ > 0 is the constant of integration (distinct from the interval endpoint a). Thus y? =
c2(1+y"), ie. y?> =(y/c)?>—1. Separating,

cdy

Substitute y = ccoshu, dy = csinhudu, 4/ y%—c2 = csinhu:

dx =

c¢-csinhudu
dx = ———— = cdu,
csinhu

50 x — Xy = cu and

y(x) = ccosh(x_cxo). (7.12)

The surface generated is the catenoid, so every smooth rotational extremal is a catenoid. For generic
boundary data, (7.12) may admit zero, one, or two solutions for (c,xy). The EL computation
identifies stationary surfaces; deciding which one minimiges area is a separate stability question.

Example 7.11 (Surface geodesics). Parametrize the surface by (r(z)cos ¢, r(z)sin ¢,z), with
r € C2, r > 0. The induced line element is

ds? = (1+7r'(2)*)dz? +r(z)?d¢>.
Writing ¢ = ¢(z), the arclength functional is

2
Llp] = J 1+7r2+r2¢p2dz,
20
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with L = /141’2 +r2¢’2. Since L does not depend on ¢ (it is a cyclic coordinate), Remark 7.6
gives Ly, = const:

2 4/
Ly = i - c. (7.13)
V1412412072

Let 1 be the angle between the geodesic and a meridian (a ¢ = const curve). Along the geodesic,
ds? = (1+r"?)dz? +r2d¢?, and siny = r d¢ /ds. Using (7.13) together with ds/dz = L, we get

r(z)siny(z) = C, (7.14)

Clairaut’s relation. Geometrically, the product of distance to the rotation axis and sine of the angle
with a meridian is conserved along a geodesic.
Solve for ¢’ from (7.13):
r4¢/2 — C2(1 + r/2 + r2¢)/2) = ¢)/2(r4 _ C2r2) — C2(1 + r/Z)’
sy = ST
rvr2—c?’
so the geodesic is obtained by quadrature:

B _ (7 V1O
¢(2) — ¢ (20) LO OV ¢.

On the round sphere of radius R, parametrize by colatitude 8: r(6) = Rsin 0, z(6) = Rcos 6.
Then ds? = R?d62 + R?sin® 0 d¢2, and Clairaut’s relation becomes sin 0 sin = C. Since

sin6 ¢’

siny) = —,
\/1+sin?0 ¢”2
where now ¢’ =d¢/d6, we get
sin 6 ¢’ —C = 4= C

v/ 1+sin?0 ¢”2 sin§+/sin? 6 — C2
For C = 0 this gives ¢’ = 0, a meridian, which is already a great circle. For C # 0, set u = cot 6
in the last integral. Since sin®>0 =1/(1+u?) and d0 = —du/(1 +u?),

dp=— Cdu .
Ji—cz—ca2
Let B=+/1—C2. Then
Cdu . (Cu
=i = ¢ =G

after absorbing the integration constant into ¢,. Therefore u = (B/C)sin(¢y — ¢), so, since
u=-cot#,
cot 0 = Asin(¢py— ¢)

with A= B/C. To see the plane explicitly, write a point on the unit sphere as
x =sin6 cos ¢, y =sinfsin¢, z=cos6.
Multiplying cot 8 = Asin(¢y— ¢) by sin 6 gives
2 = Asin 0(sin ¢ cos ¢ —cos ¢ sin ¢) = A(sin ¢y x —cos ¢ y).

This is a linear equation through the origin, hence a plane through the origin intersected with
the sphere. Its intersection with the sphere is a great circle. Problem 7.4 asks for the same result
directly from the sphere Lagrangian.
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Remark 7.12 (General geodesic form). For a Riemannian metric g,,,(x), meaning the coordinate-
dependent matrix that measures squared lengths ds® = guydxtdx?”, extremizing f guyXHxdT
yields the geodesic equation after choosing T = s to be arclength:

XM+ Tl x*xP = o, Yy = 5 8""(0u8pv + Op&ar— 0v8up)- (7.15)

Here g"” is the matrix inverse of g,,, with summation over repeated indices. The quantities r
af

are the Christoffel symbols; they encode how the coordinate basis changes from point to point.
For a non-arclength parameter, the EL equation for the length functional has an extra term from
reparametrization freedom. The equivalent energy Lagrangian % guyxx” gives (7.15) directly
when T is an affine parameter, meaning a parameter for which the geodesic equation has no extra
term proportional to the velocity. The surface-of-revolution example is the special case with one
cyclic coordinate ¢; the conservation law Ly, = const is Clairaut’s relation.

Example 7.13 (Fermat’s principle and Snell’s law). Fermat’s principle says that light rays in a
medium with refractive index n(r) extremize the optical path length

L= Jn(r)ds.

Consider a piecewise-constant medium with index n, in y > 0 and n, in y <0, a ray going from
(x4, ¥4) with y, > 0 to (xg, yg) with yg < 0. In each homogeneous half-space the path is straight
(shortest-path example), so the ray consists of two segments meeting at (xy,0). The optical path

length is
L(xg) = nyq/(xg—x4)? +J’,§ + ”2\/(XB —X0)? +J’§-

Stationarity, dL/dxy = 0:

Xo— X4 Xp — Xo
nl' = n

2° .
(XO_XA)Z‘F}’X \/(XB_X0)2+}’§
The two quotients are sin 8, and sin 0,, the angles of the two segments with the surface normal
(the y-axis). Hence Snell’s law:

ny sin 01 = Ny sin 02. (7.16)

More generally, for smooth n = n(y), write L(y,y’) = n(y)+/1 + y’2, independent of x. Beltrami
gives

Since 1/4/1+ y’2 = cosa where a is the angle the ray makes with the x-axis, and cos @ = sin 0
with 6 the angle to the y-normal, this reads n(y)sin 8(y) = const, the continuum Snell’s law.

7.5 Multiple dependent and independent variables

n dependent variables, one independent. For L(x,y1,...,Yn, ¥1,---,Y,) and

b
»C[J’lj.._:yn] = f de)

a
the stationarity condition 6 £ = 0 under independent variations 7); (all vanishing at endpoints)
yields the system

JdL d OdL
————— =0 i =1,...,n. 1
ayi dxayl/ B) L > , 1 (7 7)

The proof repeats the derivation of (7.5) for each 7; separately, then uses the fundamental
lemma.
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Field theory. For a field ¢ (x*) on a region ¢ R of spacetime, a Lagrangian density is
the quantity integrated over spacetime to form the action. With density £(¢, 9,¢) and action

Sle] = J L(¢,8,¢)d " x,
Q

varying ¢ — ¢ + en with n vanishing on 9 yields (summation over repeated Greek indices)
oL oL
0S = —nN+=—-7<0 n]deX
L [3¢ () "

oL oL oL
=| | Z& -5 |nd'*d 2= _nn,d
Maqs “a@qﬂ]" “Lna(am”““ >

where n,, is the outward unit normal to the boundary. The divergence theorem gives the
boundary term. It vanishes because 1|, = 0, and the multivariable fundamental lemma gives
the field Euler-Lagrange equation

oL oL
Era a“(a(am) -0 718

7.6 Constraints: isoperimetric and holonomic

An isoperimetric constraint fixes an integral quantity, such as length. A holonomic constraint is
pointwise and depends only on the variables, such as g(x, y1,...,y,) = 0; a non-holonomic
constraint usually involves velocities such as y;.

Theorem 7.14 (Isoperimetric problem: Lagrange multiplier). Let L[y] = f ab Ldx and G[y] =

fab Gdx, with L,G € C2 Suppose y € A extremizes L subject to the constraint G[y] = C.
Also suppose y is not a critical point of G alone. Equivalently, there is at least one admissible
perturbation that changes G to first order; this is what nondegenerate constraint means here.
Then there exists A € R such that y is an unconstrained EL-extremal of

b
J (L—AG)dx. (7.19)

Proof. Reduce the constrained problem to one parameter using the implicit function theorem.
This theorem says that if one partial derivative of an equation is nonzero, then locally we can
solve that equation for the corresponding variable.

Step 1: choose one variation that moves the constraint. Since y is not a critical point of G
alone, there exists an admissible perturbation 7, such that

6GLy;m21#0. (7.20)
Let 1; be any other admissible perturbation, and consider
Yeren =Y T E1M1 T+ €275,

Define
F(‘gl: 82) = E[ygl,sz]) H(Sla 82) = g[ysl,gz]-
Both F and H are C! near (0,0), and

OH
3—(0,0)=5Q[y;’r)2] #0
€
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by (7.20).
Step 2: solve the constraint locally. Since dH /3d¢e,(0,0) # 0, the implicit function theorem
gives a C! function ¢ defined for |e;| small such that

¢(O):O, H(81,(¢)(81)):C.

Then
Ve, =y +emi+ (e,

satisfies the constraint G[ ¥, ]=C.
Step 3: differentiate the constrained family. Since y extremizes £ among constrained curves,

f(e1) = LI, 1=F(er, $(1))
has an extremum at £; = 0. Hence
0=f'(0)=06L[y;m1+ ¢'(0)6L[y;n,]. (7.21)
Differentiate the identity H(e;, ¢(&,)) =C at g; = 0:
0=25G[y;m1+¢'(0)5G[y;n,] (7.22)

Since 6G[y;n,] # 0, solve (7.22) for

/ oGly;m]
0) = ——==2 1L
¢ 6Gly;m.]
Substitute this into (7.21):
0L[y;n]
o0L[y; =—=-5 ; .
[y;m1] 5GLy;1,] Gly;m]

The ratio on the right depends only on the fixed choice of 1),, not on the arbitrary perturbation

1. Define
. 0LLy;m2]

"~ 8GLy;me]
Then the previous identity becomes

OLLy;n]1=A8G[y;n1]

for the arbitrary admissible perturbation 7.
Step 4: read off the Euler-Lagrange equation. Since 7 is arbitrary,

§(L—2G)y;m]=0
for every admissible variation. Theorem 7.3, applied to L = L — AG, gives the claim. O

Example 7.15 (Catenary: the hanging chain). A flexible chain of fixed length { and uniform
linear mass density p hangs between two fixed points in a uniform gravitational field g. Up to an
additive constant, its gravitational potential energy is

b
Ulyl = pgf Y4/ 1+y?2dx,
a
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since dm = p+/1+ y’2dx and height is y measured upward. The constraint is fixed length:

b
Glyl = J V1+y2dx = 4.

By Theorem 7.14, there is a multiplier A € R such that y is EL-stationary for L = (pgy —
A)4/1+ y”2. Since L has no explicit x-dependence, apply Beltrami (7.7). Compute

/

Y

Ly, = (pgy—2A)-

SO

12
- e y
L—y'L,=(pgy—MV1+y2—(pgy _Mﬁ

(1 +y/2)_y/2

Jity72

=(pgy—A)-

_ pgy—A

naming the constant on the right for convenience. Write y, := A/(pg); then

Y=Y (v —¥0)?
——= =a = (y-y) = ?Q+y?H) = y? = ~—"—-1.

V1+y? a?

Separate variables: dx = ady/+/(y —Y¢)*>—a? Substitute y —y, = acoshu, so dy =

asinhudu and 1/(y — yo)? —a? = asinhu. Then

asinhudu
dx = a——— = adu,
asinhu

S0 X = au + xg, i.e. u = (x —xg)/a. Therefore

y(x) = y0+acosh(x_axo), (7.23)

the catenary. The constants y,, Xq, and a are determined by the two endpoints and the length

constraint f V14 y2dx =1.

Example 7.16 (Isoperimetric problem: circle as the stationary curve for fixed perimeter).
Among all simple closed planar curves of perimeter P, traversed once counterclockwise, find the
one enclosing the largest area. Here simple means the curve has no self-intersections except that
its endpoint returns to its starting point. Parametrize by arclength s € [0, P], (x(s), y(s)), with
x(0) = x(P), y(0) = y(P), and x"?> + y'?> = 1. By Green’s theorem,

P
A= %é(xdy—ydx) = %J (xy'—yx")ds.
0
Introduce a multiplier function u(s) for the pointwise constraint and consider

Ly, x'y's) = 30y —yx)—u(s)(x? + y*—1).

~ ;)

ELinx: L,=13y’, L, =—3y—2ux/, so

d
2V = (ay—2ux) = 5y 5y +2ux) = 0 = (ux) = -3y
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—— catenary
- - - parabola

Figure 15: A hanging chain under uniform gravity takes the shape of a catenary y =
acosh(x/a), not a parabola. A matching parabola with the same endpoints and sag is only a
close approximation.

ELin y: iy =—2x/, liy/ = 2x—2uy’, so

d
—3x' = —(Gx—2uy) = —3x = 3x +2uy) = 0 = (W) = 3x’

7.1 /.,17

Differentiate x> +y’? = 1: x'x"+y’y” = 0. Now multiply (ux') = —1y’ by x" and (uy’) = 3x’
by y’, then add:

X' (ux') +y'(uy'Y = —3x'y' +3x'y" =0,
ie. (U(x?+y?)) —ulx'x"+y'y")=u'-1—0=pu’ = 0. Thus u = const, and we can set
R :=2u. The system becomes

Rx" = —y/, Ry” = x'.
Because x'? + y'? = 1, there is an angle 6(s) such that
x'(s) = cos 0(s), y'(s) =sin 0(s).
Differentiate these identities:
x"=—0"sin0, y" =6"cos8.
Substitute into Rx” = —y’ and Ry” = x':

—RO’sin® = —sin 0, RO’ cos O = cosb.

Wherever sin 6 or cos 0 is nonzero, these equations give 6’ = 1/R; by continuity the same identity
holds for every s. Hence

S
O(s)==+206
(s) R 0

for a constant 6, and therefore
x’(s)—cos(£+9 ) ’(s)—sin(£+9 )
= R0 Yy )= RT0)
Integrating,
. (S S
x(s) = xq +Rsm(§ + 90) , y(s) = yo —Rcos(}—{ + 90) ,
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which is a circle of radius R. Closure x(P) = x(0) and y(P) = y(0) gives

p p
sin| —+ 6, | =sin O, cos| =+ 6, | =cos B,
(R 0) 0 (R 0) 0

so P/R = 2mtm for some integer m. Since the curve is simple and traversed once, m = 1 and
R = P/(2m). The stationary curve is a circle, with area A = nR> = P?/(4n). The global
isoperimetric inequality 4mA < P? requires a separate comparison argument.

Holonomic constraints. If the curves must satisfy g(x, y1,...,¥,) = 0 pointwise, introduce
a multiplier function u(x) and extremize f (L —u(x)g)dx. Treating y; and u as independent,
the EL equations are

oL d dL dg

3y, dxay Mgy

g(x,y1,-..,y,)=0. (7.24)

An integral constraint f g dx = const uses one multiplier constant A. A pointwise constraint
g = 0 uses a multiplier function u(x), one scalar at each x.

Worked example (particle on a sphere). A point mass in a gravitational potential V(r)
constrained to the sphere g(r) = x>+ y2 +2>2—R>=0has L = %mli‘I2 —V(r), and (7.24)
(reading x — t, y; — 1) gives

mi = —=VV —u(t)Vg = —VV —2u(t)r.

The multiplier is, up to a factor 2, the normal force coefficient. It is determined by differentiating
g = 0 twice in time and solving for u.

For non-holonomic velocity constraints . a;(x, y) yi’ + b(x, y) =0, the multiplier method is
not automatic. Vakonomic mechanics constrains the variations; d’Alembert-Lagrange mechanics
constrains only the trajectories and gives the physical rolling equations. Since the two can
differ, we do not use non-holonomic constraints in the sequel.

7.7 Second variation and the Jacobi criterion

The first variation finds stationary curves. The second variation tests whether a stationary curve
is a minimum:

2

d
5*LLy;nl= —5 LIy +en]
€ e=0

b
=J [L,,m*+2L,,mn +L,,m?]dx, (7.25)
a

where the coefficients are evaluated on the extremal y. Integrate the middle term by parts,
using n(a) =n(b) =0:

’ ’ b b dL ’ b dL ,
a a .

a
Collect terms with P(x) := Ly/,/, Q(x) := Ly, —(d/dx)L,,:

b
5%L[y;n] = J [P +Qn?]dx. (7.26)

a
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* Legendre condition (necessary): If y is a minimizer, then P(x) =L,,» >0 on [a, b].
If P(xg) < 0 at some interior point, continuity gives an interval J C (a, b) containing x,
with closure still inside (a, b), and a number p, > 0 such that P(x) < —p, on J. Choose
a nonzero cutoff y € CCZ(J ), meaning y is C? and vanishes outside J, and set

me(x) = e z(x)sin( ~=2).

This perturbation satisfies the endpoint conditions because it is supported inside J. It is
small in amplitude, n, = O(¢), but its derivative has an order-one oscillating part:

n.(x) = x(x)COS(X —Exo) - sx’(x)sin(x _gxo).

Hence

b
J Pndx = f P(x)y(x)? cosz(x —*o ) dx +0(e).
a J €

The fast factor cos?((x — x,)/€) averages to 1/2: over many tiny periods, the oscillatory
part has mean zero, while the slowly varying factor P(x)y(x)? barely changes across
one period. Therefore, for all sufficiently small ¢, the main term is bounded above by a
negative constant. Meanwhile the Qn? term in (7.26) is O(g?) (and, in the unintegrated
form (7.25), the mixed term is only O(¢)). Thus §2£[y;n,] < 0 for small ¢, contradicting
minimality.

* Jacobi accessory equation. The Euler-Lagrange equation of (7.26) (with 1 as the
unknown) is the linear Sturm-Liouville ODE

d
_H(P n')+Qn = 0. (7.27)

A nonzero solution 71 with n(a) = 0 and n(c) = 0 for some ¢ € (a, b] makes c a conjugate
point. Under the strengthened Legendre condition P > 0, an interior conjugate point rules
out weak local minimality (minimality among sufficiently nearby curves). Conversely,
if there is no conjugate point in (a, b], the second-variation quadratic form is positive
definite, which is the standard Jacobi sufficient test for strict weak local minimality. A
conjugate point at the endpoint leaves a zero direction and rules out strictness. Strong
local minimality requires the additional Weierstrass condition; the sphere example below
shows the second-variation mechanism concretely.

Example 7.17 (Geodesics on the sphere: conjugate point at the antipode). By rotational
symmetry, take the reference geodesic to be the equator of the unit sphere. Use coordinates (s, u)
near the equator:

X(s,u) = (cosucoss, cosusins, sinu),

where s is longitude and u is signed latitude. The equator is u = 0.
Differentiate:

X, = (—cosusins, cosucoss, 0), X, = (—sinucoss, —sinusins, cosu).

Hence
1X,|? = cos?u, 1X,12=1, X,-X, =0,

so the metric in these coordinates is

d0? = du® + cos® uds?. (7.28)
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Fix an equatorial arc s € [0,s;]. A nearby curve with the same endpoints can be written as
u = en(s), with n(0) = n(s;) = 0. By (7.28), its arclength is

Llen]= f 1 \/szn’(s)z + cos2(en(s))ds. (7.29)
0

Use the Taylor expansion
cos?(en) = 1—e2n? + 0(e%)

uniformly in s, so the quantity under the square root is
1+e2(n?=n?) +0(eh).

Applying v1+x =1+ %x + 0(x?) with x = €2(n”? —1n?) + 0(&*) gives

2 S1
Llen] =5, + % f (n?—n?)ds +0(e*). (7.30)
0

The quadratic form for the second variation is

S1
Qlnl= f (0% —n?)ds,
0
and the corresponding Jacobi equation is

n”(s) +n(s)=0. (7.31)

Case s, < 1. The Wirtinger inequality on [0, s; ] for functions with 1(0) = n(s;) = 0 says

$1 2 (5
f n?ds > (E) J n?ds.
0 S1 0

This is the one-dimensional Poincaré inequality. The constant is sharp and is achieved by 1(s) =
sin(7ts/s;), the lowest-frequency sine mode that vanishes at both endpoints. One-line derivation:
expand 7 in the orthonormal sine basis ei(s) = v/2/s sin(kms/s1), k =1,2,..., of L?[0,s,]; if
n =D cxex then n'(s) = >, cx(km/s1)4/2/s1 cos(kms/s;) and by Parseval

J 1 n’z ds = Zcf(kn/sl)z > (n/sl)zzc,f = (n/sl)zf 1 n2 ds,

0 k>1 k>1 0

using k > 1 in the inequality. Since s; < 7, we have (1/s1)? > 1, so for every nonzero 1,

Qn]= [(sﬁl)z — 1] J: n?ds > 0.

So the equatorial arc is a strict local minimizer.
Case s; = 7. Equality in Wirtinger’s inequality is attained by n(s) = Asins, so

Q[Asins] = 0.

This Jacobi field solves (7.31) with 1n1(0) = n(w) = 0. The first conjugate point is the antipode.
Case s; > 1. Choose the admissible variation

n(s) = sin(g—f),
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Then
$1 e 2 5
J n%ds = (—) J n?ds,
0 51 0
2 $1
Q[n]=[(£) —1]J n?ds < 0.
S1 0

Equation (7.30) therefore gives

SO

Llen] <s;

for all sufficiently small nongero €. A chosen great-circle arc of length greater than T is therefore

not a local minimizer.
A great-circle arc on S? is locally minimizing exactly up to the antipode. The antipode is the

first conjugate point.

great circle

Figure 16: The shortest path between non-antipodal points A, B on the unit sphere is the
shorter arc of a great circle. A chosen great-circle arc of length s; < 7 is a strict local minimum,;
at s; = 7 antipodal endpoints are minimizing but no longer unique; for s; > 7 the chosen arc
is not minimizing.

7.8 Noether’s theorem
Noether’s theorem says that every continuous symmetry of the action produces a conservation
law.
7.8.1 Point-mechanics version
Let L(t,q,q) be a Lagrangian for generalized coordinates g = (q*,...,q"). Consider

t = t'=t+e1(t,q), ¢ — ¢ =g +e&i(t,q), (7.32)
with ¢ small and 7, &' smooth. Along a trajectory,

q"'(t") = ¢'(t) +e&'(t,q(t)). (7.33)
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Taylor expanding at fixed parameter value t and using (7.33),

q"()—q'(t) = e[E'(t,q9)—q" ©(t,q) ]+ O(e?). (7.34)
The combination in brackets is the total variation at fixed t:
5q ==&l —g'r. (7.35)

The minus sign reflects that a time shift changes the value seen at fixed t by —q 7.

Repeated indices i are summed from 1 to n. Let © = d(7(t,q(t)))/dt denote the total
derivative along the trajectory. At fixed time t, the curve change gives L — L + £5L. The time
label also shifts by £, contributing £t L, and the time element changes by dt’ = (1 + et)dt.
Therefore, to first order in ¢,

L'dt’=(L+edL+erl)(1+et)dt = [L +8(5L + d(;:))]dt.

This explains the extra total derivative term in the action density:
The first-order change of the action density is

d(LT)
dt ’
where 5L := LqiSqi + Lqi(dSqi/d t) is the variation at fixed t.

(L'dt'—Ldt)/e = 6L+

(7.36)

Theorem 7.18 (Noether, point-mechanics). Suppose the action S = f L dt is quasi-invariant
under (7.32), meaning the Lagrangian changes only by a total derivative:

= d dF
oL+ —(Lt) = — 7.37
(L7 = - (7.37)
for some F = F(t,q). Then along any Euler-Lagrange solution,
d[dL _; oL ;
—| ==& - -¢'—L|t—F| = 0. 7.38
dt[aqlg (aqlq )T ] 7:38)
The bracketed quantity is the Noether charge.
Proof. Compute 5L at fixed t:
- — dSqi
oL = Lqi 5ql +Lqi T
d | =
=|L,;——L; |6q"+ —| L 6q"
[q dtq]q dt[q q']
d -
=—|Ls 6q"|,
dt[ q q :|
where the last step uses the EL equations (7.17). Substitute into quasi-invariance (7.37):
d D d dF
—| L;i (E'—q* + —(L = —,
dt[ ¢ (E'—=q'0)] dt( 7) T

Move the total derivatives to one side:
d o
E[Lqi (E'—¢'t)+Lt—F] = 0.
Combine the two T-terms inside the bracket:
d ‘ r
a[Lqigl —(Lyd'—L)t—F] = 0,
i.e. the Noether charge (7.38) has zero total time derivative. O
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Example 7.19 (Time translation = energy). If L does not depend explicitly on t, then T =1,
£l =0, F = 0 is a symmetry. The Noether charge (7.38) reduces to

Q =—(Ly¢'—L) = —H,

where H = p;q' — L is the Hamiltonian. Since H = —Q, conservation of Q is equivalently
conservation of energy. For L = %mli‘l2 —V,H= %mIi‘l2 +V.

Example 7.20 (Space translation = momentum). For L = %mli‘l2 — V(r) with V independent
of x, the translation x — x + ¢ (1 =0, £ =X, F =0) leaves L invariant. The Noether charge is

DPx = L; = mx,
the x-component of linear momentum. Similarly for y,z if V is fully translation-invariant.

Example 7.21 (Rotations in 3D = angular momentum). An infinitesimal rotation about an
axis fi acts by r— r+ e(A x r) + 0(2). Thus &' = eijk n’rkand T =0. For L = %mli‘l2 =V,
this is a symmetry with F = 0. The Noether charge is

Qu=Li & =mi-(Axr)
=fa-(rxmt)=n-L,
the component of angular momentum along n1. Since fi is arbitrary, L =r x mr is conserved.

Example 7.22 (Galilean boost = center-of-mass motion). Consider N particles with L =
> %mali'al2 —V, where V depends only on differences r, —rj,. A Galilean boost along il sends
r,—r,+etit (1 =0, §, = tl). Compute

5L = Zmai‘a-ﬁ = %(ﬁ-ZmQra),
a a

since V is invariant under the common shift. Thus (7.37) holds with F =0- ), m,t,. The Noether
charge is

Q= L -(td)—F

a
—i| Smat,— S .|
a a
=M1 (tV., —Ren),
where M = ».mg, MR, = Y. m,ty, MV,,, = >.mt,. Conservation of Q says the center of mass
moves uniformly.

7.8.2 Field-theory version

For fields ¢# with Lagrangian density £(¢*, 8,¢%), suppose an infinitesimal change §¢* = £4
has

6L = g,K" (7.39)
This quasi-invariance gives a conserved current. On solutions of the field EL equation (7.18),
%, %,
oL £ A+ £ EHEA

BELAREIC D)

(e ... oL .,
- a“(a(aucﬁf‘)) St Gkt
— aL A
—3“[—a(au¢f\)€ }
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Equating with (7.39),

9L
9(0,¢4)
Integrating over space gives a conserved charge

Q=Jf°ddx’ =0

* =0, s EA—KH. (7.40)

dt
when boundary terms vanish.

Translation example and the stress tensor. The same formula includes spacetime translations
if we use the active fixed-coordinate variation

5" =—a"8,¢",

where a” is a constant translation vector. If £ has no explicit dependence on the coordinates,
then
6L=—a"0,L=0,(—a"L).

Thus K#* = —a" L, and (7.40) gives

ju=_a"’[ oL avqu—é’;‘L}.

(3,94
Because the constants a” are arbitrary, the bracketed tensor is conserved:
= gt e ATt =0 7:4)

Here &' is the Kronecker delta: 1 if u = v and 0 otherwise. This is the canonical energy-
momentum tensor. The minus sign in j* = —a”T", comes from the convention that a positive
coordinate translation changes the field at a fixed coordinate by —a”3,¢*.

7.9 Hamilton’s principle of stationary action

Theorem 7.23 (Hamilton’s principle). For a particle system written in Cartesian coordinates
with Lagrangian L = T —V (kinetic minus potential energy), the physical trajectories are the
extremals of the action

Slq] = J L(g,q,t)dt

0
at fixed endpoints q(ty), q(t;). In Cartesian coordinates, the Euler-Lagrange equations are
Newton’s equations. Other coordinate systems give the same dynamics after coordinate change.

Derivation of Newton’s law from the EL equation. For a single Cartesian particle in 3D with L =
%mli‘l2 — V(r), compute component-wise for each r':

3_L — _a_V oL = mit ia_L = mit
art — art’ ari 7 dtari
The EL equation (7.17) becomes
av av
—ﬁ—mr‘ =0 < mi' = 50

i.e. Newton’s second law mf = —VV = F. Conversely, Newton’s law gives the EL equation by
the same identities.

For several particles in Cartesian coordinates, the same computation applies componentwise
to each coordinate of each particle. O
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7.10 The Hamiltonian formulation

7.10.1 Legendre transform

The Legendre transform used here is the change from velocity variables ¢ to momentum variables
p- Define the canonical momentum; here canonical means the standard momentum coordinate
paired with g':

aL

= —(t,q,q).
pi aql( 4,4)

Assume the Hessian (Li4;), the matrix of second partial derivatives with respect to the velocities,
is invertible. Then the implicit function theorem, the standard theorem that lets one solve
equations locally when the derivative matrix is invertible, solves for ¢ = q(t,q, p). Define the
Hamiltonian

H(tn q:p) = Pi qi(tz q)p) _L(tn Q;Q(f: Q;p)) (742)

Compute dH treating H as a function of (t,q, p):

; ;0L L ., JdL
dH =q'dp; +p;dq' — —dt — ——dq' — ——=d¢'
q pl pl q at aql q aql q
; oL . 0L L . ;
=q'dp;+ | pi— — |dg' — == dt — =—dg_
q'dp; (pl aql) EP aq 1
; L L . ;
=q'dp;— ——dt——-—dq, 43
q'dp;i—— g % (7.43)

using the definition of p; to cancel the dg term. Thus H is naturally a function of (t,q, p).

Remark 7.24 (Geometric picture). For fixed (t,q), view L as a function of the single variable ¢
in one dimension. The construction

H(p) = sup[pq—L(q)]
q

is the standard convex Legendre transform from optimization. For each slope p, draw the line
q — pq; the supremum is achieved at the § where the graph of L has slope p, namely where
L’(q) = p. The number H(p) is then the (signed) vertical gap by which the line pq overshoots
L at the matched point. When L is strictly convex in q (so L4q > 0), every slope p is achieved
exactly once, the supremum is a maximum, and the recipe g = ¢(p) is single-valued — this is
the invertibility assumption made above. The same picture explains why L < H are reciprocal:
applying the transform twice returns the original function (Problem 7.7). The multivariable version
is the same picture component-wise.

7.10.2 Hamilton’s equations

Reading partial derivatives from (7.43),

J0H
op;

0H _ 3L oH _ 3L
dqi  3q"’ at  at’

-1

:q’

On EL solutions, dL/3q" = (d/dt)(8L/24") = p;, so the second identity reads H/dq' = —p;.

Combining,

_H . oH 4
- apia pi = aql" .

Hamilton’s equations are the first-order form of the Euler-Lagrange equations.

-1

q
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Example 7.25 (Cartesian particle). For L = %m|1"|2 —V(r): p=mt, so t =p/m, and

PP, IoP

H=p-r—1L
m 2m 2m

+V(r),

the total mechanical energy. Hamilton’s equations read t = p/m (definition of momentum) and
p =—VV (Newton’s second law).

7.10.3 Poisson brackets

For functions f(q,p,t), g(q,p,t) on phase space, meaning the space whose coordinates are
positions g and momenta p, define

{f.e} = Z(a—fa—g— ﬂa—g). (7.45)

The bracket has four basic algebraic properties:
* It is bilinear, meaning linear in each input separately.
* It is antisymmetric: {f,g}=—{g,f}.
* [t satisfies the Leibniz rule, so it differentiates products in each slot.

* It satisfies the Jacobi identity
{f.{g;n}} +{g,{h, f}} + {h,{f,g}} =0.
The basic position and momentum variables have the canonical brackets
{¢'p;} =5, {d,¢}=0, {p,p;}=0.

Here canonical means these are the defining bracket relations for the chosen coordinates, and
5;. is the Kronecker delta: 1 if i = j and O otherwise.

Hamilton’s equations (7.44) take the compact form ¢' = {q',H}, p; = {p;, H}, and more
generally for any phase-space function

af _
de

af
SHY +—.
() + 2
A function f with df/dt = 0 is conserved along a trajectory if {f, H} = 0 along that trajectory;
if the bracket vanishes on phase space, f is conserved for all trajectories.
Quantum aside. In the standard passage from classical mechanics to quantum mechanics,

Poisson brackets correspond to commutators via {f, g} — (1/ik)[ f , &1, at leading order in A.

7.11 Connections to complex analysis and special functions

This subsection closes the loop with Sections 2-6. None of it is needed to do calculus of
variations, but it explains why a chapter on variations belongs in a book centred on complex
analysis and the classical special functions.
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7.11.1 Sturm-Liouville framing: every special-function ODE is an EL equation

The pattern. For each of the special-function families of Sections 4-6, the defining ODE is the
Euler-Lagrange equation of a single quadratic functional of Rayleigh type

b
J [p() y'(x)? +q(x) y (x)* ] dx

Rly] = , (7.46)

b
f w(x) y(x)?dx

where p(x) = 0, w(x) > 0, and q(x) are fixed real-valued weights on (a, b). The numerator
and denominator are the same Sturm-Liouville structure we already met in Theorem 5.15 for
Legendre and Theorem 4.19 for Bessel.

Fix the denominator to 1 by a Lagrange multiplier A and consider the constrained variational
problem

b b
extremize J [p y?+q yz] dx subject to f wy?dx = 1. (7.47)
a a

The constrained Lagrangian is L,(x,y,y") = p y"? + ¢ y> — Aw y2. Compute the EL equation:
Ly, =2py’,so(d/dx)L,, =2(py’), while L, , = 2qy —2Awy. The EL equation (7.3)
(Theorem 7.3) gives

~ o)y (0] + g () = Awx) (), (7.48)

the Sturm-Liouville eigenvalue problem. The multiplier A is the eigenvalue; the extremal y
is the corresponding eigenfunction. The Rayleigh quotient (7.46) delivers the variational
characterization of those eigenvalues: the n-th eigenvalue equals the minimum of R over the
space of admissible y orthogonal (in the weight w) to the first n — 1 eigenfunctions.

Translation to the catalog. Choosing (p,q,w,a, b) from the table reproduces the ODEs of
the previous sections:

Family p(x) q(x) w(x) (a,b) ODE label
Legendre P, 1-x2 0 1 (=1,1) | (5.40)
Assoc. Legendre P" | 1— x? m?/(1—x%) 1 (—1,1) | (5.66)
Bessel (v fixed) r V2 /r r (0,a) | (4.111)
Hermite H,, e’ 0 e’ R (6.8)
Laguerre Lfla) x®tle= x%e ™ (0,00) | (6.27)
Chebyshev T, Vi—x2 0 1/V1—x2 (-1,1) | (6.39)

Worked check: Hermite from a variational principle. For Hermite, the Sturm-Liouville form
of equation (6.8) is
2 2
—(e™y')Y = Ae ™y, A=2n.

X

Multiplying out the derivative and dividing by e ™" recovers y” —2xy’ + Ay = 0, which is (6.8)

at A = 2n. So the Rayleigh quotient is

ffzo ¥/ (x)? e dx
R = .
L] f—O:o y(x)2e*dx
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Its minimum over nonzero y vanishes (y = 1 achieves the value 0), realized by Hy = 1 with
eigenvalue A; = 0 = 2-0. Minimizing among y orthogonal to H, in the weight e gives
the next eigenvalue A; = 2, realized by H;(x) = 2x, and so on. Going back through the
substitution v = ye_xz/ 2 a one-line calculation (integrate —2xyy’ e by parts) gives

J[%¢/2+%x2¢2]dx = %J y’ze_x2 dx+%J yze_x2 dx, f Prdx = f yze_x2 dx,
R R R R R

so the Hermite Rayleigh quotient R[y ] and the Schrodinger expectation value are related by
(H Yy = %(R[ y]+ 1). Hence the quantum-oscillator energies E,, = n+ 1/2 from Example 6.6
acquire the variational characterization

E, = min f [39+ 2x*y?]dx,
wn—l R

||¢||L2(R)=1

the unweighted L? Rayleigh quotient for the Schrédinger Hamiltonian. This is the standard
Rayleigh—-Ritz basis of numerical quantum mechanics.

Why orthogonality is automatic. The integration-by-parts identity used to prove orthogonality
(Theorem 5.15 for Legendre, Proposition 5.18 for P]", Theorem 4.19 for Bessel) is exactly the
symmetry (Ly1, ¥2)w = (Y1, LY2), of the Sturm-Liouville operator L = —(d/dx)(pd/dx)+q
with respect to the weighted inner product (f, g),, = f ab f gwdx. Eigenfunctions for distinct
eigenvalues are orthogonal in this inner product, and the same symmetry is what makes the
boundary terms vanish in each of those theorems. So the Sturm-Liouville framing is not a
renaming of the orthogonality theorems — it is the single principle behind all of them.

7.11.2 The brachistochrone transit time is a Beta integral

The brachistochrone solution in Example 7.8 identified the curve but did not compute the
transit time. Doing it explicitly turns the result of Section 7 into a Beta value from Section 3.
Take the cycloid (7.11), x(8) =R(0 —sin8), y(6) = R(1 —cos ). The transit time is

Jelds
T = —.
0 Vv

ds = 2Rsin(6/2)do, v = 24/gRsin(6/2),

sods/v =+/R/gd6 and
T(Ql) == @91. (7.49)

This is the closed form in the natural parameter. To exhibit it as a Beta integral, change variable
tou = y/(2R) € [0, 1] along the full half-cycloid 6, = 7, where y; = R(1 —cos ) = 2R. From
y = 2Rsin?(6/2),

From the body of Example 7.8,

sin(6/2) = vu, cos(0/2)=+v1—u, dy = 2Rdu.

Along the cycloid ds = 2Rsin(6/2)df and dy = Rsin6d6 = 2Rsin(0/2)cos(6/2)d6, so
ds/dy =1/cos(0/2) = (1—u)~/2. The transit time is T = f(ds/v) withv = 4/2gy = 24/gRu.
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Therefore

ds/dyd _(fa-w?

o 24/8Ru

o V28y
\17J u2(1—uw)” 1/zdu—%i (3, %):“\jé’ (7:50)

using B(1/2,1/2) =T(1/2)?/T(1) = « from the Beta—-Gamma identity (Proposition 3.9) and
['(1/2) = /7 (Corollary 3.14). The answer agrees with the direct evaluation (7.49) at 6; = 7.
So the brachistochrone half-period is the Beta integral B(1/2,1/2) in disguise; the appearance
of 7 is the same 7t as in I'(1/2) = 4/m. This is the only place in these notes where Sections 7
and 3 cross paths, and it does so cleanly.

T(n) = 2Rdu

7.11.3 Stationary action, steepest descent, and the WKB picture

Action as the phase of an oscillatory integral. In quantum mechanics, transition amplitudes are
oscillatory integrals over paths,

q(tp)=qp

. ty
t

Y:q( tq ):qa a

We will not need the path integral as a defined object; what we need is the variable-by-
variable analogue. For each fixed finite-dimensional discretization, the integrand has the form
'S/ x slowly varying studied by stationary phase (Theorem 2.14). As i — 0, the integral is
dominated by the points where the phase S is stationary, i.e. by the curves y satisfying

6S[y] = 0.

By Theorem 7.3, these are exactly the Euler-Lagrange solutions: the classical trajectories.
The leading-order asymptotic value of (7.51) is therefore e’5¢/™ times a Gaussian fluctuation
integral, with Gaussian width set by the second variation §2S at the classical path. This is
Feynman’s path-integral derivation of classical mechanics in one paragraph, and it explicitly
uses the same saddle-point machinery as Section 2.5.

WKB connection (filling out the sketch from Section 2.6.14). For the one-dimensional time-
independent Schrodinger equation —f21)” /2 + V) = Evp, write ¢ = ¢"/" and expand W =
Wy + AW, + - --. The leading-order eikonal equation %(Wé )? +V = E has the explicit solution

Wo(x) = :l:f V2(E—V(x")dx’,

which is exactly the abbreviated classical action Sy = f p dq for the Hamiltonian H = p2/2 +
V at energy E, with p = 4/2(E —V) obtained from Section 7.10. So a complex-analytic
identity (the eikonal expansion of the wave function) reproduces a classical-mechanics quantity
(the abbreviated action). The connection formula across a turning point E = V is exactly
the Airy matching computed in Sections 2.6.7 and 2.6.8: outside the classically allowed
region the WKB function decays like e 2x/3 /(24/Tx /%) (matching (2.24)); inside it oscillates
like cos(2x3/2/3 — n/4)/(v/Tx/*) (matching (2.31)). The same cubic Hankel contour that
yielded J,(v) ~ 21/3/[3%/31(2/3)] v~1/3 in Theorem 4.14 reappears here as the Airy turning-
point matching: the variational object (Hamilton’s action) and the special-function object
(Airy/Bessel) are coupled by the very same saddle-point asymptotics.
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Hamilton-Jacobi as a method-of-characteristics. The Hamilton—-Jacobi equation

2 (00,2 = o
at JqJ aq -

is a nonlinear first-order PDE for S(t,q). Its method of characteristics is exactly Hamilton’s
equations (7.44). For separable Hamiltonians one writes S = S;(q*) +S5(¢?) + -+, and each
separated piece is a one-dimensional Sturm-Liouville eigenfunction integral; quantizing the
action 35 pdq = 2nh(n + %) then recovers Bohr—-Sommerfeld energies. The hydrogen radial
Laguerre quantization of Example 6.12 and the harmonic-oscillator Hermite quantization of
Example 6.6 fall out of this scheme.

7.11.4 Summary: one diagram

We can summarize the structural arrows in the notes as

55=0 ff
action S[y] —— EL/Sturm-Liouville ODE &8 generating function / contour
—_——

§7 §46 §1,3

and the asymptotics of all three boxes is supplied by the saddle-point methods of Section 2. The
complex-analytic methods of §1-2 construct the special functions; the variational principle of
87 characterizes them as critical curves. The two viewpoints are dual, and a working physicist
uses both.

Exercises

Problem 7.1. Derive the EL equation for L[y ] = fol(y’2 +¥2)dx with y(0) =0, y(1) =1, and
solve for the extremal. Compute L on the extremal.

Problem 7.2. Find the rotational stationary surfaces connecting two parallel circles of equal
radius y, in the planes x = £L. Using the catenoid formula (7.12), show that a catenoid solution
exists if and only if yo/L is at least a critical value, determine that value numerically, and explain
why equality gives one catenoid while strict inequality gives two.

Problem 7.3. Verify that the parametric cycloid (x, y) = (R(8 —sin ), R(1—cos 8)) also satisfies
the original EL equation for the brachistochrone, not only the Beltrami first integral. Compute the
transit time T as a function of R and 6.

Problem 7.4. Derive the geodesic equations on the round unit sphere starting from the Lagrangian

L = 4/02 +sin? 0 ¢2. Identify the Clairaut conserved quantity, integrate, and show the geodesics
are great circles.

Problem 7.5. For the harmonic oscillator L = %'2 — %wzqz, verify the phase-space rotation

g— qcosa+ (p/w)sina, p — pcosa— wqsina, where p = q. Find the conserved generator
and show it equals the total energy divided by cw.

Problem 7.6. For a relativistic free particle, L = —mc?+/1—[i|2/c2. Derive the EL equation;
show the relativistic momentum is p = mi/+/1—|t|%2/c2, and compute H = p -t — L. Show

H = /|p|2c2 + m2c*.
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Problem 7.7. Prove that the Legendre transform is an involution, meaning that applying the
dual construction twice returns the original function: if H(q, p) = sup, [pq — L(q,q)] and L is
smooth, strictly convex in q (curves upward with no flat line segments), and superlinear in q (so
L(g,v)/|lv|| = oo as ||v|| = o0), then L(q,q) = supp[pq—H(q,p)]. Here sup means least upper
bound; under these hypotheses, the displayed suprema are attained maxima.

Problem 7.8. Derive Snell’s law (7.16) directly from Fermat’s principle with a continuously
varying index n(y) by checking the conservation of nsin 6 along a ray. Specialize to a medium
with linear profile n(y) = ny + ay and solve for the ray trajectory.

Problem 7.9. (Kepler problem.) For L = %mli‘l2 + GMm/|r|, use Noether’s theorem to obtain the
three conserved components of angular momentum, and verify explicitly {L;, L;} = €;j) Ly using
Poisson brackets. Here €;j is the Levi-Civita symbol: it is +1 for cyclic permutations of (1,2, 3),
—1 for reversed permutations, and 0 if any index repeats.

Problem 7.10. Compute the second variation of the arclength functional on the plane and show
that the straight line is a strict minimum (no conjugate points). Contrast with the sphere (Ex. 7.17).

Problem 7.11. Show that the isoperimetric extremals on the sphere (closed curves of fixed length
on the unit sphere that maximize enclosed area) are latitude circles. Hint: use spherical coordinates
with area element dA=sin9 d6 d¢ and perimeter P = f 02 +sin 0 $p2dt.

Problem 7.12. (Scalar field theory.) For L = %8M¢ ote — %mzqﬁz, derive the Klein-Gordon
equation (O0+ m?)¢ = 0 from (7.18). Using translation invariance, compute the conserved
energy-momentum (stress) tensor TH”.

Problem 7.13. (Rotation in 2D.) Let L = 3(x2+y2)—V(+/x2 + y2). Take the rotation (x,y) —
(x —ey,y + €x), verify it is a symmetry, and compute the Noether charge. Confirm it equals
L,=xy—yx.

Problem 7.14. For H = %(pi + p}z,) + %cz)z(x2 + y?2), compute the Poisson brackets among
A= %(p)zc —p}zl) + %a)z(x2 —y?),B= PxPy + w?xy, L, = Xpy — Y Py, and identify the SU(2)
algebra structure.

Problem 7.15. Use the Beltrami identity to derive the shape of a light ray in a medium with
n(y) =ng/y (upper half-plane) and show that rays are circular arcs with centers on the x-axis.
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action functional, 145
addition theorem, 107
analytic continuation, 30

analytic function, see holomorphic function

argument principle, 27

associated Legendre function, 103

orthogonality, 104
asymptotic expansion, 32

Beltrami identity, 147

Bessel equation, 74

Bessel function
asymptotics, 79
first kind, 70
generating function, 70
integral representation, 75
large-order asymptotics, 81
recurrence relations, 72
second kind, 82

Bessel orthogonality, 87

Beta function, 58

Beta—Gamma relation, 58

brachistochrone, 149

branch cut, 31

calculus of variations, 145
canonical momentum, 165
catenary, 155
catenoid, 150
Cauchy estimates, 14
Cauchy integral formula, 12
Cauchy principal value, 27
Cauchy-Goursat theorem, 11
Goursat’s refinement, 12
Cauchy-Riemann equations, 7
Chebyshev nodes, 132
Chebyshev polynomial
first kind, 129
orthogonality, 131
second kind, 129
Christoffel symbols, 153
Clairaut’s relation, 151
Condon-Shortley phase, 103

confluent hypergeometric function, 137

conformal map, 9
conjugate point, 159

contour, 9
contour integral, 9
cyclic coordinate, 148

digamma function, 65
duplication formula, 60

entire function, 6

essential singularity, 18

Euler integral, 135
Euler-Lagrange equation, 146
Euler-Mascheroni constant, 56

Fermat’s principle, 153
Fourier—Bessel series, 87

fundamental lemma of the calculus of varia-

tions, 146
fundamental theorem of algebra, 16

Gamma function, 53
analytic continuation, 54
functional equation, 53
Hankel representation, 61
Gauss hypergeometric function, 134
Gauss summation, 137
geodesic, 151
geodesic equation, 153

Hamilton’s equations, 165
Hamilton’s principle, 164
Hamiltonian, 165
Hankel contour, 61
Hankel function, 82
asymptotics, 84
harmonic function, 8
harmonic oscillator, 121
Hermite polynomial, 117
orthogonality, 120
recurrence relations, 118
Rodrigues formula, 120
holomorphic function, 6
hydrogen atom, 127
hypergeometric equation, 134

identity theorem, 30
indented contour, 26
isolated singularity, 18
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isoperimetric problem, 154

Jacobi equation, 159
Jordan’s lemma, 22

keyhole contour, 23
Kummer equation, 138

Lagrangian, 145

Laguerre polynomial, 123
orthogonality, 124
recurrence relations, 126
Rodrigues formula, 124

Laplace’s method, 34

Laurent series, 17

Legendre condition, 159

Legendre equation, 99

Legendre function
second kind, 111

Legendre generating function, 93

Legendre polynomial, 93
orthogonality, 100

Legendre recurrence relations, 95

Legendre series, 110

Legendre transform, 165

Liouville’s theorem, 16

minimax property, 132

ML inequality, 10

modified Bessel equation, 86

modified Bessel function, 86
asymptotics, 86

multipole expansion, 93, 114

multipole moment, 113

Noether charge, 162
Noether’s theorem, 162

path independence, 12
Pochhammer symbol, 66
Poisson bracket, 166
Poisson integral, 77
pole (singularity), 18
principal logarithm, 31

reflection formula, 59
removable singularity, 18
residue, 18

residue theorem, 18
Riemann surface, 32

Rodrigues formula, 99
Rouche’s theorem, 28

saddle point, 38
Schlafli integral, 76, 97
second variation, 158
Snell’s law, 153
Sommerfeld integral, 77
spectral method, 132
spherical harmonic, 106
completeness, 108
orthonormality, 106
stationary phase, 36
stationary point, 146
steepest descent, 40
paths, 38
Stirling’s formula, 63
Sturm-Liouville theory, 167

Taylor series, 14
total variation (Noether), 162

variation, 146

Weierstrass product, 56
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