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Chapter Overview

This appendix summarizes the vector identities and coordinate formulas used in the
main text and shows the intermediate component steps that fix their signs and scale
factors. Unless stated otherwise, the scalar fields are sufficiently differentiable and the

vector components are resolved in a right-handed orthonormal basis. Second-derivative
identities require the relevant mixed partial derivatives to commute.
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Triple Products

The scalar triple product of three vectors A B, and Cis given by:
i (BxC) =B (CxA)=C (AxB). (A11)
Expanding the cross product in Cartesian components gives

A-(Bx C)=A(B,C, — B.C,)) — A/(B.C, — B.Cy)

(A.1.2)
+ A(B.C, — B,Cy),
which is the cofactor expansion of the determinant
A A A
A-(BxC)=|B. B, B. (A.1.3)
&G ¢ G

A cyclic permutation of the three rows is an even permutation and leaves the
determinant unchanged, which proves the three-way cyclic equality above.
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Triple Products (cont.)

For a compact verification of the vector triple product, introduce the Levi—Civita symbol
gijk and Kronecker delta §;;. Repeated Cartesian indices in this appendix are summed

from 1 to 3. Using EijkEkIm = 5,'/5],77 — 6im6jly

[Ax (B x C)| = eiuAickmBiCn

i

= (610jm — 0im0j1)A; B Cm (A.1.4)
= Bi(A;G) — Gi(A;B)).
Restoring vector notation gives the “BAC-CAB" rule
Gx (BxC)=B(A-¢)-C(A B). (A.15)
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Gradient Ildentities

For scalar fields f and g, and vector fields A and B:

<t

(fg) = fVg +gVr, (A.1.6)
V(A-B)=(A-V)B+ (B-V)A
+Ax (VxB)+Bx (VxA). (A.1.7)
For example, the first identity is simply 9;(fg) = f 0ig + g Oif in each component. For

the second, expanding the right-hand side in Cartesian components and using the
epsilon—delta contraction gives
x (V x

[ )}I = €k AjekimO1Bm = Am0iBm — A;0;Bi,
[B x (V x A)| = BndiAn — BidjA:.

i

h N
ool

(A.1.8)

Adding (A - V)B; and (B - V)A; cancels the last terms and leaves
AndiBm 4 BndiAm = 8;(AnBum), the ith component of V(A - B).
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Divergence Identities

For a scalar field f and vector fields A and B:
V- (FA)=f(V-A) +A- (VF), (A.1.9)
V- (AxB)=B (VxA)—A-(VxB). (A.1.10)
Both signs in the cross-product identity follow directly from the component product rule:

Oi(eikAiBi) = eiw(0iA;) Bk + i Ai (0 Br)

Lol L (A.1.11)
=B (VxA) —A- (VxB).
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Curl ldentities

For a scalar field f and vector fields A and B:
V x (fﬁ) =f (6 X ﬁ) + (ﬁf) x A, (A.1.12)

Indeed, its ith component is

eii0j(fAK) = f Ak + €ijk(9;f) Ax. (A.1.13)
Vx(AxB)=A(V-B)-B(V-A
(A x B) (q )q (q ﬁ)# (A114)
+(B-V)A—(A-V)B.
To verify all four terms and their signs at once,
[6 x (A x é)], = €k 0j(eximABm)
= (6i16jrn - 6fm5jl)aj(AIBm) (A115)

= AiOmBm — BiOIA; + BmOnAi — Ai01B;,

which is the displayed vector identity component by component.
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Second Derivative ldentities

V- (VxA)=0, (A.1.16)
V x (Vf) =0, (A.1.17)
V- (Vf) = V?f (Laplacian), (A.1.18)
Vx (VxA) =V (V- A) - VA (A.1.19)

The first two zeros result from contracting the symmetric second derivative 0;0; with the
antisymmetric €. The final identity follows explicitly from

[6 x (V x Z‘)] 0 (EximOIAm)
= (010jm — 0im0j1)0;01Am (A.1.20)

= 0:(OmAm) — DA,

i

Here V?A denotes the Cartesian componentwise vector Laplacian; it is not obtained by
applying the scalar curvilinear-coordinate formula separately to position-dependent
physical components.
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Orthogonal Coordinate Systems

Let (g1, g2, g3) be right-handed orthogonal coordinates with position vector 7(q1, g2, g3).
Define the scale factors and unit vectors by

or
8q,~ ’

0
q

~l

€ =

h,:‘

T
Qa

3
. dr= Z hi&: dg;. (A2.1)
i=1

Thus the differential volume is dv = hihohs dgi1dg2dqs. The gradient follows by writing
the same differential in two ways:

of
df = B dg; = Vf - dr—Zh (Vf-&)dgi, (A.2.2)

so coefficient matching gives VFf- &= h7 g f.
For the divergence, the two faces normal to & have area

 hihohs
dSi = == 1;[ dg;. (A.2.3)
JF#i
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Orthogonal Coordinate Systems (cont.)

Write A; = A - & for the physical components of A along the local unit vectors. Their
outward-flux difference, to first order in dg;, is

1o} ( h1h2hs
8q; hi

Summing the three face pairs and dividing by dv gives the divergence formula below.
Likewise, circulation around the g»qs face gives

1 [a(thg.) B B(thz)}

A,') dqldquqg. (A24)

VxA) &=_— A2.5
( ya=1 g p” 90 (A.25)
with the other two components obtained by cyclic permutation. These three
components form the curl determinant below, and applying the divergence formula to

Vf gives the scalar Laplacian. The resulting master formulas are

- & Of
f= — A2.6
V — hi 86]:‘7 ( )
1 ~ 9 [hihh
G A= S 9 123A,-) A2.
v h1hahs Zl aq; ( h; ’ (A27)
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Orthogonal Coordinate Systems (cont.)

L 1 hér  hé  hés
VxA= T g,  Op  Og |, (A.2.8)
RIS AT A h3As

3
2, 1 6 h1h2h3g
V= Zl 30 ( > an_). (A.2.9)

The formulas below follow by deriving h; and substituting them into these four master
expressions.
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Cartesian Coordinates (x, y, )

The position vector and its coordinate derivatives are

F=x%k+yy+z2, OF=% OF=9, O.F=2 (A.2.10)

Hence (hy, hy, h;) = (1,1,1). Substitution into the master formulas gives the following
component expressions.
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Vector Operations

. . Of 8f 8f
- - QA 8A 0A;
VA= o (A.2.12)
= 5 o 0A;  0A
VxA= < 3y 0z >
0Ax 0A;
y — A2.1
+y( 0z Ox ) ( 3)
P 0A,  0A
Ox Ay )’
o*f  O*f  O*fF
2 —_— PR PR
Vf = EM + ay? + 972 (A.2.14)
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Coordinate Transformation

X = pcos ¢,
y = psin ¢, (A.2.15)
z=2z, p >0, 0< ¢ < 2m.
Away from the coordinate axis, the inverse relations are
p=/x2+y? ¢ = atan2(y, x). (A.2.16)

The azimuth returned by atan2 is reduced modulo 27 to the stated range. Writing the
position vector in Cartesian basis and differentiating,

F=pcospX + psingy + z2,
& =cospX+singy =p,
dp
or o . R (A.2.17)
= p(—sing X +cosd9) = pd,
e
o,
0z~
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Coordinate Transformation (cont.)

Therefore
(hp7h¢7hz): (17p71)7 dV:pdpd¢dZ

Substituting these scale factors into the master formulas and expanding the curl
determinant yields the expressions below.
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Vector Operations
Of L g10f | ,0f
o (A.2.19)

Vi=hg,t 0008 2oz
P T 008
L. 10 L% | O
A= g 0A) + T+ o
B _ laAz_%
(0A, 0A,
+¢(azp_ Bp) o
P oA
T2 ) " g |
p{ap(p ¢) 8¢}
10/ of\ . 1 o
Vf—p5P<p8p>+p2 8¢2+(‘922' .

- 19 /22
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Coordinate Transformation

X = rsinf cos ¢, y = rsinfsin ¢,
z =rcosb, r>0, (A.2.23)
0<o<m, 0< o< 2m.

For r > 0 and away from the polar axis, the inverse relations are

r=/x2 + y2 + z27
0= arccos(%) , (A.2.24)
¢ = atan2(y, x).

Again, the azimuth is reduced modulo 27 to the stated range. Differentiating the
position vector gives the local orthonormal basis and scale factors without guessing:

% =sinfcospX +sinfsingy +cosfz=F,
% = r(cosfcos X + cosfsingy —sinf2) = rd, (A.2.25)
g—; =rsinf(—singpXk +cospy) = rsin6 .
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Coordinate Transformation (cont.)

Thus
(hry g, hy) = (1,r,rsin@),  dv=r"sin6drdfds. (A.2.26)

Substitution into the master formulas gives the following results.
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Vector Operations

of s10f .~ 1 Of

Tf — Por +02 55 + ¢rsin0%, (A.2.27)
v ;:%aﬁ( 24,) r: 0669(S|n9/49)+ rsilne%‘;, (A.2.28)
6 x A= rsi?nﬁ [59(5'“9/%) %/?;}
+ g Lirl]e‘Z‘; - ;(rA¢)] (A.2.29)
+2 {§,< %‘H

The factors 1/p, 1/r, and 1/sin 0 signal coordinate singularities. Cylindrical components
at p = 0 and spherical components at r = 0 or § = 0, 7 must be understood by taking
limits of the underlying Cartesian field; apparent component divergences at those points
need not be physical singularities.
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