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1.1 Formulation of Maxwell
Equations



1.1.1 Differential and Integral Form

Faraday’s law

VXE=—-9,B—M (1.1.1)
Maxwell-Ampere’s Law
VxH=09,D+ ] (1.1.2)
Continuity relation
V-] =—-08,p, V-M = —0,0 (1.1.3)

*Lorentz equation of force

F=gq(E+7xB) (1.1.4)



1.1.1 Differential and Integral Form

- E: electric field intensity (V/m)

- H: magnetic field intensity (A/m)
- D: electric flux density (C/m?)

. B: magnetic flux density (T)

. 7: volumetric electric current density (A/m?)

* p: electric charge density (C/m?)

e M: volumetric magnetic current density (V/m?)

* 0: magnetic charge density (Wb/m?3)



1.1.1 Differential and Integral Form

Taking divergence of (1.1.2)
V-(VXH)=0,V-D+V-] =0 (1.1.5)
And from (1.1.3) we get
9,(V-D—p)=0 (1.1.6)
This implies that

— —

V-D—-—p=C(x,y,2) (1.1.7)

similarly

—

V-B—o=C'(x,y,2) (1.1.8)



1.1.1 Differential and Integral Form

In (1.1.7), if C # 0, it can be absorbed into p. The case is similar to
(1.1.8). Thus,we cansetC =C' = 0.

We get the Gauss’s law

V-D=p (1.1.9)

—_—

V-B=p (1.1.10)
Note that (1.1.9) and (1.1.10) are not independent of (1.1.1)-(1.1.3).



1.1.1 Differential and Integral Form

Stokes’ theorem

Divergence theorem

)
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1.1.1 Differential and Integral Form

Applying (1.1.11) to (1.1.1) and (1.1.2), we get
§.E - dl = —f(atB+M) ds
$.H-dl=[(8,D+])ds
Applying (1.1.12) to (1.1.3), (1.1.9) and (1.1.10), we get
$.]-d
$. ] -d
$.D-ds= [, pdv
$.B-ds=[ odv

S

= —0; JFVP dv

(1.1.13)
(1.1.14)
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1.1.1 Differential and Integral Form

Another theorem for the curl operator

[,VxWdv = ¢ (7 x ¥)ds
Applying (1.1.19) to (1.1.1) and (1.1.2), we get

$.(A x E)ds =— [ (8,B + M)dv

$.(Ax H)ds = [ (8D + J)dv

(1.1.19)

(1.1.20)

(1.1.21)
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1.1.2 Symmetry and Duality

It is noted that when fictitious magnetic sources ¢ and M are
iIntroduced, Maxwell equations become symmetric. By exploiting
symmetry, Maxwell equations can be separated Into one set
Involving only electric sources and another involving only magnetic

SOources.

—

VXE
<V><I7

(. .

—_ _Matﬁ

AR o
VXE =—ud,H—M

V-ecE=0

—

. V-uH=p
(1.1.22a) & (1.1.22b)



1.1.2 Symmetry and Duality

When the following transformations are applied, equations (1.1.22a)
and (1.1.22b) are mterchanged

E-H, H-—E
JoM, M--7
p-oo, o0-o—p
e->u', u-oe€

When applying duality to same medium (n = \//7
E > nH', H - —E' /n
J-oM/n M--n] (1.1.24)
p—=>0/n,  o0—>-np

(1.1.23)



1.2 Constitutive Relations



1.2 Constitutive Relations

Excluding M and o (non-physical), there are 5 vectors and 1 scalar,

resulting in 16 unknowns.

From (1.1.1)-(1.1.3), there are 7 scalar equations, which means
extra 9 equations are needed to make the system determinate.

_—) A

The constitutive relations relates D, B, | with E H by

(_ 7
D =C,(E, 0,E, 0%E,..H, d,H,0%H, ...)
<_¥memEaE .H,d,H,02H, ...)

= C,(E,0,E,02E, ...H,0,H,02H, ...)

L
In general,C; (j = 1,2, 3) are tensor functions of time.

(1.2.1)



1.2 Constitutive Relations

We confine our exposition on the material properties by the
following restrictions :

e Stationary: C=’] are not functions of time

. Non-chiral:C=1, C=3 are related to E and C=2 is related to H

* Linear: (; are related to Eand H only (no higher derivatives)

Often simplifications can be made if the medium is

* |sotropic: (,_’] are scalars, i.e., (j (otherwise they are called anisotropic)

* Homogeneous: (; are not functions of space

* In this note, we call a medium simple if it is linear, isotropic and
homogeneous.
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1.2 Constitutive Relations

When a linear dielectric medium is perturbed by an electric field,
the constitutive relation for D and E is

—

D =¢,E +P (1.2.2)
€0 is the electric permittivity of the vacuum (8.854x107"'* F/m),
and P is the electric polarization defined as

—

P = 7o6oE (1.2.3)
Xe is the electric susceptibility tensor. If the medium Is isotropic,
then y, becomes a scalar, and P is parallel to E. We define

D = EE (1.2.4)
E=¢€,(I +¥.) (1.2.5)



1.2 Constitutive Relations

Similarly in magnetic medium, we have

—

B=uH+M (1.2.6)

U is the magnetic permeability of the vacuum (4rx10~7 H/m), and
M is the magnetic polarization defined as

M — )?m‘uOH (1 .2.7)
where ¥, is the magnetic susceptibility tensor. We can define
B=0H (1.2.8)



1.2 Constitutive Relations

The constitutive relation betweenf and E is

—

J]=GE (1.2.10)

o is the conductivity of the medium. The conductivity in vacuum
is 0 (S/m).

For a simple medium, we can simplify the tensors €, f and o toe, u
and o, respectively. (1.1.1) and (1.1.2) can be rewritten as

VXE=—ud.H (1.2.11)
VxH = (0 +€d,)E (1.2.12)



1.3 Matching Conditions



1.3 Matching Conditions

To derive boundary conditions, integral form of Maxwell equations
are needed.

Applying (1.1.20) to the pillbox

A x (B, —E,)AS + [ (Ex E)ds =—As [/}

_h/z(atE + M)d{ (1.3.1)

when h — 0, we define the surface magnetic current density (V/m)
as

— . h/2 —
MS—}ll_r)r(l)f_h/sz( . (1.3.2)

2 t
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1.3 Matching Conditions

we get
i x (E, — E;) = —M, (1.3.3)

Similarly, applying (1.1.21) to the pillbox, when h = 0, we define the
surface electric current density (A/m) as

— ... h/2 =
Jo = lim [7 ", Jd¢ (1.3.4)
we get
Ax(H —Hy) = Jq (1.3.5)

Note that 75 exists only when one of the medium’s o = oo (PEC).



1.3 Matching Conditions

Applying (1.1.17) to the pillbox
A-(D,—D,)AS+ [, 7-Dds=AS["] 1, PAS (1.3.6)
when h — 0, we define the surface charge density (C/m?) as

h/zz 0d{ (1.3.7)

h/2

pg = llmf
we get

fi-(D; — D;) = pq (1.3.8)
Similarly, from (1.1.18) we get

- (B, —B,) = os (1.3.9)
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1.3 Matching Conditions

Lastly, applying (1.1.15) to the pillbox

. . — h/2
i (Jo = Jo)AS + f ., £+ T ds = =4S [ 0.pd¢

when h = 0, we can express the side integral as
h/2 — A — A p— —
gﬁc hmf n/2 Jd{ - tdl = gﬁC, Jo - tdl = fS,VS - Jods
we get

(1= J2) + Vs Js = —0,p,
Similarly, from (1.1.16), we get

(Ml — MZ) + vS ' Ms = —0,py

(1.3.10)

(1.3.11)

(1.3.12)

(1.3.13)



1.3 Matching Conditions

Special conditions arise when one of the media is a perfect electric

conductor (PEC) or a perfect magnetic conductor (PMC). Inside a
perfect conductor, electromagnetic fields vanish.

For an interface between two lossless dielectrics, the boundary
conditions have no source terms.



1.4 Wave Equations



1.4 Wave Equations

Consider a lossless simple medium, taking the curl of (1.1.1)
VXVXE=V(V-E)=V?E =-0,(VxuH) (1.4.1)

V2E — nued?E = ud, ] +V(p/e) +Vx M (1.4.2)

(1.4.2) is the wave equation for electric field. We can obtain the
wave equation for magnetic field by applying the duality transform

(1.1.24) to (1.4.2)

VZH — ued?H = -V X ] + V(o/w) + €0, M (1.4.3)



1.4 Wave Equations

(1.4.2) and (1.4.3) form a set of coupled inhomogeneous DE

(é) _ (pu’)ﬁ + V(g) +V><M> (1.4.4)

H —V X7 + V(%) + EatM

=V2 — 17292 is the d'Alembert operator with v = (ue)~1/2. In
source-free regions, we have

(g) — 0 (1.4.5)



1.5Time Harmonic Form



1.5Time Harmonic Form

A time domain signal can be decomposed into a spectrum of time
harmonic components

f@©) =5-J

27T ¥ —

0.0)

_g(w)e*“tdw (1.5.1)
with
g) = [ f(e *“da (1.5.2)

The Fourier and inverse Fourier transform relationship is

g(w) = Flf ()]
f@) =& g(w)] (1.5.3)



1.5Time Harmonic Form

Now we consider the harmonic electric field at angular frequency w.
We consider its phasor form

E(#,t) = R[EF, w)el®t] (1.5.4)
Note that we use the same notation for both the time domain field
and frequency domain field, and we will suppress its dependency
when there is no ambiguity.

In general, the phasor field E(‘F, w) is a complex number.



1.5Time Harmonic Form

The time harmonic Maxwell’s equation takes the form

—

VXE =—iwB - M (1.5.5)
VX H=iwD+ ] (1.5.6)
V-D=p (1.5.7)
V-B=p (1.5.8)

The method to translate the time-domain equation to frequency
domain is to replace d; with iw, and vice versa.



1.5Time Harmonic Form

Analyzing (1.5.6), with D = ¢E and 7 = 7C + 71‘ = oE + 71': we get

— — . .0\ A~ -
VXH—la)(E—lZ)E-l-]i (1.5.9)
We define the complex permittivity as
EC=E—i%=E'—i6”, e e’ eR (1.5.10)

In general € = €, — i€;. We define the loss tangent of the medium
as

17

tand = — =L + — (1.5.11)

e’ ep  wep
Medium with tan § « 1 is characterized as good dielectric, and with
tan 0 > 1 is characterized as good conductor.



1.5Time Harmonic Form

The curl part of Maxwell’s equations can be further simplified as

VXE=—-ZH - M, (1.5.12)
VxH=TUE + J (1.5.13)
with
Z = lwu (1.5.13)
Y = iwe, (1.5.14)

ZH has the same unit of Mi and yE has the same unit of 71'- In this

representation, the impressed currents are separated from the
Induced ones.



1.5Time Harmonic Form

The d'Alembert operatorin (1.4.4) in frequency domain becomes

. N2
vz - U9 _ g2 4 p2 (1.5.15)
1/pec
where
k = w\Jue. = kp + ik; (1.5.16)

is the wavenumber. The square root of €. is chosen so that k;
relates to the physical attenuation of the wave propagation.

Several literatures use y% = (a +if)? = —w?ue, = —k* . The
relationship between the real and imaginary parts are a« = —k; and
f =kp.Thusk = —iaandy = ik.



1.5Time Harmonic Form

In a source-free region, Maxwell equations reduce to wave
equations for the electric and magnetic field components. Each
Cartesian component of the fields satisfies the homogeneous
Helmholtz equation

Vi + k%Y =0 (1.5.17)

In cylindrical and spherical coordinates, the field components are
generally coupled and described by vector wave equations, except
In separable cases where they can still satisfy the scalar Helmholtz
equation.



1.6 Funhdamental Properties



1.6.1 Poynting Theorem

Considering the identity
V-(ExH) =H-VXE—-E-VxH (1.6.1)
We define the instantaneous Poynting vectorS = E X H (W/m?)
V-S=H-(-0,B—M)—E-(0,D+]) =
—at(gé ) 0 (SE-E)—H-M—E-] (1.6.2)
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1.6.1 Poynting Theorem

—_—

The term gEE = w, and %ﬁﬁ = w,, denote the electric and

magnetic energy density, and H-M+E - 7 = p; denotes the power

loss/supply per unit volume. We rewrite the Poynting theorem as
V-S=-9,(w, +wy) —p, (1.6.3)

and conduct integration over a finite volume V' by applying the
divergence theorem:

§. 71 - Sds = =, [, (W + wy,)dv — [ pdv (1.6.4)



1.6.1 Poynting Theorem

From E (7, t) = R[E([@)e't] = (E(F)ei“t + E*(¥)e~i*t)/2, and
S, t) = (R[EG) x H*(P)] + R[EG) xH(F)e?*t])/2 (1.6.5)
we have
S, = %fOT E(F,t) X HF t)dt = %iR(F? x H*) = R(S) (1.6.6)
where
S = %E x H* (1.6.7)

Is defined as the complex Poynting vector.



1.6.1 Poynting Theorem

From the identity (1.6.1)

2 2
—i2o(w,, —w,) — p; (1.6.8)

12
Is the complex Poynting theorem, where w,, =M‘H‘ [4, we =

-, 2 —_ N N
e|E‘ /4 and p; = (E - J*+ H” -M)/Z are the time average electric
and magnetic energy density and the time average power
loss/supply.



1.6.2 Uniqueness Theorem

In a volume V, there exists sources | and M. Assume the medium is

simple but may be lossy, i.e, (&, u) are in gerneral complex. Our goal
Is to determine the conditions such that the electromagnetic field

inside the volume V is unique.

Suppose there are two sets of solutions exist in V, say, (El, H,) and
(EZ,HZ) We want to find the conditions for §E = E1 Ez 0 and
SH = H1 Hz = 0 inside V.



1.6.2 Uniqueness Theorem

From (1.5.5) and (1.5.6), we have

—_— —_—

Vxﬁl=—iwuﬁ1—M Vxﬁzz—iw,uﬁz—M
Vxﬁlziweﬁl+7 ’ Vxﬁ2=iweﬁz+7

inside V. Substracting the two sets of equations, we get

(16.9)

N — N
<V X O0F = —iwudH

. N (1.6.10)
VX O0H = iwedE
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1.6.2 Uniqueness Theorem

Dot the first equation in (1.6.10) with SH* and the second equation

with 55*, and substract the two:
Vx8E-SH —V x8H-8E* =V (SE x5H*)

= iw (u|6ﬁ\2 — ¢ 61?\2) (1.6.11)

Conducting integration of (1.6.11) over V

—~, 2
SE)| )dv (1.6.12)

P, SE x8H* - d§ = J, iw (M‘Sﬁ‘z — &



1.6.2 Uniqueness Theorem

The key point is, if the surface integral in (1.6.12) equals to zero, so
does the volume integral, which implies

—

_ _ (1.6.13)
fV (S u]|6H i =+ i"s[e]‘6E‘2) dv =0

For disipative media, both 3[e] and S[u] < 0, implying 6E = 6H =
0 everywhere inside V.



1.6.2 Uniqueness Theorem

For the surface integralin (1.6.12) to be zero, that s,
$.0E X SH* - ds = §. A x 6E - 6H"ds = §.SH*X fi - Eds = 0
(1.6.14)
The possible conditions are:
i tangentiaf on S is specified, i.e., N X SE = 0, or

ii. tangentia.ﬁ on S is specified, i.e., N X SH = 0, or

iii. tangential E is specified over part of S, and tangential H is
specified the rest of S.




1.6.2 Uniqueness Theorem

Uniqueness is established for general lossy media. For lossless
media, from the first equation in (1.6.13) shows that there can exist
Infinite resonant solutions if the electric field energy stored inside
V is equal to the magnetic field energy.

The principle extends to non-homogeneous media by applying it

locally to small homogeneous regions. The method is limited to
inear media.




1.6.3 Reciprocity Theorem

Suppose we have a set of sources ( J;,M;) which generate the
electromagnetic field (El, 171). In the same medium, another set of
sources ( J,, M) generate the electromagnetic field ( E,, H,).

We define the reaction of field 1 on source 2 and the reaction of
field 2 on source 1 as

(1,2) = [,(E, - J, — H, - My)dv (1.6.15a)

(2,1) = [,(E; - J, —Hy - My)dv (1.6.15b)
We are finding the relation between (1, 2) and (2, 1).



1.6.3 Reciprocity Theorem

From (1.5.12) and (1.5.13) we can get the following set of egautions

VXE, =—-ZH, — M, (1.6.16a)
VxH, =YE, + J, (1. 6.16b)
VXE,=—ZH, — M, (1.6.16¢)
VxH, =UYE, + J, (1. 6.16d)

Subtract (1.6.16a) dot H., with (1.6.16d) dot E, :
_V' (El Xﬁz) :Zﬁl ‘ﬁz +ﬁ2 .Ml +(yE:l ‘Ez +E1 ‘72
(1.6.17a)



1.6.3 Reciprocity Theorem

Interchanging 1 and 2in (1.6.17a) and we get
—V-(E,xH,)=2ZH,-H, + H, - My +YE, -E, + E, - ],
(1.6.17b)
Then subtract (1.6.17a) with (1.6.17b)
v(Ez ><ﬁ1 _E1 Xﬁz) = (E1 ‘72 _ﬁ1 ‘Mz)_(ﬁz ‘71 _ﬁz M1)
(1.6.18)

This is the Lorentz reciprocity theorem In differential form.
Integrating (1.6.18) and we obtain the integral form

¢.(E, x Hy — Ey x Hy) -d§ = (1,2) = (2,1)  (1.6.19)



1.6.3 Reciprocity Theorem

Extend S to infinity, we get the Rayleigh-Carson reciprocity theorem

(1,2) =(2,1) (1.6.20)
For a source-free region, we have
¢5(52 X ﬁl — El X ﬁz) . d§ — O (1 .6.21)

For example, if ( El, ﬁl) and ( Ez, 172) represent two different modes
In a section of a hollow waveguide. These electromagnetic field
pairs must satisfy equation (1.6.21).

Our derivation assumes a simple medium but applies to general
media, excluding nonreciprocal anisotropic materials with a

nonsymmetric tensor.



1.6.3 Reciprocity Theorem

As an corollary, we can prove that electric current sources located
on PEC do not radiate by Rayleigh-Carson reciprocity theorem.

Assume a source current J; is placed on a PEC, and there exists an

abitrary source 72 = Idla outside the PEC. Form the reciprocity
theorem, we have

(1,2) = fﬁl - J,dv = IdIE,(#) -4 = (2,1) = fﬁz - J,dv =0
|74 |74

\7 (1.6.22)
71



1.6.3 Reciprocity Theorem

The last equality holds because that Ez generated by 72 should
satisfy the boundary condition that the tangential componet of E,
on the PEC is equal to zero. From (1.6.22), we have E,(r)-a = 0.

Since r and @ are arbitrry, we cen deduce that E; = 0 everywhere,
Indicating that when an electric current element is placed
tangentially on a conductor's surface, it does not radiate.

A similar proof applies when a magnetic current is placed on a
PMC, showing that it does not radiate.



1.6.4 Equivalence Principle

The equivalence principle states that the fields outside a given

region can be replicated by appropriate equivalent sources,
replacing the actual sources inside.

The equivalence principle has multiple forms. We will first discuss
the volume equivalence principle, followed by the surface
equivalence principle.



1.6.4 Equivalence Principle

A. Volume Equivalence Principle

Conisder sources (] M) radiate in vacuum

—

V X EO = —la),uOHO M
\ V X HO— la)eoEO + ]

And also consider the fields when obstacles are presented

(—

V X —iwuﬁ - M

VX H= EE+7

\

(1.6.23)

(1.6.24)
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1.6.4 Equivalence Principle

Substracting

(1.6.24) with (1.6.23), we get the equations for the

scattered field

)

¥ x (F - B,) =V x B, = —ico(ul — poHy)

With further simplification

S L _ g (1.6.25)
v X(H—Hy) =V X Hg=iw(eE — E)
(¥ x B, = —iwpoH, — M
X = —lw —
TS HoTls ™ Mea (1.6.26)
VX Hs= lwegEs + Jeq

\
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1.6.4 Equivalence Principle

where
(. -
Myq = iw(u — to)H

k]eq =iw(e —¢€)E
are the equivalent volume currents. Noted that the equivalent

volume currents have non-zero value only when u # uy ore # €y,
that is, the position of the obstacle.

(1.6.27)
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1.6.4 Equivalence Principle

B. Surface Equiavalence Principle

The following figure is a geneal depiction of surface equivalence
principle. If we are only interested in the fields in V;, we can replace
the sources in I/, with equivalent surface currents on the boundary.

Physical Problem Equivalent Problem
Vi (Ev Hy) Vi (Ev Hy) 7
_e-T T T T T TS S _--T T T \f N
Sy (BT 7 T N M
d VZ (EZ' HZ) \\ ;) VZ (Ez, Hz »\\S
/ \ / \
I — | I 1
\ R / J2 ) \ )
\\\ V\MZ // \\\ //




1.6.4 Equivalence Principle

From the matching conditions (1.3.3) and (1.3.5), the sources in 1/,
are replaced by surface currents on the boundary with

(7 = H, — H
Js = fux (Hy ~ H) (1.6.28)

{
M, = —fi x (E; — Ej)

\
Three special cases are considered:

i. The first is simply setting (Eé ﬁé) to zero, then we get

[

—fixH
) Js =X H, (1.6.29a)

kMS — _nXEl




1.6.4 Equivalence Principle

ii. Further set I/, as PEC, as we have shown in sectyion 1.6.3 that
electric surface currents do not radiate on PEC, we get

( —

=0
) s } (1.6.29b)
\MS — _ﬁ X El

ii. Or, further set V', as PMC, since that magnetic surface currents
do not radiate on PMC, we get

T.=fAixH
Js =Xy (1.6.29¢)
M, =0



Problems

1. Show (1.1.18) by using the divergence theorem.

2. Show that —F x (7 x ) = 8(6 - i) + $(¢ - 1) = (80 + $) - u
where u is an arbitrary vector. We use the dyadic notation in the
last expression.

3. ShowthatV(%) =V (%) = —;%withﬁ =r—7'and |I$‘ =R.V

denotes operation with respect to 7, and V' denotes operation
with respectto r'.



Problems

4. ShowthatV - (=) = —V2(5) = 4n8(R) with R =7 — 7'

5. Consider the vector Helmholtz quation (V% + kz)E =0.
Suppose V- E = 0, show that E =V X (ypu) is a solution with u
being a constant vector and y satisfies the scalar Helmholtz
equation (1.5.17).

6. Show that with inhonogenous e(7), in source-free region the

electric field satisfies the equation (V2 + k2)E = —V (E : V—E).

€



